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Definition

Define the forward graininess function i : T — R as follows

u(t)=o(t)—t, teT.

Let T = hZ, where h > 0. Then, using the computations in Example 98,
we find

) = oft)—t
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Let T = 3N Then, using the computations in Example 99, we get
w(t) = o(t)—t=3t—t=2t, teT.

Let T = N’g, where k € N. Then, using the computations in Example 100,
we find

u(t) = a()—t—(f+1) —t

()5 (e )

Qe ()
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Let T = {H, : n € Np}, where H,, n € Ny are the harmonic numbers.
Then, using the computations in Example 101, we find

1
,U,(Hn) = U(Hn) - Hn = Mp41 — Hn = m, n e N.
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Let T = Py 3. Then, using the computations in Example 102, we find

ue) = oft)—t

o
0 if te U4k 4k+1)
k=0

(e}
3 if te U {4k+1}.
k=0
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Let T = C, where C is the Cantor set. Then, using the computations in
Example 106, we find

p(e) = o(t)—t

—3,,,1+1 if teG, t= i 3mT1

0 if teT\G.
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Let {a,} be a sequence of real numbers with a, > 0, nn € N,
n—1

t,,:Zak, neN, and T={t,:neN}
k=0

Then, using the computations in Example 109, we find

u(tn) = o(ta) —tn
= tpy1 —tp
= «p, n e N
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Let T = {t, = —1 : n€ N} UNg. Then, using the computations in
Example 110, we find

) = oft)—t

2 g
—5 if te{ty,=-2:neN}, t=t,

1 if teN.
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Let T = {t,, = (%)Zn ‘ne€ No} U{0, 1}. Then, using the computations in

Example 112, we find

0 if te{0,1}.
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Let U= {2 :n€N} and
T={0juUu(l-UV)u(l+U)u2-U)u2+U)u{l,2}.
Then, using the computations in Example 114, we find
p(t) = oft) -t

0 if t=0

T if t=1

= 0 if t=1

T if t=3

L 0 if t=2

A
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0 if t=3
t if teU\{3}

52 0f te(1-U)\

£2 i te(2-U)\

t—1 if t€(1+U)\{
{
\
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Definition
The backward jump operator p: T — T is defined as follows

p(t) =sup{s € T:s < t}.
In this definition we put sup() = inf T. Then, p(t) = t if t is a minimum of
T. )
Note that p(t) <t for any t € T.

Let T = hZ, h > 0. Take t € T arbitrarily. Then, there is a n € Z such
that t = hn. Hence, applying the definition for backward jump operator,
we find

p(t) = sup{seT:s=hm, meZ, s<hn}

= h(n-1)
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Let T = 3No. Take t € T arbitrarily. We have the following cases.
© Assume that t = 1. Then

p(l) =1.

@ Assume that t > 1. Then t = 3/ for some / € N. Hence, applying the
definition for backward jump operator, we find

p(t) = sup{seT:s=3K keNy, s<3}

A
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Consequently

W+
=
~
V
[y
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Let T = N'g, k € N. Take t € T arbitrarily. We have the following cases.
© Assume that t = 0. Then

p(0) = 0.

@ Let t > 0. Then there is an n € N such that t = nX. Hence, n = Jt.
Now, applying the definition for backward jump operator, we find

p(t) = sup{seT:s=1/%, [eNy, s<n*}

= (n—1)k

= (vt—-1)k
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Consequently

0 if t=0

(Vt—1k if t>0.
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Let T = {H,: n € No}, where H,, n € Ny, are the harmonic numbers.
Take n € Ny arbitrarily. We have the following cases.

@ Assume that n = 0. Then
,O(Ho) = Ho.

© Assume that n >. Then, applying the definition for backward jump
operator, we find

p(Hy) = sup{seT:s=H),, €Ny, s<H,}

= Hp1.

Consequently
Hy if n=0

p(t) =

Hn_]_ if nZl.

