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Definition
The upper Darboux A-integral U(f) of f from a to b is defined by

U(f) =inf{U(f,P): P is a partition of [a, b)}
and the lower Darboux A-integral L(f) is defined by

L(f) = sup{L(f,P): P s a partition of [a,b)}.
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From (?7?), it follows that U(f) and L(f) are finite numbers and
L(f) < U(f).

Let f be a bounded function on [a, b). If P and Q are partitions of [a, b)
and @ is a refinement of P, then

L(f,P) < L(f,Q) < U(f, Q) < U(f, P).
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Let P = {to, t1, to, ..., tn}. Without loss of generality, we suppose that
Q={to,t1, .., tis t', ths1,-- -, tn},
i,e., @\ P ={t'}. Define also
mp = inf{f(t): t € [tr, t')}, m2 =inf{f(t):t €[t/ txs1)}
and

M} = sup{f(t):t € [tx,t)}, M2=sup{f(t):te[t, tis1)}.

We have 0
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1 2 1 2
me > myg1, mig > mggr, Mg < Mg, Mg < Mg,
Then

L(f7 Q) = Zml(tl ti—1 +mk(t _tk)+mk(tk+1—t)

v

> mi(ti — tio1) + mi(t = t) + mi(tir — t)

n
+ Z m,-(t,- — t,'_1)

Ol

——=———=——=— = ~
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k
= Z m,-(t,- — 1.',',1) I mk(tk—|—1 - tk)
i=1
n
+ Y miti — tiq)
i=k+2
n
= Z m;(t; = t,'_1)
i=1
= L(f,P)
L]
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and

U(f, Q)

k

= D Mi(ti — tia) + Mi(t — ta) + Mi(tira — t)

i=1

£

i=k+2

IN

53

i=k+2

k
Z M,’(l’,’ —
i=1

t_tl 1

M _tll

tic1) + Mi(t' — ti) + Mi(tys1 — t')

O
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k
Z Mi(ti — ti—1) + Mi(tkr1 — ti)

+ Z M;i(ti — ti—1)
i=k42

ZMi(t, ti—1)

Pt

u(f, P),

which completes the proof.
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If f is a bounded function on [a, b) and if P and Q are any two partitions
of [a, b), then L(f,P) < U(f, Q).

Note that P U Q is also a partition of [a, b). Since

PCPUR and QC PURQ,
we get

L(f,P) < L(f,PUQ)

< U(f,PUQ) < U(f,Q),

which completes the proof. []
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If f is a bounded function on [a, b), then L(f) < U(f).

Let P and Q be arbitrarily chosen partitions of [a, b). From Theorem 3, it

follows that
L(f,P) < U(f, Q).
Hence,
L(f,P) < ir(]\)f U(f, Q)
so that
L(f, P) < U(f),
and therefore Ol
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sup L(f, P) < U(f),
P

hence
L(f) < U(f),

which completes the proof.
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Definition

We say that f is A-integrable from a to b (or on [a, b)) provided

L(f) = U(f). We write fab f(t)At for this common value. We call this
integral the Darboux A-integral.
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If L(f, P) = U(f, P) for some partition P of [a, b), then the function f is
A-integrable from a to b and

/b fF(t)At = L(f, P) = U(f, P).

From Theorem 4, it follows that
L(f,P) < L(f) < U(f) < U(f,P) = L(f, P),

which completes the proof. [
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A bounded function f on [a, b) is A-integrable if and only if for each
e > 0, there exists a partition P of [a, b) such that

U(f,P) — L(f,P) <e.

Let £ be A-integrable. Then L(f) = U(f). Let € > 0 be arbitrarily chosen.
Then there exist partitions P and Q of [a, b) such that

uo_unm<§aw mﬂm—m0<§
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Assume that P is a refinement of Q. Then
U(f,P) < U(f, Q)
and

U(f,P)—L(f,P) < U(f,Q)— L(f,P)
= U(f,Q)— U(f)+ L(f) — L(f,P)

+

N ™
N[ ™

= E&.

