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Assume f,g : T — R are differentiable at t € T". Then we have the
following.

© The product fg : T — R is differentiable at t, and the “product rule”

(fg)2(t) = FA(t)g(t) + f(a(t)g(t) = f(t)g™ () + F2(t)g(o(2))

holds.

@ Ifg(t)g(o(t)) # 0, then the quotient é : T — R is differentiable at t,

and the “quotient rule”

AN FA(t)g(t) — f(t)g?(t)
(g) (1) ] holds.
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Let € > 0 be arbitrarily chosen. Let also [a, b] C T be such that
t,o(t) € [a, b]. Set
M = max_|f(t)]
t€[a,b]

and
€

1+ M+ g(o(t))l + g2 (1)
Since f is differentiable at t, there exists a neighbourhood U; of t such
that

8*

IF(o(t)) — £(s) — FA(t)(o(t) — s)| < e*[o(t) —s| forany se Uh.

Ol
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Since g is differentiable at t, there exists a neighbourhood U, of t such
that

8(a(1) — g(s) — g2(t)(a(t) = s)| < €*|o(t) = s| forany s e Ua.

Since f is differentiable at t, f is continuous at t. Therefore, there exists a
neighbourhood Us of t such that

|f(t) — f(s)] <&* forany se€ Us.
Then, for any s € Uy N U N Uz N [a, b], we get

(o (t))g(a(1)) — f(s)g(s) — (FA(t)g(a(t) + F(£)g®(t))(a(t) - 3)|

= |f(a(t))g(a(t)) — f(s)g(a(t)) — FA(t)g(a(t)(o(t) — )

Ol
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IA

IA

+f(s)g(a(t) + FA(t)g(a(t)(a(t) — 5) + g2()f(s)(a(t) — s)

—(FA(t)g(a(t)) + F(£)g(1))(o(t) — 5) — F(s)g(s) — g™ (D)f(s)(o(t

(o (2)) — f(s) = FA(t)(o(t) — 5))g (o (1))

+F(s)(g(o (1)) — g(s) — g2(t)(a(t) — ) — (F(t) — £(s))g™(t)(o(t) -

g(a(E)NIf(a(t)) — £(s) = FA(t)(a(t) — )|

+f(s)llg(o(t)) — g(s) — g2 (t)(o(t) = 5)| + |F(£) = £(s)llg®(t)l|o(t

e'lg(o(t)llo(t) - s|
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+e*|F(s)llo(t) — s| +e*lg® (t)llo(t) - s|

IA

e (lg(a ()] + M+ g2 (t)])]o(t) - s|

< elo(t) —sl,

which completes the proof.

@ Let € > 0 be arbitrarily chosen. Since f and g are differentiable at ¢,
they are continuous at t. Because g(t) # 0, there exists a
neighbourhood U of t such that

lg(s)| > m1 >0 forall seU,

for some constant msy.

Ol

= = = - -
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Let [a, b] C T be such that o(t),t € [a, b]. Set

Mi = sup |f(t)|, Me= sup |g(t)]
te[a,b] te[a,b]

and
.. milglo(e®]
14+ 2Mi M, + |g2(t)]
Since f and g are continuous at t, there exists a neighbourhood U; of t
such that

€

f(t)g(s) — f(s)g(t)| <" and |g(s) —g(t)| <e”

for any s € U;. Since f is differentiable at t, there exists a neighbourhood
U> of t such that

IF(o(t)) — £(s) — FA(t)(o(t) — s)| < e*[o(t) — 5| forany s e Ub.

Ol
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Since g is differentiable at t, there exists a neighbourhood Us of t such
that

g(a(t)) — g(s) — g2(t)(o(t) = s)| < e*lo(t) —s| forany se€ Us.