V.
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Let T = Py 3. Take t € T arbitrarily. We have the following cases.
© Assume that t = 0. Then

p(0) = 0.
© Assume that t > 0. Then we have the following subcases.
0 tc(0,1]U U (4k, 4k +1]. Then
k=1

p(t) =t
@ t =4k, k>0. Then k=% and
p(t) = 4k-1)+1
— 4k—4+1
— 4k-3
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Consequently

t if te[0,1]U Ej(4k,4k+1]
k=1

t—3 if te | {4k}
k=1
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Let T = C, where C is the Cantor set. Let also, (> be the set of all
right-hand end points of the intervals that are removed from the interval
[0,1], i.e.,

3k

=N 2
C2:{Zk+3m+1:mEN, ax € {0,2}, 1§k§m}.
k=1

Take t € T arbitrarily. Then we have the following cases.
Assume that t € (5. Then

T3 2
k
t:Z37+3m+1
k=1

and

Z 3m+1
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If t € T\(, then p(t) = t.
Consequently

t—gmy if t€C, t=Y %422
p(t) = =
t if teT\G.
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n—1

Let T = {t,,: Zak:neN},wherean>0, ne€ Ng. Take t, € T
k=0

arbitrarily for some n € N. We have the following cases. Assume that

n=1. Then
p(t1) = t1.

Assume that n > 1. Then

m—1
p(tn) = Sup{tmzz, mEN,:tm<t,,}

k=0
n—2
= Z ak
k=0

n—1
= E Q) —Qp_1 = th — Qp_1.
k=0

v
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Consequently

t7 if n=1

p(tn) =
th—ap—1 if n>2.
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Example

Let T = {t,, = —% ‘ne N} UNp. Take t € T arbitrarily. We have the
following cases. t = t, for some n € N. If n =1, then p(t;) = t1. If n > 2,

then n = —tln and

(t) = 1 1t
PAtn) = =317 _%_1_t,,+1'
Let t € Ng. If t =0, then p(0) =0. If t > 1, then p(t) =t — 1.
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Consequently
t if te{-1,0}

p(t) = ﬁ if te{t,,:—%:neN, n22}

t—1 if teN.
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Let T = {n = (3)" : n € NoJ U{0,1}. Take t € T arbitrarily. We have
the following cases. If t = (%)2'1 for some n € Ny, then

2n+1

Let t =0. Then p(0) = 0. Let t = 1. Then p(1) = 3.
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Consequently
2 if te {t,, = (1) :ne NO}
p(t)=9q 0 if t=0

if t=1.

N|=
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LetU:{z—ln:neN}and

T={0juUu(l-UV)u(l+U)u2-U)u2+U)u{l,2}.

t € T. Taket t € T arbitrarily. We have the following

We will find p(t),
Zi for some n € N, then

cases. If t =

1

Let t € (1 — U). If t =1, then

Ift=1-— 2,,, n22,then2i,,:1—t, n> 2, and
1 2
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Let t € (1+ U) and t =1+ & for some n € N. Then 3 =t —1 and

1

t—1 t+1
Tl =5

- 1
p(t) + 5 >

1 1
—14-.—_=1
-|-2 o +

Let t € (2 — V). Ift:%, thenp(%):%. Ift:2—%forsomen€N,
n22,then2—1,,:2—tand

plt) = 2-
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Let t€(2+U)and t =2+ 5., n€N. Then 5- =t —2 and

1 11 t—2  t42
A1) T =T T et 2

If t =0, then p(0) = 0. If t =1, then p(1) = 1. If t = 2, then p(2) = 2.
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Consequently

p(t)

It if teU
T if t=13
2t—1 if te(

Hloif te (14 V)

EN[E]
=
~

Il

NIw

UN{2}
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(2(t—1) if te(2-U\{3}
2 if te (24 U)
p(t)=< 0 if t=0

1 if t=1

[ 2 if t=2.
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Definition

The backward graininess function v : T — R is defined as follows

v(t)=t—p(t), teT.

Note that v(t) >0, t € T.

Let T = hZ, where h > 0. Then, using Example 14, we find
v(t) = t—p(t)
= t—(t—h)
= h, teT.
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Let T = 3N Then, using Example 15, we find
v(t) = t—p(t)
0 if t=1
- 2 if > 1
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Let T = N§, k € N. Then, using Example 15, we find
v(t) = t—p(t)
0 if t=0

t—(Yt—1k if t>o.

