Time Scales Analysis

Lecture 5

Definition for Delta Derivative. Rules for Delta Differentiation

Svetlin G. Georgiev

September 24, 2025

Svetlin G. Georgiev Time Scales Analysis Lecture 5 September 24, 2025



Definition

Assume that f : T — R is a function and let t € T*. We define f2(t) to
be the number, provided it exists, with the property that for any € > 0,
there exists a neighbourhood U of t, U = (t — d,t + 0) N'T for some

6 > 0, such that

F(o(t)) — £(s) — FA(t)(o(t) — s)| < elo(t) —s| forall se U.

We call f2(t) the delta or Hilger derivative of f at t. We say that f is
delta or Hilger differentiable, shortly differentiable, in T* if f2(t) exists for
all t € T*. The function f2 : T — R is said to be the delta derivative or
Hilger derivative, shortly derivative, of f in T".

If T =R, then the delta derivative coincides with the classical derivative.
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The delta derivative is well defined.

Let t € T*. Suppose f{2(t) and £ (t) are such that

[f(a(t)) = f(s) = f2(t)(a(t) = 5)| < gla(t) — |

and

[f(a(t)) = f(s) = 2 (t)(a(t) = 5)| < gla(t) — |

for any € > 0 and any s belonging to a neighbourhood U of t,
U= (t—9,t+0)NT for some 6 > 0. Hence, if s # o(t), then
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FA () — flo(t)) = f(s) | fla(t)

RA(0) = ()] = D

f(o(t)) — f(S) f(o(t)) — f(s)
< O | em=s
_ 1f(a(t) — f(s) — fA(t)(a(t) — s)| + |f(a(t)) — f(s) — B2 (t)(a(t) +
lo(t) — s lo(t) — s
€ €
< §+§:€

This completes the proof. []
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Let us assume that sup T < oo and f2(t) is defined at a point t € T \ T*
with the same definition as given in Definition 1. Then the unique point
t € T\ T" issupT. Hence, for any € > 0, there is a neighbourhood

U= (t—20,t+0)N(T\T*), for some § > 0, such that

f(o(t)) =1f(s) =f(o(supT)) = f(supT), seU.
Therefore, for any o € R and s € U, we have

|f(o(t)) — f(s) — a(o(t) —s)| = |f(supT)— f(supT) — a(supT — supT)

< 8‘0’(1') - S|7

i.e., any a € R is the delta derivative of f at the point t € T \ T".
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Let f(t) = o € R. We will prove that f2(t) = 0 for any t € T*. Indeed,
for t € T% and for any ¢ >0, s € (t — 1,t + 1) N T implies

|f(a(2)) — f(s) = 0(o(t) — s)| = |a — a| =0 <elo(t) —s|.
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Let f(t) = t, t € T. We will prove that f2(t) =1 for any t € T*. Indeed,
for t € T% and for any ¢ >0, s € (t — 1,t + 1) N T implies

f(a(2)) = £(s) = 1(o(t) = s)| = lo(t) —s—(o(t) — 5|

= 0<c¢lo(t) —s|.
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Example

Let £(t) = t?, t € T. We will prove that f2(t) = o(t) +t, t € T*. Indeed,
for t € T" and forany e > 0,s € (t —¢,t +¢)NT implies [t —s| < ¢ and

[(a(t)) = £(s) = (o) + t)(a(t) = 5)| = |(o(1))* = s* = (o(t) + t)(0r(t)

= [(a(t) = 5)(o(t) + 5) — (o(t) + t)(a(t) — 5)|

= |o(t) — sl[t — s| <elo(t) - s|.
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Assume f : T — R is a function and let t € T®. Then we have the
following.

@ Iff is differentiable at t, then f is continuous at t.
@ If f is continuous at t and t is right-scattered, then f is differentiable

at t with
gy _ o) = (0

u(t)

@ Iftis rig(h)t—d(er)75e, then f is differentiable at t iff the limit
f(t)—f(s

lims_,s =——-=" exists as a finite number. In this case,

FA(t) = lim ()= F(s)

s—t t—s

© If f is differentiable at t, then the “simple useful formula”

F(o(t)) = F(£) + u(t)F2(t)

alelle.
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o Assume that f is differentiable at t € T". Let ¢ € (0,1) be arbitrarily

chosen. Set
. €

T 14 |FA()] + 2u(t)
Since f is differentiable at t, there exists a neighbourhood U of t
such that

€

[(a(t)) = f(s) = FA(t)(a(t) — 5)| < e¥o(t) — s].

Hence, for all s € UN (t — &, t + &%), we have
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f(8) = f(s)] = [F(t)+(a(t)) = £(s) = FA(t)(o(t) — )

—f(a(t) + FA()(a(t) = )|

IA

[f(a(t)) = f(s) = FA(t)(a(t) - 3)]

+f(a(t)) = £(t) = FA(t)(o(t) = s)|

IN

e*lo(t) = s| +[f(a(t)) = F(£) — FA(t)(a(t) — t) + FA(t)(s — t)|
< eo(t) = s+ |f(a(t)) = () = FA(t)(o(t) — t)]

+HFE(E)]s — t|
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= & (lo(t) = sl + () + [FA(0)1)

= & (lo(t —t+t—s|+u(t)+\fA()|>

IA

e (a(e) = t+ [t = sl + pu(e) + [FA(2)])

(
(
(
e (20(e) + ¢ = s| + |FA (1))