Assume that @ is a refinement of P. Then

L(f,Q) > L(f,P)
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U(f,Q) — L(f,Q) < U(f,Q)— L(f,P)
= U(f,Q)— U(f)+ L(f) — L(f, P)

_l’_

N[ ™
N ™

2

Suppose for each € > 0, there exists a partition P so that

U(f,P) — L(f,P) <e.
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Hence, using that
U(f) < U(f,P) and — L(f) < —L(f,P),

we get
U(f) = L(f) < e

for each ¢ > 0. Consequently, U(f) = L(f), which completes the
proof. O
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For every § > 0, there exists at least one partition
P={a=t<ti<...<t,=b}

of [a, b) such that, for each i € {1,...,n}, either t; — ti_1 < ¢ or
t; — ti_1 > 0 and p(t,') =ti_1.

Let 0 > 0 be arbitrarily chosen. If b — a < d, then, for every partition
P={ty=a<t;<...<t,=b}, wehave t; — tj_; < ¢ for all
ie{l,...,n}. O
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Let b—a > 0. We set a = tg. Assume that tg is right-scattered. Let
t1 = o(tp). Hence, t; —tg < d or t; — ty > & and p(t1) = tp. Assume that
to is right-dense. Then there exists t; € (a, b] such that t; — ty < 4.
If t; = b, then P = {ty = a < t; = b} is the desired partition. Otherwise,
we consider the interval [t1, b). O
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Definition

For given § > 0, we denote by Pj([a, b)) the set of all partitions
P={a=t<ti<...<t,=b}

that possess the property indicated in Theorem 8.

A bounded function f on [a, b) is A-integrable if and only if for each
e > 0, there exists § > 0 such that P € Ps([a, b)) implies

U(f,P) — L(f,P) < c. (1)
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Let f be A-integrable on [a, b). Let also € > 0 be arbitrarily chosen. Then
there exists a partition P; of [a, b) such that

U(f,P1) — L(f,P1) <e. (2)

If P1 € Ps([a, b)) for some 6 > 0, then the assertion follows. Let

P1 ¢ Ps([a, b)) for any § > 0. Then there exist § > 0 and P € Ps([a, b))
so that P is a refinement of P;. Hence, O
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U(f,P) < U(f,P;) and L(f,P;)> L(f,P).

From here and from (2), we get (1). Suppose that for each ¢ > 0, there
exists § > 0 so that P € Ps([a, b)) implies (1). Thus, using Theorem 7, it
follows that f is A-integrable on [a, b). O
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Definition

Let f be a bounded function on [a, b). Assume
P={a=ty<ti<...<t,=b}

is a partition of [a, b). In each interval [tj_1,t;), i € {1,..., b}, choose an
arbitrary point & and form the sum

S= Z (&)t — ti1).

We call S a Riemann A-sum of f corresponding to the partition P. We
say that f is Riemann A-integrable from a to b (or on [a, b)) if there
exists a number | with the following property.
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Definition

For each £ > 0, there exists § > 0 such that |S — /| < ¢ for every Riemann
A-sum of f corresponding to a partition P € Ps([a, b)), independent of
the way in which we choose &; € [ti_1,t;), i € {1,...,n}. The number [ is
called the Riemann A-integral of f from a to b.

24 /122
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A bounded function f on [a, b) is Riemann A-integrable if and only if it is
Darboux A-integrable, in which case the values of the integrals coincide.

Suppose that f is Darboux A-integrable on [a, b). Then

U(f) = L(f) = /b f(t)At.

Let € > 0 be arbitrarily chosen. From Theorem 10, it follows that there
exists § > 0 such that P € Ps([a, b)) satisfies

U(f,P) — L(f,P) <e.
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Note that
U(f,P) < e+ L(f,P)
< e+ L(f)
b
= e+/ f(t)At,
L(f,P) > U(f,P)—¢
> U(f)—¢
b
— /f(t)At—e.
Since
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0 > S—U(f,P)

b
> 5—5—/ f(t)At,

i.e.,
G /b F(AL < e. (3)
Also, a
0 < S—L(f,P)
b
< 5—/a F(DAE+ e,
i.e., L]

v

= =
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b
S—/ f(t)At > —e.