Observe that

t—(Vt— 1)k = t—(t—(f)\k/t"jnL(g)\k/tkj—'-‘—l)

_ (i)W—(S)WjL---JrL
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Consequently

(VT - Ve 4 +1 i >0
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Let T ={H,: n € Ny}, where H,, n € Ny, are the harmonic numbers.
Using Example 19, we find

y(t) = t—p(t)

0 if n=0

H,—H,—1 if n>1.
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Let T = Py 3. Using Example 20, we find

v(t)

t—p(t)

0 if te[0,1U U (4k, 4k + 1]
k=1

o0
3 if te | {4k}
k=1
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Let T = C, where C is the Cantor set. Using Example 22, we find
v(t) = t—p(t)
1 k 2
3miT if tECQ, t:Zf‘;—t—FW
_ k=1
0 if teT\G.
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Example

Let
n—1
T:{Zak:neN, ag > 0, keN}.

Using Example 24, we find
v(t) = t—p(t)
0 if n=1

anp—1 If n>2.
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Let T = {t,, = —% ‘ne N} U Np. Using Example 26, we find
v(t) = t-p(t)
0 if te{-1,0}

= ti—zl if te{t,,:—%:nEN, n>2}

1 if teN.
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Let T = {(%)2,7 ‘né€ No} U {0,1}. Using Example 28, we find

v(t)

t = p(t)

t—gt? if te {(%)2n:neNo}

0

if te{0,1}.

Khaled Zennir

Time Scales Analysis Lecture 2

September 12, 2025

42/118



Let U:{%:nEN} and

T={0juUu(l-UV)u(l+U)u2-U)u(2+U)u{l,2}.

Then, using Example 30, we find

v(t)

= t—p(t)
(5 if teU
0 if t=0

1—t if te(l-U\{3}

[ 5L if te(1+V)
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\

3if
2t
t;22
0 if
0 if
0 if

=3
if te(2-U\{3}
if te(2+U)

t=20

t=1

t=2.
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We will show that ¢ is in general no continuous. Consider

1
T:{—n:neN}UNO.

We have
1 1
0) =1 — )= N
o© = 1, o(-3)=-iq. ne
Hence,
1 1
lim a<—> = — |lim =0
n—oo n n—oon -+ 1
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We will show that p is in general not continuous. Consider
1
’JI‘:[—Q,—l]U{ } U Np.
N) neN
Then
p(O) = _17
1 1
Z) = N
& (n) nt1 <
Hence,
: 1 : 1
imo(5) = Jmoiy=o
.1
#* —lzp(O):p<I|m )
n—oo N
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Definition

The backward graininess function v : T — R is defined as follows

v(t)=t—p(t), teT.

Note that v(t) >0, t € T.

Let T = hZ, where h > 0. Then, using Example 14, we find
v(t) = t—p(t)
= t—(t—h)
= h, teT.
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Let T = 3N Then, using Example 15, we find
v(t) = t—p(t)
0 if t=1
- 2 if > 1
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Let T = N§, k € N. Then, using Example 15, we find
v(t) = t—p(t)
0 if t=0

t—(Yt—1k if t>o.

Observe that

t—(Vt— 1)k = t—(t—(f)\k/t"jnL(g)\k/tkj—'-‘—l)

_ (i)W—(S)WjL---JrL
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Consequently

(VT - Ve 4 +1 i >0
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Let T ={H,: n € Ny}, where H,, n € Ny, are the harmonic numbers.
Using Example 19, we find

y(t) = t—p(t)

0 if n=0

H,—H,—1 if n>1.
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Let T = Py 3. Using Example 20, we find

v(t)

t—p(t)

0 if te[0,1U U (4k, 4k + 1]
k=1

o0
3 if te | {4k}
k=1
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Let T = C, where C is the Cantor set. Using Example 22, we find
v(t) = t—p(t)
1 k 2
3miT if tECQ, t:Zf‘;—t—FW
_ k=1
0 if teT\G.
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Example

Let
n—1
T:{Zak:neN, ag > 0, keN}.

Using Example 24, we find
v(t) = t—p(t)
0 if n=1

anp—1 If n>2.
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Let T = {t,, = —% ‘ne N} U Np. Using Example 26, we find
v(t) = t-p(t)
0 if te{-1,0}

= ti—zl if te{t,,:—%:nEN, n>2}

1 if teN.

Khaled Zennir Time Scales Analysis Lecture 2 September 12, 2025 55/118



Let T = {(%)2,7 ‘né€ No} U {0,1}. Using Example 28, we find

v(t)

t—p(t)

t—t2 if te{(%)zn:neNo}

0

if te{0,1}.
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Let U:{%:nEN} and

T={0juUu(l-UV)u(l+U)u2-U)u(2+U)u{l,2}.