Hence, for s € Ui N U, N Us N UN [a, b], we get

flo() _ fls) _ (08~ F(g0)
glo(t)) g(s) 2(Dg(o(1))
~ Jglo ())E(S)g |‘ t))g(t)g(s) — f(s)g(t)g(a(t))

—(F2(1)g(t) — f(t)g®(t))g(s)(o(t) — S)‘

B 1 T VI ]
- |g(a(t))g<s)g<t)|\(f( (1)) — £(s) — FA()(o(1) — 5))e(t)e(s)
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+f(s)g(t)g(s) + 2 (t)g(t)e(s)(o(t) - s)
—(g(o(1)) — g(s) — g2(£)(a(t) — 5))f(s)g(t)
—g(s)f(s)g(t) — f(s)g®(t)g(t)(a(t) —s)

—2(t)g(t)g(s)(o(t) — s) + F(t)g2(t)g(s)(o(t) — 5)

_ L N PV ]
= Heme@am M)~ () = FAD(() ~ s)elt)a(s)

~(g(a(1)) — g(s) — g2(t)(a(t) - 5))f (s)g(t)

+g2(1)(f(t)g(s) — f(s)g(t))(o(t) — 5)
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1
lg(o(1))g(s)eg(t)]

+g(o(t) — g(s) — g2(t)(a () = s)lIF(s)llg(2)]

IA

(!f(a(t)) — f(s) = FA(t)(a () - s)lle(t)llg(s)]

+Heg()lIF(t)g(s) — f(s)g(t)llo(t) — SI)

1
lg(a(t))e(s)g(t)]

+g®(t)le*|o(t) - s))

(e* My Moo (t) — s| + *|o(t) — s|My My

IN

" 1 A _
C eememem LT MM+ g (DDlo(t) — o

IA
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. 1 A _
e m1|g(a(t))g(t)|(1+2M1M2+|g (B)Dle(t) — sl

= E|O-(1:) - S|,

which completes the proof. O
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Let']I‘:{tn:—%:neN}UNoand

144

= teT.
147t

f(t)

We will find f2(t), t € T. Note that any points t € T are right-scattered.
Let

g(t) = 14+t3 h(t)=14+7t, teT.
Then
gA(t) = g(UéZ; :f(t)
1+ (o(t)>—1—t>  (o(t))*—¢2
o(t) —t  o(t) -t
(o(t) ;(?)(i(f) 8 _ o(t)+t, teT,
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hA(t) = i

and
h(o(t)) =1+70(t), teT.

Now, applying the rule for delta derivative of a quotient of two functions,
we arrive at
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o = (5)
g5 (1A(E) — (D)hA(1)
OLGO)

(o(t) + t)(1 +7t) — (1 + t2)7
1+ 7)1+ 70(t))

o(t) + 7to(t) + t +7t2 -7 — 7¢2
(1+7t)(1+70(t))
7+ t+o(t)+ 7to(t)

= Tatma+rew) o T

Then, we have the following cases.
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Let t € {—% 'n¢E N}. Then

and

Khaled Zennir

t 7t2
A= =

(1+7t)( —t%tl)
(-7+t)(t—1)—t—T7¢?

(1+7t)(t—1-T7¢t)

—Tt+T7+t2—t—t—T7t2

—(1+47t)(1 4+ 6¢t)

—6t2—9t+7
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Let t € Ng. Then
o(t)y=t+1

and

—T+t+t+1+7(t+1)t

0 = AT

—6+2t+ T2+ Tt
(1+7t)(8+7t)

—6 4 Ot + 7t2
(1+7t)(8+T7t)

Consequently
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61249t - 1.
(1+t7;3(1t+gt) if te{-;:neN}

7t24-9t—6 :
ey 1 tE€No
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Let T={(3)* : ne Mo} U{0,1} and

147t
445t

f(t)

We will find FA(t), t € T*. Here T# = {(%)2" ‘ne NO} U {0}. We have
the following cases. Let t € T be right-scattered. Set

g(t) = 1+4+7t, h(t)=4+5t, teT"

Then
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) = g(o—;zg ~s()
_ 1470(t) 17t
N o(t) —t
_ (a(t) - 1)
To(t)—t
= 7, teT"
and
_ h(o(t)) — h(t) 4+45o(t)—4—5t
) = o(t)—t o(t) —t
5(a(t) — t) .
= =5, teT",
h(co(t)) =4 +50(t), teT".