From the last inequality and from (3), we get that

‘5 — /ab f(t)At

which proves that f is Riemann A-integrable and

I = /ab f(t)At.

Assume that f is Riemann A-integrable in the sense of Definition 11 and
let ¢ > 0. Let > 0 and / be as given in Definition 11. We take a partition

<€,

P={a=ty<ti<...<t,=b}

0J

v
o4

= = =
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of [a, b) such that P € Ps([a, b)). For each i € {1,...,n}, we choose

&i € [ti—1, ti) so that f(&) < m;j + &, where m; = inf{f(t) : t € [ti_1,t)}.

Hence,
n
S = Y F&)ti—ti1)
i=1
n
< Z(m, —+ 8)(t,' — t,'_l)
i=1
n n
= Z m,-(t; = t,'_1) = EZ(t; — t,'_1)
i=1 i=1
= L(f,P)+¢e(b—a),
i.e., L]
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L(f,P)>S —¢e(b—a).

Also, we have
IS—1|<e, ie, —et+l<S<lIl+e
Hence,

L(f) > L(f,P)
> S—¢g(b—a)

> | —e—¢g(b—a).
Because € > 0 was arbitrarily chosen, we conclude that

L(F) > I. (4)
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Let n; € [ti—1, t;) be so that
f(?],') > M,’ = &,

where
M = sup{f(t): t € [ti_1,t;)}, i€{l,...,n}

Hence,

S = Zlf(ﬁi)(ti—ti—l)

n

> Z(M, = 6)(t; = t;_l)

i=1

= Z M,'(t,' = t,'_l) = EZ(ti - ti—l)
i=1 i=1
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Proof. ... |
U(f,P) < S+e(b— a).

From here,

U(f) < U(f,P)
< S+e(b—a)

< I+e+e(b-a).
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Since € > 0 was arbitrarily chosen, we conclude that
U(f) <I.
From the last inequality and from (4), we obtain

I<L(f) < U(f) <,

L(f)=U(f)=1I.
This shows that f is Darboux A-integrable and fab f(t)At = 1. O
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In our definition of fab f(t)At, we assumed that a < b. We remove this
restriction with the following definitions.

/:f(t)At:O, /abf(t)At:—/baf(t)At if a>b.
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Let a,b € T. Then every constant function
f(t)=c, teT,

is A-integrable from a to b and

/abcAt =c(b— a).
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Without loss of generality, we assume that a < b. For any partition
P={a=ty<t1<...<t,=b},

we have
U(f,P) = L(f,P)=c(b— a).

Therefore,
U(f) = L(f) = c(b—a),

which completes the proof.
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Let t be an arbitrary point in T. Every function f defined on T is
A-integrable from t to o(t) and

o(t)
/t f(s)As = (o(t) — t)f(t).

Let o(t) = t. Then the assertion is valid. Let o(t) > t. Then a single
partition of [t,o(t)) is

P={th=t<t;=o0(t)}
Since [t,o(t)) = {t}, we have that

U(f,P) = L(f,P) = (a(t) — t)f(t).

Therefore, U(f) = L(f) = (o(t) — t)f(t), which completes the proof. [

_— = - ~
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Let f be A-integrable on [a, b) and let M and m be its supremum and
infimum on [a, b), respectively. Assume ¢ : R — R is a function defined on
[m, M] such that

[9(x) — é(¥)| < Blx —y|

for some positive constant B and for all x,y € [m, M]. Then the
composite function h = ¢ o f) is A-integrable on [a, b).
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Let € > 0 be arbitrarily chosen. Since f is A-integrable on [a, b), using
Theorem 7, there exists a partition

of [a, b) such that

U(F, P) = L(f,P) < &
Define
mi= inf f(t), M= sup f(t)
te(ti_1,t;) te(ti_1,t;)
and
mf = _inf h(t), Mf= sup h(t).
te[ti—1,t;) te(ti_1,t;)
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Then, for every s, 7 € [ti_1, t;), we have

h(s) = h(r) <[h(s) — h(7)]
=|¢(f(s)) — o(f(7))]
<B|f(s) — f(7)]

SB(M,' — m;).