Then, using Example 30, we find

v(t)

= t—p(t)
(5 if teU
0 if t=0

1—t if te(l-U\{3}

[ 5L if te(1+V)
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\

3if
2t
t;22
0 if
0 if
0 if

=3
if te(2-U\{3}
if te(2+U)

t=20

t=1

t=2.
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For any element of any time scale the following classification holds.

Definition

For t € T we have the following cases.

If o(t) > t, then we say that t is right-scattered.

If t <supT and o(t) = t, then we say that t is right-dense.
If p(t) < t, then we say that t is left-scattered.

If t > infT and p(t) = t, then we say that t is left-dense.

©00O0O0

If t is left-scattered and right-scattered at the same time, then we say
that t is isolated.

©

If t is left-dense and right-dense at the same time, then we say that t
is dense.
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Let T = hZ, h > 0. By Example 98, we have that
o(t) = t+h>t, teT.

Thus, any point of T is right-scattered. Now, using Example 14, we get
p(t) = t—h<t, teT.

Therefore any point of T is left-scattered. Hence, we conclude that any
point of T is isolated.
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Let T = 3No. Take t € T arbitrarily. We have the following cases.
© Assume that t = 1. By Example 99, we have

o(l) = 3>1,
i.e., t = 1 is right-scattered. By Example 15, we have
p(1) =1.

Since 1 = inf T, we conclude that t = 1 is not left-dense.

@ Let t > 1. By Example 99, we have o(t) = 3t > t. Thus, t is
right-scattered. By Example 15, we get

t
t = =<t
p(t) 3 <t

i.e., tis left scattered. Hence, we conclude that t is isolated.
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Let T = N’a, k € N. Take t € T arbitrarily. We have the following cases.
Q Let t =0. By Example 100, we have

o(0) = 1>0,

i.e., t = 0 is right-scattered. By Example 17, we obtain p(0) = 0.
Since 0 = inf T, we conclude that t = 0 is not left-dense.

© Let t > 0. By Example 100, we get
ot) = (Vt+1)k>t,
i.e., tis right-scattered. B y Example 17, we find

() = (Vi-1fk<t,

i.e., tis left-scattered. Therefore t is isolated.
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Let T = {H,: n € No}, where H,, n € Ny, are the harmonic numbers.
Take n € Ny. We have the following cases.

@ Let n=0. Then, by Example 101, we get o(Hp) = Hi, i.e., Hp is
right-scattered. By Example 19, we have p(Hp) = Hp. Since
Hp = inf T, we conclude that Hp is not left-dense.

@ Let n > 0. By Example 101, we get
o(Hn,) = Hpt1 > Hp.
Then H, is right-scattered. By Example 19, we get

p(Hn) = Hp—1 < Hp,

i.e., H, is left-scattered. Then H, is isolated.
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Let T = Py 3. Take t € T arbitrarily. We have the following cases.

o

2]

o
Let t € |J (4k,4k +1). By Example 102, we get o(t) =t, i.e., tis
k=0
right-dense. By Example 20, we find p(t) = t, i.e., t is left-dense.
Thus, t is dense.
Let t = 0. By Example 102, we obtain 0(0) =0, i.e, t =0'is
right-dense. By Example 20, we find p(0) = 0. Since 0 = inf T, we
conclude that 0 is not left-dense.

Let t € |J {4k}. By Example 102, we get o(t) =t, i.e., tis
k=1
right-dense. By Example 20, we find p(t) =t —3 < t, i.e, tis
left-scattered.
Let t € |J {4k +1}. By Example 102, we find o(t) =t +3 > t, i.e.,
k=0

t is right-scattered. By Example 20, we find p(t) = t, i.e., tis
left-dense.
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Example

Let T = C, where C is the Cantor set. Take t € T arbitrarily. We have the
following cases. Let t € C;. By Example 106, we have

o(t)=t+ 3,,,—1+1 > t, i.e., tis right-scattered. By Example 22, we find
p(t) =t. If t #0, then it is left-dense. If t =0, then it is not left-dense
because 0 = inf T. Let t € (5. By Example 106, we get o(t) =t, i.e., t is
right-dense. By Example 22, we find