< " (u(t) + e+ [FA(E))) < (1 +2u(t) +IFA(D)]) =,

which completes the proof. O
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@ Assume that f is continuous at t and t is right-scattered. By
continuity, we have

i ED = 1) _ Flol0) = r(0
s»t  o(t)—s o(t) —
_ o) ()
w(t)

Therefore, for any € > 0, there exists a neighbourhood U of t such
that
flo(t)) — f(s) _ fla(®)) —f(1)| _

<e
o(t)—s u(®)
forall s e U, i.e.,
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F(o(t) - F(s) — TN =FD 0y g <

p(t)

for all s € U. Hence,

apn Flo(t) = F(1)
PO=""w

@ Assume that t is right-dense. Let € > 0 be arbitrarily chosen. Then f
is differentiable at t iff there is a neighbourhood U of t such that

(t) — f(s) — FA(t)(t —s)| < elt —s| forall se U,
i.e., iff
‘f(t) — f(s

t—s( )—fA(t)‘ge forall se U,

i lime_s () (5) = fA(t).
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@ Assume that f is differentiable at t.
Q If t is right-dense, then o(t) = t, u(t) =0 and

f(o(t)) = f(t) = £(t) + u(t)f4(t).

@ If t is right-scattered, then

whereupon
f(o(t)) = F(t) + u(t)F2(t).

This completes the proof.
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Let ,
and f(t) = o(t) for t € T. We will find f2(t) for t € T = T\ {1}. For

1 1—t
S N
ont1 " » MEN,

te T\ {0}, t=

we have

1 1
t) = infdseT: -
o(t) in {SE S>2n+1} n_1

1t
1— - )
2Lt 1 1-2t

i.e., any point t = ﬁ n € N, is right-scattered. At these points,

Svetlin G. Georgiev Time Scales Analysis Lecture 5 September 24, 2025 16 /28



g — Holt) =)

(1-—212 t2 1

=2 = .
1-4t 2¢2 2(1 — —
1 2 2t2(1 —4t) 1-—4t

Let now t = 0. Then
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o(0)=inf{seT: s>0}=0.

Consequently, t = 0 is right-dense. Also,

. a(h) —a(0) . 1—hzh —0
im ———= = lim ———— = |lim
hs0 h fall h “hS01-2h
Therefore, f2(0) = 1. Altogether, f2(t) = 12 for all t € T*.
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Let T = {n?: n € No} and f(t) = t2, g(t) = o(t) for t € T. We will find
fA(t) and g2(t) for t e T* =T. For t € T, t = n®>, n = \/t, n € Ny, we
have

o(t)=inf{i2: P>n? 1eNg}=(n+1)?=(1+Vt)>>t.

Therefore, all points of T are right-scattered. We note that f and g are
continuous functions in T. Hence,
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and

FA(t) =

2
= <1+\/?) +t
= t+2Vt+1+t

= 1+2Vt+2t
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gA(t) g(O’(

1+2(14++1) 342Vt
1+VE)2—t 1+2/t
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Example

Let T = {v/2n+1:n€Np} and f(t) = t* for t € T. We will find f2(¢)
fortcT. ForteT, t=+/2n+1, n:t‘lT_l, n € Ng, we have

o(t) = inf{v/2/+1: V2/+1>V2n+1, | € No}

= V2n+3=vtt+2>t

Therefore, every point of T is right-scattered. We note that the function f
is continuous in T. Hence,

v
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pagy = M=

= (o(t))® + t(o(t))* + t2o(t) + £

= {(*+ 2P+ Ve 2+ 1Vt + 248,
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Example

Let T = Z and f be differentiable at t. Note that all points of t are
right-scattered and o(t) = t + 1. Therefore,

oy — o) =

o(t)—t
o f(t41) = f(t)
N t+1—t

= f(t+1)—1(t)

— Af(e),

where A is the usual forward difference operator.
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Assume f,g : T — R are differentiable at t € T". Then we have the
following.
@ Thesum f + g : T — R is differentiable at t with
(f + g)2(t) = £A(t) + g2(1).
@ For any constant o, af : T — R is differentiable at t with
(af)2(t) = af?(t).

Svetlin G. Georgiev Time Scales Analysis Lecture 5 September 24, 2025

25 /28



@ Let € > 0 be arbitrarily chosen. Since f and g are differentiable at t,
there exist neighbourhoods U; and U, of t so that

|f(o(t)) — f(s) — fA(t)(a(t) —9s)| < g|a(t) —s| forall se U
and

8(o(2)) - &(5) — g2(8)(o(1) = 5)| < Slo(t) = s| forall se Uy
Hence, for s € U; N Uy, we have

[(a(t)) + g(a(t)) — £(s) — &(s) = (FA(£) + g2(1))(a(t) = )|
< |f(o(t)) = £(s) = FA(£)(a(t) )|

+g(a(t)) — g(s) — g*(t)(a(t) - 5)|
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< Slo(t) = s|+5lo(t) =

= éelo(t) —sl,

which completes the proof.

©Q Let a # 0. Assume that £ > 0 is arbitrarily chosen. Since f is
differentiable at t, there exists a neighbourhood U of t such that

If(a(t)) — f(s) — FA(t)(o(t) —s)| < i|<7(t) —s| forall seU.

(]
Hence, for s € U, we have

laf(a(t)) — af(s) — af2(t)(a(t) - 5)|

= ol[f(a(t)) = f(s) = FA(t)(o(t) - 5)|
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which completes the proof. [
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