There exist sequences {sk}ken and {7k }ken O
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of points of [ti_1, t;) such that
h(sx) = M} and h(7y) — m}
as k — oo. Thus, using (5), we obtain

h(Sk) — h(Tk) S B(M,' — m,-),

whereupon
MI* — mf S B(M,' — m;).
From here,
n
U(h,P) = L(h,P) = > (M;—m)(t; — ti_1)
i=1

IN

i B(M,' — m,-)(t,- — t,'_l)
i=1
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poof. |
= B <Z M,'(t,' — t,'_1) — Z mi(ti - ti—l))

i=1 i=1

= B(U(f,P)— L(f,P))

5
B—
= 7B
= e
Thus, using Theorem 7, it follows that h is A-integrable on [a, b). O
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Let f be A-integrable on [a, b) and let M and m be its supremum and
infimum on [a, b), respectively. Assume that ¢ : R — R is a continuous
function on [m, M]. Then the composite function h = ¢ o f is A-integrable
on [a, b).

Let € > 0 be arbitrarily chosen. We take a partition

P:{a:t0<t]_<<tn:b}
of [a, b) so that

sup h(t)— inf h(t)<%, ie{l,...,n}.

te[ti_1,t;) tefti-1,t) b—

Then ]
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U(h,P) — L(h,P) = Z( sup  h(t) — inf )h(t)) (ti — ti-1)

=1 \t€lti—1,t;) teti_1,t;
c n
< ti — ti—
b— 2 2;( i i 1)
1=

= E&.

From here and from Theorem 7, it follows that h is A-integrable on
[a, b). O
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If f is A-integrable on [a, b), then, for an arbitrary positive number c, the
function |f|* is A-integrable on [a, b).

We take the function ¢(x) = |x|* and apply Theorem 17. O
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Let f be a bounded function that is A-integrable on [a, b). Then f is
A-integrable on every subinterval [c, d) of the interval [a, b).

Let € > 0 be arbitrarily chosen. Since f is A-integrable on [a, b), using
Theorem 7, there exists a partition P of [a, b) such that O
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U(F, P) — L(f,P) < e.
We set P = PU{c}U{d}. Then P"is a refinement of P and

U(f,P") — L(f,P) <e.
Let P” = P'NJc,d]. Then P” is a partition of [c,d) and P” C P’. Hence,
U(f,P")y— L(f,P") < U(f,P) - L(f,P') < e

From here and from Theorem 7, it follows that f is A-integrable on
[c,d). O
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Let f and g be A-integrable functions on [a, b) and ¢ € R. Then
© cf is A-integrable on [a, b) and

/ab cf (t)At = c/ab f(t)At,

@ f + g is A-integrable on [a, b) and

/b(f(t)+g(t))At = /b f(t)At+/bg(t)At.
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Let ¢ > 0. Suppose € > 0 is arbitrarily chosen. Since f is A-integrable on
[a, b), there exists a partition P of [a, b) such that

U(f, P) — L(f,P) < %

Note that
U(cf, P) = cU(f,P), L(cf,P)=cL(f,P)
and thus
U(cf) = cU(f), L(cf) = cL(f).
Hence, OJ
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U(cf, P) — L(cf,P) = cU(f,P)— cL(f,P)

= e
Therefore, cf is A-integrable on [a, b). Also,

U(cf) = cU(f) = cL(f) = L(cf),
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/ab cf(t)At = c/ab f(t)At.

U(-f,P)=—L(f,P), L(—f,P)=—-U(f,P)

Let c = —1. Then

and thus

Therefore,
U(—f) = —L(f) = -U(f) = L(—1).