= = = = =
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Example

Now, applying the rule for delta derivative of quotient of two functions, we

arrive at

e = (5

g-(t)h(t) — g(t)h™(t)
h(t)h(a(t))
7(4 4 5t) — 5(1 4 7t)
(4 +5t)(4+50(t))
28 +35t—5—35t

> = |03

23

(4 +5t)(4+50(t)) (4+5t)(4+50(t))

We have the following subcases. Let t € {(%)

2" 'ne N}. Then
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o(t) =/t and
FA(t)

Let t=1. Then o (1) =1 and

()

23

T (44 5t)(4+5v1)

23

23
-9
46
i7"

IE
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Let t € T be right-dense. Then t = 0. Hence,

Consequently

fA(O) _ |irTI) f(S) ; f(O)
s—
147s 1
— lim 455 4
s—0 S

4+ 285 —4—5s

[im
s—0  4s(4 + 5s)
} 23s
lim —
s—0 45(4 + 55)
23 23

s304(4 +5s) 16
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23 ; 1\2" .
A =q 28 if ¢t=1
B if t=0.
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Example
Let U= {2 :neN} and
T={0juUu(l-V)ul+U)Uu2-U)u(2+U)U{1,2}

and
f(t)=(2+t>)(1-1t?), teT.

We will find f2(t), t € T*. Here T* = T\ {3} . We have the following
cases. Let t € T" be right-scattered. Set

gt) = 2—t% h(t)=1+1t% teT"

Then y
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g8(t) = o(t) —t
24 (o()?—2-2 _ (o(t)?~ ¢
_ o'(t) —t N U(t) —t
— 6 ;(?)(i(:) o) +r, teT
and
_ h(a(t)) — h(t)
he(t) = T o) -t
_1-(a(t)2 -1+ (o(t)? -t
— O'(t)—t T U(t)_t
- LD -t et
and
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FA(t) = (gh)™(t)

g2 (t)h(a(t)) + g(t)h™(t)

= (a(t+t) (1= (a(1))?) + 2+ t3)(=a(t) — 1)

= o(t) — (o(t) + t — t(a(t))? — 20(t) — 2t — t%0(t)

= —(o(t)® —o(t) -t — 2 — t(o(t))? — t20(t), teT~

Hlw

Now, we will consider the following subcases. Let t = % Then o (%) =
and
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—27 —48 —-64 — 12

64
151

“od
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64 4 2 8 16
—343 — 112 — 96 — 392 — 252

64
1195

64
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Let t € U\ {3}. Then o(t) = 2t and

A (1) —(2t)3 —2t —t — 3 — t(2t)® — t3(21t)
= —8t3 -3t —t3— 43— 243

—15¢3 — 3t.
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Let t € (1 — U)\ {3}. Then o(t) =15t and
1+t\> 1+t 1+t\? L1+t
fA@t) = — - —t-—t|— ] —t*P—
0 - ~(5) -5 (5) -
1+6)> 14+t 1+ t)? 1+t
_ (141t 14 —t—t3—t( + 1) _pit
8 2 4 2
(14t + 41+ t) + 8t + 8 +2t(1 4 £)? + 4t (1 + )
- 8
43743t 4+ 144t +4+86+8t% +2t(t° + 2t + 1) +4F°
B 8
132+ 712 + 15t + 54 263 + 412 + 2t
- 8
15834+ 112 417t 45
S - _
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Let t € (14 U)\{%} Then o(t) =2t — 1 and

A1) = —(t—12—Qt—-1)—t—t2—t(2t—1)2 - 32t — 1)
= 83 +12t2—6t+1—-2t+1—t—t3— (42 —4t+1) -2t
= 1134132 -9t +2 —4t3 44> — ¢t
= —15¢3+ 17t — 10t + 2.
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Let t € (2— U)\ {3}. Then o(t) = 2 and

FA(t)

3 t+2\> t+2 3 (tt2 2 o (t+2
N 2 2 2 2

(EF2P2 £+2 f t(t—|—2)2 t2t+2
8 2 4 2
(t +2)3 +4(t +2) + 8t + 8t3 + 2t(t + 2)% + 4t%(t + 2)

8

34617+ 12t + 8+ 4t + 8+ 8t + 8% + 2¢(t* + 4t + 4) 14

~

8
133 + 14t2 + 24t + 8 + 2t3 + 8t2 + 8t
8
153 +22t2 + 32t + 8
e .