1
p(t) = = 3w < b

i.e., tis left-scattered. Let t € T\ C;. We have the following subcases.
Let t € C;. By Example 106, we find o(t) = t, i.e., t is right-dense. By
Example 22, we obtain p(t) =t — 3,,,—1+1 < t,i.e., tis left-scattered. Let
t € T\G. By Example 106, we arrive at o(t) = t, i.e., t is right-dense.
By Example 22, we have p(t) = t. If t # 0, then it is left-dense. If t =0,
then it is not left-dense.
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Let t € T\ Co. We have the following subcases. Let t € C;. By Example
106, we find

o(t) = t+ > t,

3m+1
i.e., tis right-scattered. By Example 22, we find p(t) = t. If t # 0, then it
is left-dense. If t = 0, then is left-dense. Let t € T\ C;. By Example 106,
we have o(t) =t, i.e., t is right-dense. By Example 22, we have p(t) = t.
If t # 0, then it is left-dense and hence dense. If t = 0, it is not left-dense.
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n—1
Let T = { akg:ar >0, keNy, ne€ N} . Take t € T arbitrarily.

k=0
n—1
Then there is a n € N such that t = ) ay. We have the following cases.
k=0

Let n = 1. By Example 109, we have -

n
o(t) = Y >t
k=0

i.e., t is right-scattered. By Example 24, we arrive at p(t) = t. Since
t = inf T, we conclude that t is not left-dense.
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Let n > 1. By Example 109, we find

n
o(t) = Y >t
k=0

i.e., tis right-scattered. By Example 24, we find

p(t) = t—ap1<t,

i.e., tis left-scattered. Therefore t is isolated.
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Example

Let T= {t, = —1:ne N} UNo. Take t € T arbitrarily. We have the
following cases. Let t = —1. By Example 110, we have

o(—1)=—% > —1,ie, t = —1 is right-scattered. By Example 26, we
find p(—1) = —1. Since —1 = inf T, we conclude that t = —1 is not
left-dense. Let t = 0. By Example 110, we have 0(0) =1 >0, ie., t=0
is right-scattered. By Example 26, we obtain p(0) = 0. Since 0 > inf T, we
conclude that t = 0 is left-dense. Let t € {t, = —1:ne N} \{-1}. By
Example 110, we have o(t) = —tftl > t, i.e., tis right-scattered. By
Example 26, we get p(t) = ?tl < t,i.e., tis left-scattered. Thus, t is
isolated. Let t € N. By Example 110, we have o(t) =t+1 > t,ie, tis
right-scattered. By Example 26, we obtain p(t) =t —1<t, i.e., tis
left-scattered. Thus, t is isolated.

Khaled Zennir Time Scales Analysis Lecture 2 September 12, 2025 69 /118



Let T = {tn = (3)" : n € No} U{0,1}. Take ¢ € T arbitrarily. We have
the following cases. Let t = 0. By Example 112, we have 0(0) =0, i.e.,

t = 0 is right-dense. By Example 28, we get p(0) = 0. Since 0 = inf T, we
conclude that t = 0 is not left-dense. Let t = % By Example 112, we
have o (%i) =1, i.e, t = 5 is right-scattered. By Example 28, we get

P (%) =7< %, e, t= % is left-scattered. Thus, t = % is isolated. Let

t = 1. By Example 112, we have o(1) = 1. Since 1 = sup T, we conclude

that t = 1 is not right-dense. By Example 28, we obtain p(1) = % <1,
i.e., t =1 is left-scattered. Let t € {t,, = (%)2,1 'né€E N}. Then there is a
n € N such that t = (%)T. By Example 112, we have o(t) = v/t > t, i.e.,

t is right-scattered. By Example 28, we obtain p(t) = t?> < t, i.e., t is
left-scattered. Thus, t is isolated.
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Let U= {3 : n €N} and
T={0juUU1-UVU)U(l+UV)u(2-U)u(2+U)U{1,2}. Taket € T
arbitrarily. Then, we have the following cases. Let t = 0. By Example 114,
we have 0(0) =0, i.e., t = 0 is right-dense, By Example 30, we get
p(0) = 0. Since 0 = inf T, we conclude that t = 0 is not left-dense. Let

= % By Example 114, we have o (%) = %, i.e., t= % is right-scattered.
By Example 30, we get p (3) = 1, i.e, t = J is right-scattered. Thus,
= % is isolated. Let t = 1. By Example 114, we have o(1) =1, i.e,,
t = 1 is right-dense. By Example 30, we find p(1) =1,ie.,t=11is
left-dense. Thus, t = 1 is dense. Let t = % By Example 114, we have
o (?) 7, i.e., t= g is right-scattered. By Example 30, we find
p(3)=2i = 3 is left-scattered. Thus, t = 3 is isolated. Let t = 2.
By Example 114 we have 0(2) = 2, i.e., t = 2 is right-dense. By Example
30, we get p(2) =2, i.e., t =2 is left-dense. Thus, t =2 is dense. Let
= % Then, by Example 114, we get o (%) = % Since g =supT, we
conclude that t = 3 is not right-dense. By Example 30, we find p (3) = 3.
Thus, t = % is left-scattered.
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Example

Let t € U\ {%} By Example 114, we have o(t) =2t > t, i.e, tis
right-scattered. By Example 30, we get p(t) = % <t/ ie, tis
left-scattered. Thus, t is isolated. Let t € (1 — U)\ {3}. By Example 114,
we have o(t) = % > t, i.e., tis right-scattered. By Example 30, we find
p(t) =2t —1< t,ie., tis left-scattered. Thus, t is isolated. Let

t € (14 U)\ {3}. By Example 114, we have o(t) =2t —1 > t, i.e,, t s
right-scattered. By Example 30, we find p(t) = t+1 <t ie., tis
left-scattered. Thus, t is isolated. Let t € (2 — \{ }. By Example 114,
we have o(t) = 25t > ¢, i.e, t is right-scattered. By Example 30, we find
p(t)=2t—-2< t i.e., tis left-scattered. Thus, t is isolated. Let
te(2+U)\{3}. By Example 114, we have o(t) =2(t —1) > t,i.e, tis
right-scattered. By Example 30, we find p(t) = t+2 <t,ie,tis
left-scattered. Thus, t is isolated.
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Definition
Let a, b € T, a < b. Define closed, half open and open time scales
intervals as follows

[a,bly = {xeT:a<x<b},

[a,b)y = {xeT:a<x<b},
(a,b]y = {xeT:a<x<b},
(a,b)y = {xeT:a<x<b},

respectively.
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Let T = 3Z. Then

[-3,12]; = {-3,0,3,6,9,12},
[-3,12); = {-3,0,3,6,9},

(3,12l = {0,3,6,9,12},

(-3,12), = {0,3,6,9}.
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Let T = 3N, Then

[3,243];, = {3,9,27,81,243},
[3,243);, = {3,9,27,81},

(3,243]; = {9,27,81,243},

(3,243); = {9,27,81}.
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Let T = N3. Then
[1,27), = {1, 2,0, (V2 +1)3,(V3+1)%,(Va+1)3, (V5 + 1),
(V6 +1%(¥7 + 1), 27},

[1,27), = {1,2,9 (V2+1)%,(V3+1)3, (Va+1)3, (V5 +1)3,
(V6 +1)> (\3f7+1)3},

1,27], = {29(\f+1 )2, (V3 +1)%, (VA +1)%, (V5 + 1)°,
(V6 +13(V7 + 1), 27},

(1,27)p = {2, 9,(V2+1)>% (V3+1)3, (V4+1)3 (V5 +1)3,
V6 + 1)°(V7 +1)°
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Example

Let T = {H, : n € No}, where H,, n € Ny, are the harmonic numbers.

Then

p 147
60 |
14

p, 27

(o))

o
S~—
=

25 137 147
67127 607 60 [’

25 137 147}
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Let T = P173. Then

0,12, = [0,1]U[4,5 U8,9] U {12},

[0,12)

[0,1] U [4,5]U[8,9],

0,12}y = (0,1]U[4,5]U8,9]U {12},

(0,12); = (0,1]U[4,5]U][8,9].
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Leth{Zk:neN}. Then
k=0

[0,28], = {0,1,3,6,10,15,21,28},

[0,28), = {0,1,3,6,10,15,21},
(0,28l = {1,3,6,10,15,21,28},

(0,28); = {1,3,6,10,15,21}.
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Let T = {—%:

ne N} UNg. Then
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Let U= {% :neN} and

T={0tuUu(l-UV)u(l+U)u2-U)u2+U)u{l,2}.

Then

- {O}UUU{

e}

= {0juUU

e
478 9

37
- UU{478}7

- wuf3).