Khaled Zennir Time Scales Analysis Lecture 6 September 28, 2025

32/204



Let t € (2+ U)\ {3}. Then o(t) =2(t —1) and

fA>t) = —@@t-1)°2-2(t—1)—t—t3—t(2(t —1))* - t3(2(t — 1))
= 8(t—1P—2t—1)—t—t>—4t(t—1)2—2t3(t — 1)
= 83 +24t2 - 28t +8 -2t +2—t— 3 —4(t? -2t +1) - 2%
= —11£3 4+ 26t2 — 27t + 10 — 4> + 8t% — 4t
= —15¢3 4 3412 — 31t + 10.
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Let t € T* be right-dense. Thent =0ort=1,ort=1. Let t =0. Then

F2(0)

i f(5) = f(0)

s—0 S

2+ =) -2

s—0 S

QD SIS )
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Let t =1. Then

FA(1)

im F8) = f(1)
s—1 s—1
B (24521 -5 —(2+1)(1-1)
s—1 s—1
i @) s = (s +1)
s—1 s—1
— lim(2+ s?)(s+1)
—(2+1)(1+1)
—6.
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Let t = 2. Then

F4(2)

()= f(2)
52 s—2

o (24+s?)(1-5%)—(2+4)(1-4)

s—2 s—2
. 2-2s24+ 524418
lim
s—2 s—2
st 4s2-20
lim ——M—
s—2 s—2
i (s —2)(s® + 2s% + 55 + 10)
— Iim
s—2 s—2

—lm(s3+252+55+10)
—(2*+2-2245.2+10)
—(8 48+ 10+ 10)

—36.
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Consequently

—BLoif e=1
_ 1195 if t:§

—15t3 -3t if te U\ {3}
_15t3+111§+17t+5 if te(l—

—1563 +17t2 — 10t +2 if ¢t e

{%}
+ U\ {3}
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( 3 2 H
154220+ i ¢ e (2 - U)\ {3}
fAt)=< 0 if t=0

—6 if t=1

| 36 if t=2.
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Let
f(t)=t", teT, neN.

We will prove that
FA(t) = (o()" T+ t(o(2))" 2 + - + t" 20 (t) + t" T

if t € T is right-scattered. Really, let t € T be right-scattered. Then

_ o)~ (o)
U
NGO
o(t)—t
(o8) = ) ()" + Ho ()™ -+ 720 () + £771)

o(t)—t
= (0(8)" +Ho(£)" 2 4o+ t" 2o () + "
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1 _—
Let T = {2r7+1 ‘ne No} U {0}, f(t) =o(t), t € T. We will find

fA(t), t € T. For

1 1t

teT t = = — >1

S ont 1 " 2r 0 "

we have
1 1 1 1
t) = inf : | e N S
o) '”{2L+r0 +1° 7 2nr1 € 0} 2n—1
= > t,

oLt 11 2t

i.e., any point t = > 1 n > 1, is right-scattered. At these points

n—+
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_ f(a(2) f(t)
fA(t) o(t

) —
) -
o(o(t)) - U(t)
o(t) -

_ (o)
CEEIOICORD
(1= %) (= )
_ (1—15;)2
1—4t 2t2
1-2t 1-2t
t2 1

2 = .
2t2(1—4t) 1-—4t

Let n=20,i.e, t=1. Then
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1 1
1) = inf 0: 0>1./€eN
o) n {2/+1’ a1 '€ 0}

= inf=supT =1,
i.e., t =1 is a right-dense point. Also,

im f(1+ h)—f(h) — Iim
h—0 h h—0 h

1+h h
. T-2(i+h) _ 1-2h
= lim
h—0 h
_ 1+2h+ h__lm(1+h)(1—2h)+h(1+2h)
h—0 h h—0 (14 2h)(1 —2h)h
1

oo (11 2h)(1—2mh
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Example
Let now t = 0. Then

. 1 1
o(0) = |nf{2/+1,0. 2I+1,0>0,/€N0}—0.

Consequently, t = 0 is right-dense. Also,

. o(h)—0c(0) . 120 _
/Iwino h B /Igno h _ilwlnol—Zh_

Therefore 02(0) = 1.
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Let f,g,h: T — R be differentiable at t € T*. Then

(feh)®(t) = ((fe)h)™(t)

(fe)(t)h(t) + (fg)(a(£))h™ (2)

(FA(1)g(t) + f(a(t))g® (1) h(t) + £7(£)g” (t)h™(t)
= 2(t)g(t)h(t) + F7(t)g™(t)h(t) + £7(t)g" (t)h™(2).
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Let f : T — R be differentiable at t € T”. Then

(P2 (1) = (F)A()
= FAOF(E) + F(o(1)FA()
— ) (t) + £(1)):

Also,
(F)A(t) = (F)A(1)
= FA()F(t) + F(o(t)(F)A(t)

= A1) + F7()FS()(F(2) + F(1))
= A1) + F()F7 (1) + (F)*(1))

We assume that
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for some n € N.

Indeed,

(fn+1)A(t)

(FM)A( t)ka(t (F)"™ (1)

We will prove that
= A(t) Z Fr(t

(f-n+1 f-a n— k

() + () (1)
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o F(E)(F)T2(8) + (F)"H(0)F (1)
= FA() (F7(1) + £ )7 (2) + FT2(8)(F7)P(8) + - + (F)"(1))

n

= A0 3 ) H).

k=0
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Now we consider f(t) = (t —a)™ for a € R and m € N. We set
h(t) = (t — a).
Then
hA(t) =1
We get
m—1
(h™MA (1) = h3(8) Y hE(e)(h7)™"K()
k=0
m—1
= D (t—a)fo(r)—am 7k
k=0
L _ 1 Th
et now g(t) = O} en

v
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G
"0 =~y

whereupon
i ‘ = — 1 - _ak _am—l—k
(7) © = ~Ga—ra=r 2t arlel=2)
m—1 1 1
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Definition
Let f: T — Rand t € (T%)" = T*". We define the second derivative of f
at t, provided it exists, by

FA% = (fA)A LT SR,

Similarly, we define higher order derivatives f2" : T*" — R.
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Let T={-1:neN}UN and

1+

= teT.
147t

f(t)

We will find F2%(t), t € T. We have the following cases. Let
te {—1:neN}. Then o(t) = — ;. By Example 2, we have

62 + 9t — 7
0= Tga e
Then
6(c(t))? +90(t) — 7
2 (a(t)) (1+70(t))(1 +60(t))

(- ) (- )
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and

FA%(t)

6t — 9t(t — 1) — 7(t — 1)?
(y—1-7t)(t —1—61)
6t — 9t? + 9t — 7t2 + 14t — 7
(1+6t)(1+5¢t)
—10t> + 23t — 7
(1 +6t)(1 + 5¢)

gf2(a(t)) — F2(1)
o(t)—t
B 1 <—10t2+23t—7 6t2+9t—7>

(1+6t)(L+5t) (L+6t)(1+7t)

t
=

(t—1) ((—10£% + 23t — 7)(1 + 7t) — (6t + 9t — 7)(1 + 5t

£2(1 + 5¢)(1 + 6¢)(1 + 7¢)
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(t — 1)(—10t? — 70t3 + 23t + 161> — 7 — 49t — 6t> — 30t3 — Ot -

t2(1 + 5t)(1 + 6t)(1 + 7t)
(t —1)(—100¢3 + 100t?)
t2(1 + 5t)(1 + 6t)(1 + 7¢)
100(t — 1)?
(145t)(1+6t)(1+7t)

Let t € Ng. Then o(t) =t + 1. By Example 2, we have

7t2+9t—6
) = .
(1+7t)(8+7t)
Hence,
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7(a(t))?> +90(t) — 6
(1+70(t))(8 + 70(t))
7(t+1)2+9(t+1)—6
(14+7t+7)(8+T7t+1t)
T2+ 14t+7+9t+9-6

(8 4 7t)(15 + 7t)

7t2 + 23t + 10

(8 4 7t)(15 + 7t)