Khaled Zennir

Time Scales Analysis Lecture 2

September 12, 2025

81/118



Define the sets

TKZ

and

Tx

T\(p(sup T),sup T]r if

T if supT =00

T\[inf T, o(inf T))r if

T if infT > —c0.

supT < o0

infT > —oc0
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Let T = hZ, h > 0. Then
infT = —oo0,
supT = o0
and
™ = T,
T, = T
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Example

Let T = 3o, Then
supT = oo, inffT=1 o(infT)=0(1)=3.

Hence,
T =T

and

T. = T\[infT,o(infT))r = T\[1,3)r = T\{1} =3".
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Let T = N§, k € N. Then

supT = oo, infT=0=Hy,

o(inf']I') = U(Ho):Hl.

Hence,
T =T

and

T, = T\[infT,o(infT))r = T\[Ho, H1)T = T\{Ho} = N*.
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Example

Let T = Py 3. Then
supT = oo, infT=0, o(infT)=0c(0)=0.

Hence,
T =T

and

T, = T\[infT,o(infT))r = T\[0,0)r = T\ = T.
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Example

Let T = C, where C is the Cantor set. Then
supT = 1,p(supT) = p(1) =1,
infT = 0,0(infT)=0(0)=0.
Hence,
T = T\(p(supT),supT] = T\(1,1] = T\} = T

and

T. = T\[infT,o(inf T))r = T\[0,0)r = T\ =T.
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n—1
LetT—{Zak:nEN, ag >0, kENo}. Then
k=1

sup T = oo, inf T = ag, o(inf T) = o(ap) = 1.

Hence,

and

T, = T\[infT,o(infT))r = T\[awo,1)T

n—1
= T\{ao}:{Zak:neN, n>2, «f>, kGNo}.

k=0
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Example

Let T = {% : nEN}UNo. Then
supT = oo,infT =0,
o(infT) = o(0)=0.
Hence,
™ = T

and

T. = T\[infT,o(inf T))r = T\[0,0)r = T\ =T.
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Let T = {(%)2,1 ‘ne No} U{0,1}. Then

1
supT = 1,p(supT) =p(1) = 5 inf T =0, 0(inf T) =0(0) = 0.
Hence,

T% = T\(p(supT),supT]
Y (; 1] _T\{1} = {(;)2 e No} U {0},

T. = T\[infT,o(inf T))y = T\[0,0)r = T\ =T.

and
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Let U= {3 : n €N} and

T={0}UUU(l-U)U(l+U)U@-U)uU(@2+U)U{L2}.

Then
5 5 9 . .
supT = i,p(supT) =rl5) =7 inf T =0,0(infT) = 0(0) = 0.
Hence,
T - NewDaet -\ (3.3 -n {F}
4’2 2
and

T. = T\[infT,o(inf T))r = T\[0,0)r = T\ =T.
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Appendix
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We start by defining the forward jump operator.

Definition

Let T be a time scale. For t € T we define the forward jump operator
o :T — T in the following manner

o(t)=inf{se€T:s >t}

In this definition, we put inf ) = supT. Then, t = o(t) if t is a maximum

of T.

Note that o(t) > t for any t € T.
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Let T = hZ, h > 0. Take t € T arbitrarily. Then, there is a n € Z such
that t = hn. Hence, applying the definition for forward jump operators, we
find
o(t) = inf{s=hp,peZ:hp> hn}

= h(n+1)

= hn+h

= t+h |
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Let T = 3No. Take t € T arbitrarily. Then, there is a n € Ng such that
t = 3”. Hence, applying the definition for forward jump operators, we find
o(t) = inf{3°,seNy:3°>3"}
— 3n+1
= 3.3
= 3t.
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Example

Let T = N&, where k € N is fixed. Take t € T arbitrarily. Then, there is a
n € Ng such that t = n%. Hence, n = ¥/t. Now, applying the definition for
forward jump operators, we arrive at

o(t) = inf{sk seNy:sk>nk}

= (n+1)"

= (\k/?+1)k.