FA(o(t)

and

Khaled Zennir Time Scales Analysis Lecture 6 September 28, 2025 54 /204



) = FA(a(t)) — FA(1)
o(t)—t
7t2 + 23t + 10 T2 +9t—6

(8+7t)(15+7t) (1+7t)(8+T7¢)
(7t? + 23t + 10)(1 + 7t) — (7t> + 9t — 6)(15 + 7t)
(1+7t)(8 +7t)(15 + 7t)
10(t + 10)
(1+7t)(8+7t)(15+7t)
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Consequently
100(t—1)? . _
2 (1+5t)(1(+6t))(1+7t) if te {—% ine N}
FA (t) =
10(t+10 .
(1+7t)(8(—l-7t)()15+7t) if te Np.
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Let T = {(%)Zn ;n € No} U {0,1} and

147t

)= 175

, teT.

We will find F2%(t), t € T*". Here

= {(3) renfum

We have the following cases. Let t € {(%)T ine N}. Then o(t) = V't
By Example 8, we have

23
(4 4 5t)(4 4+ 5v1)

FA(t) =

Then

.

= = = — SN
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B 23
o) = seo)@ +5vo00)
23
T @+5VD(A 570
and
A1) = f2(o(t)) — F2(t)

o(t)—t

1 23 23
~ it ((4+5\/E)(4+5<‘ﬁ) - (4+5t)(4+5\/f)>
23(4 + 5t — 4 — 5v/t)
VE(1 = V1) (4 + 5t)(4 + 5v1)(4 + 5/1)
115(t — /%)
V(1 — V1)(4 + 5t)(4 + 5v/1)(4 + 5¢t)
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Let t = 0. Then o(0) = 0. By Example 8, we have f2(0) = 22. Hence,

FA%(0)

Khaled Zennir

fA(s) — £2(0)

lim
s—0 S

23 23
lite (4+5s)(4+5+/s) 16
s—0 S

i 23 (16 — (44 5s)(4 4+ 51/5))
550 s(4+55)(4+5v/5)
i 23(16 — 16 — 201/5 — 205 25s2)
50 s(4 4 5s)(4 +51/s)
115(5,/5 + 5s + 5s2)
"0 (4 + 55)(4 + 5¢/5)
115(5 4 5v/s + 5s)
" 5500 \/5(4 4 55)(4 + 5¢/5)

—0Q.
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Consequently

115(t— ¥/t) . 12"
fA2(t) = { Vt(1—Vt)(4+5t)(4+5Vt)(4+5Vt) if te {(i) tne N}
does not exist if t=0.
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Example

Let U= {3 : n € N} and
T=UU(l-U)ul+U)u(2-U)u(2+U)u{o,1,2},
and
f(t)=(2+t)(1—-t?), teT.

We will find £2%(¢), t € T, Here T = T\ {3, 9}. We have the
following cases. Let t € U\ {5}. Then o(t) = 2t. By Example 14, we

have
fA(t) = —15¢3 — 3t.

Then
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fA(o(t)) = —15(o(1))* —30(2)
= —15(8t%) — 3(2t)
—120t% — 6t
and
A A
A2 = F2(a(t)) — F2(1)
o(t)—t
12083 — 6t + 1583 + 2t
N 2t —t
10583 —
— M = —105t° — 3.
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Let t = 3. Then o (

and

" Khaled Zennir

1
2

) = 2. By Example 14, we have

~15-274+11-36+51-16+5- 64

512
| 4054306 +816+320 1937

512 512
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_ 2 (e(3) -2 (3)
a(3) -3
A3 -G
- 3_1
4 2
_ e
1
_ —1937+ 1208
- 128
_
- 128°
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Let t € (1 — U)\ {3}. Then o(t) = 1tt. By Example 14, we have
1563 + 112 + 17t +5
FA() = — L T T EES
8
Then
15 (H1)° 4+ 11 + 17 +5
fA(U(t)) _ ( 2 ) ( 8) ( )
151+ t)3+22(1+ )2 + 68(1 + t) + 40
- 64
_ 15+45t% + 45t + 15¢3 + 22 + 44t 4 22t2 + 68 + 68t + 40
- 64
1583 4 672 + 157t + 77
B 64
and
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FA(a(t)) — FA(1)

A2
) o(t)—t
1 15t3 + 67t2 + 157t + 77 1563 + 11t2 + 17t + 5
T I, <_ 64 * 8 ’
2 [ —15t3 — 67t — 157t — 77 + 120t3 + 88t2 + 136t + 40"
T o1t ( 64
105t3 + 21t% — 21t — 37
- 32(1—t)

Let t € (1+ U)\ {2}. Then o(t) =2t — 1. By Example 14, we have
fA(t) = —15t3 + 17t — 10y + 2. Then
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fA>a(t)) = —15(c(t))® + 17(0(t)0? — 100(t) + 2
= —15(2t — 1)3 +17(2t —1)> — 10(2t — 1) + 2
= —15(8t3 — 12% + 6t — 1) + 17(4t> — 4t + 1) — 20t + 10 +
= —120t3 + 180t%> — 90t + 15 + 68t> — 68t + 17 — 20t + 12
= —120t3 + 248t — 178t + 44
and
fA _ fA
A1) = (o(t)) (t)
o(t)—t
_ —120t> 4+ 248t> — 178t 4 44 + 15¢> — 17> + 10t — 2
- 2t —1—t
~ —105¢3 + 231t> — 168t + 42
o t—1 '
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Let t = 3. Then o (3) = £. By Example 14, we have f2 (3) = —112° and
A § _ A z
“(«(3) = @)
_ I5(fy 422 (%) 32(7) +
_15(%)) +22(%) +32(F) +8
- 8
_ 15-3434+176-49+32-112+8-64
- 512
_ 514548624 +3584 +512 17865
- 512 512 °
Hence,
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—17865 + 9560

128
8305

128
Let t € (2— U)\ {2}. Then o(t) = 52. By Example 14, we have

15¢3 + 2212 + 32t + 8
5 .

A1) = —

Then
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15(0(t))° +22(c

—

£))2 + 320(t) + 8

FA%0(t) =

15(%) +22 (4 )+32( 2) + 8

+oo\+°°

15(t +2)% + 88(t + 2)% + 128(t + 2) + 64
64

B 15¢3 + 90t2 + 180t + 120 + 88t2 + 352t + 352 + 128t +

64
B 15t3 + 178t + 660t + 792

64

and

2y _ F8(a(t) — FA(2)
) = o(t) —t
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1 ( 15¢3 4 178t 4 660t + 792 N 1583 4+ 22¢2 4 32t + 8)

H2_y 64 8
_ —1583 — 178t% — 660t — 792 + 120¢> + 176t + 256t + 64
B 32(2—t)

105t3 — 2t2 — 404t — 728
32(2—-1t) '

Let t € (2+ U)\ {3}. Then o(t) =2(t —1). By Example 14, we have

FA(t) = —15t% + 34t% — 31t + 10.
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Then

FAo(t) =

and

—15(c ()03 + 34(o(t))? — 310(t) + 10

—120(t — 1)3 + 136(t — 1)> — 62(t — 1) + 10

—120¢3 + 360t% — 360t — 120 + 136> — 272t + 136 — 62t -

—120¢3 + 496t> — 694t + 88
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FA(a(t)) — FA(1)

A2
) = o(t) —t
_ —120t® + 4961 — 694t + 88 + 15¢> — 34t + 31t — 10
- t—2
_ —105¢3 + 461t> — 663t + 78
t—2

Let t = 0. Then o(0) = 0. By Example 14, we have f2(0) = 0. Hence,

f'A _ f‘A
fAQ(O) _ S'[Q) (5) . (0)
_ 3 _
= lim =25 =% jim(— 152 — 3) = —3.
s—0 S s—0
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Let t = 1. Then o(1) = 1. By Example 14, we have f2(1)

lim

s—1,s>1 s—1

and

FA(s) — FA(1)

’ —15s3 4+ 17s2—10s+2+6
= m

—6. Hence,

s—1,s>1 s—1

e 1553 + 175> — 10s + 8
s—1,s>1 s—1

_ (s — 1)(—15s° + 25 — 8)
s—1,s>1 s—1

= lim (—15s%>+2s—8)
s—1,5>1

= =21

Khaled Zennir
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FA(s) — F2(1)