Khaled Zennir Time Scales Analysis Lecture 2 September 12, 2025 96 /118



Let T = {H, : n € Np}, where H,, n € Ny, are the harmonic numbers.
Take n € Ny arbitrarily. Then, applying the definition for forward jump
operators, we find

o(Hy) = inf{Hs,s € Ng:Hs > Hp}

s

1 1
= inf{Hs,seNo:Zk> k}
1

k=1 k=
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Let T = Py 3. Then

T =

If t € [0,1), then, applying the definition for forward jump operators, we

find

(e}

k=0

o(t)

| (8K, 4k + 1]

= inf{seT:s>t}

[0,1] U [4,5] U[8,9] U[12,13]U....
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If t =1, then

o(l) = inf{seT:s>1}

= 4.
Let now, k € N be arbitrarily chosen. If t € [4k,4k + 1), then we have

o(t) = inf{seT:s>t}
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If t =4k + 1, then

o(t) = inf{seT:s>4k+1}
= 4(k+1)
— 4kt 4
= 4k+1+3

= t+3.
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Therefore

t if te [4k,4k+1)
k=0

t+3 if te U {4k+1}.
k=0
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Let T = C, where C is the Cantor set. We will find o(t) for t € T. For
this aim, let C; denote the set of all left-hand end points of the open
intervals that are removed. Then

m
a 1
k=1

With C, we will denote the set of all right-hand end points of the open
intervals that are removed. We have

m
a 2
C2:{ 3—£+3m+1:m6N, ax € {0,2} for any 1§k§m}.
k=1
Take t € C arbitrarily. We have the following cases.

Let t € (7. Then
= ak 1
“= Z 3k + 3m+l-
k=1
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Hence, we obtain

Let t € (5. Then

Hence,

Khaled Zennir
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Let t € T\(G U ). Then

o(t) = inf{seT:s>t}

Consequently

m
k=1

o(t) =

t if teT\G.
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Let {an}nen, be a sequence of real numbers with o, > 0, and

n—1
t, = Zak, neN,
k=0

and
T = {t,: ne N}

We will find o(t), t € T. Take n € N arbitrarily. Then

n—1

o(ty) = inf XET:s:Zak, s>ty
k=0

n n—1
= Zak = Z+C¥n =ty + ap.
k=0 k=0
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Let .
T:{tn:—n:nEN}UNO.
We will find o(t), t € T. Take n € N arbitrarily. Then
1
n=——
tn
and
. 1
o(t,) = |nf{seT:s:—m,meN,s>to}
_ 1 1 _ tn
o+l Ll -1
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Next, if t € Ng, then

o(t) = inf{seT:s>t}

= t+1.
Consequently

—L if te{th=-1:neN}, t=1,

t+1 if teNp.
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Example

Let

T= {t,, = <%)2 'ne€ No} u{0,1}.

We will find o(t), t € T. Take n € N arbitrarily. Then
o(ty) = inf{iseT:s>t,}

1

G-
- (()) -
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Next,

and

Consequently

\

1

0

1

(Vi if te{t,,:(%)2

if t=3
if t=0
if t=1.

n

:nGN}
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Example

Let U:{z—ln:nEN}and
T=UU(l-U)ul+U)u-U)u(2+ U)u{o,1,2}.

We will find o(t), t € T. We have the following cases.

Let t = 0. Then
o(0)=0
Let t = % Then
1y 3
“\2) 4
Let t = 1. Then
o(l)=1
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Let t = % Then
Let t = 2. Then
Let t = % Then
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Let t € U\ {5}. Then

and

1

e 4

o(t) = 1
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Example

Let t € (1+ U)\ {3}. Then

1
Hence, ,
and
1 2
O'(t) = 1+F:1+§:1+2(t—1):2t—1
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Let t € (2— U)\ {2}. Then
1
and .
2—n=2—t
Hence, o(t) =2— ztxr=2-3 4 =223t =12
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Example

Let t € (2+ U)\ {3}. Then
1
t:2+§
and 1
Hence,
1 2
O'(t) = 2+F:2+§:2+2(t_2):2(t_1)
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Consequently

(0 if t=0
3 if t=13
1 if t=1
% if t:%

o(t) =

2 if t=2
> if t=3
2t if teU\{3}
tif te(1-UN\{3}

= — SaNe;
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2t—1 if te(1+U)\{3}

o(t)=4 H2 if te(-UN{3}

20t—1) if te(+UN\{3}.
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Exercise

Find o(t), t € T, where

@ T=hZ+k h>0, keR.

Q@ T = (—2Np) u 3o,

Q@ T =P37U[4,6].

Q T =11 u/{o0}.

Q@ T =[1,2]U[3,4]U[7,8]U9N.
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