3 2
_ 155°+11s°+17545 +6

. _ .
s—>||1r,];<1 s—1 - s—>||1r,Ts]<1 s—1
_ —15s3 — 1152 — 17s — 5 + 48
s—1,s5<1 8(5 — 1)
_ —15s3 — 1152 — 17s + 43
s—1,s<1 8(s—1)
_ (s — 1)(—15s2 — 265 — 43)
s—1,5<1 8(5 — 1)
. —15s5% — 265 — 43
= lim
s—1,s<1 8
21
= -5
Khaled Zennir Time Scales Analysis Lecture 6 September 28, 2025 75/ 204



FA(s) — FA(1)

Since A A
im o) =)

s—1,s<1 s—1 s—1,s>1

we conclude that £2°(1) does not exist. Let t = 2. Then o(2) = 2. By

Example 14, we have f2(2) = —36. Then

s—1 ’

1553 4+ 2252 + 325 + 8

im —————= = lim
s—2,5<2 s—2 5—32,5<2 5 — 2

fA(s) — FA(1) 1 <

8

+ 36

lim
532,5<2 8§ — 2

1 (—1553 — 2252 — 325 — 8 + 288

8

! —15s3 — 225% — 325 + 280
= m
5—2,5<2 8(s —2)
= —0OQ.
A2 o
Therefore f27(2) does not exist.
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Consequently

FA%(t)

—105t2 -3 if te U\ {1
523 i e O\

105t§+21t2—21t—37 if te (1 _ U)\ {%}

332(142
—105¢ +23£1_t1—168t+42 if te (1 + U)\ {%}
_ 805 i ;_3
105t372t27404t772% : 3
= if te-U)\{3}
_ 3 2_ .
105t +421—t2 663t+78 if te (2 + U)\ {g}
-3 if t=0

does not exist if t=1
does not exist if t = 2.
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Example (Leibniz Formula)

Let SIE") be the set consisting of all possible strings of length n, containing
exactly k times o and n — k times A. Let also,

N exists for all /\ES,E").

We will prove that

3

(fg)~" = DIRA P (1)

For this aim, we will use the classical induction principle. Let n = 1. Then

ssV=0, sM=o

Hence,

V.

= = = = =
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1
Z Zf/\ gA2 _ Zng+ZfAA

k=0 \ pes® Aest) Aes®
_ ng + ngA
A
(fg)
i.e., the assertion holds for n = 1. Assume that the assertion is valid for

some n € N.
We will prove that

()2 = S |2

/\ESI(("Jrl)

We have
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@ = (™)

k=0 \ pes(”

- Zf’\

k=0 \ \nes?

Ak

Ak
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Z FAo gAk+1

»
I 3
o

1
o

x
Il
-

/\ES

Z Ao gAk+1

Aes!

by

/\esi"jl

f/\o‘ gAk +

+ Z FAA gA"

A€ES, (n)

D>

k
f/\A gA

k=0 AeS,((")

n

D

k=0 \ Aes(”
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k=1 \ pes(m. Aes)
n
k
+ Z f/\A gA + Z fAA g
k=1 \ nes! Aes{”
n k
_ Z f’/\O’ + Z f/\A gA
k=1 \ nes(™, Aes!
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+ ZfAU+ZfAA g

/\eS( "

-S|z

k=1 AES’((n+1)

-5z

k=0 \ pes(t1)

AeS

g2 +

Ak

>

resy?

gAn+1 +

Aesén+1)

> e
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Let f and u be differentiable in T*. Then
o2 _ ro o2 _ fo
S At R N i i
I 0
Therefore
fU'A — fAU:uU
I
_ A1+ )
o
= (1+p5)f%
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Also,
3 2 3 2
o = T g pene T
Y v
Therefore
2
f‘O’AO’ _ o AM
e
_ f‘azA'u
u(1 + p)
fa2A
— —1 + MA 5
whereupon
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fa2A _ (1 + ,U,A)fUAU.
We have

NfU2A
p(l+ pB) (1 — ph)
f‘azA

(1 +pB) (L + ph)’

from where

fazA _ (1 +MA)(1 _‘_MAa)anZ'
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