Consequently, —f is A-integrable on [a, b) and

/ab(—f(t))At _ —/ab F(t)At.

Ol
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Let ¢ < 0. Then

/abcf(t)At _ /ab—(—c)f(t)At
_ —/ab(—c)f(t)At
= —(—c)/abf(t)At

= c/ab f(t)At,

which completes the proof.
Let € > 0 be arbitrarily chosen. [
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Since f and g are A-integrable on [a, b), there exist partitions P; and P
of [a, b) so that

U(F.P) = L(F,Pr) < 5 and Ulg, P2) — L{g. P2) < 5.

We set P = P; U P>. Then P is a refinement of P; and P>. Hence,

U(f,P) — L(f,P) < U(f,P1) — L(f,P1) <

)

N ™ N ™

U(g,P)—L(g,P)SU(g,Pg)—L(g,P2)<

)
and
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U(f +g,P)—L(f+g,P) < U(f,P)+ U(g,P)— L(f,P)— L(g,P)
= U(f,P)— L(f,P)+ U(g,P) — L(g, P)

+

N ™
N ™

I
m

Thus, using Theorem 7, we conclude that f + g is A-integrable on [a, b).
Also, ]
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b
/ (F(H) + &()At = U(f +g)

IA

U(f + g, P)

IN

U(f,P)+ U(g, P)

< §+L(f,P)+§+L(g,P)

= e+ L(f,P)+ L(g,P)

IA

e+ L(F)+ L(g)
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b
/ (F(O) + ()AL = L(F+g)

v

L(f+g,P)

Vv

L(f,P)+ L(g, P)

> U(f,P)—§+U(g,P)_§

= U(f,P)+ U(g,P)—¢

v

U(f)+ U(g) — ¢
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—s+/bf(t)At+/bg(t)At < /b(f(t)+g(t))At

IN

E—f-/abf(t)At—i—/abg(t)At.

Because € > 0 was arbitrarily chosen, we obtain that

/b(f(t) +g(t)At = /b f(t)At + /bg(t)At.
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Let f and g be A-integrable on [a, b). Then fg is A-integrable on [a, b).
Let ¢(x) = x2. Then ¢ : R — R is continuous and satisfies the Lipschitz
condition on any finite interval [m, M]. We observe that

(1) = 3(F(1)). =

o
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Thus, using Theorem 16, it follows that 2 is A-integrable on [a, b).
Because f and g are A-integrable on [a, b), using Theorem 20, we get
that f + g, —g, f — g are A-integrable functions on [a, b). From here,
(f + g)? and (f — g)? are A-integrable functions on [a, b). Thus, using
Theorem 20, we conclude that

1 1
(f-g)* and (f+g)°—J(f-g)

1 1
=(f 2 _ -

are A-integrable on [a, b), which completes the proof. O
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Let f be a function defined on [a, b) and let c € T witha < c < b. Iff is
A-integrable from a to ¢ and from c to b, then f is A-integrable on [a, b)
and

/ab f(t)At:/: f(t)At—l—/cbf(t)At. (6)

Let € > 0 be arbitrarily chosen. Since f is A-integrable on [a, ¢), there
exists a partition P; of [a, ¢) so that O
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US(F, P1) = LE(F, P1) < 2.

Because f is A-integrable on [c, b), there exists a partition P> of [c, b)
such that

UE(F, Py) — LE(f, P2) <

N[ ™

Let P= Py UP,. Then

UL(f,P)— L5(f,P) = US(f,P1)+ UB(f, P2) — LS(f, P1) — LE(f, P2)
= US(f,P1) — LS(f, P1) + UZ(f, P2) — LE(f, Py)

+

N ™
N[ ™

I
0

Ol
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Consequently, f is A-integrable on [a, b). Also,
b
/ f(t)At < UZ(f,P)
a
= US(f, P1) + UL(f, P2)
< LY(f, P1) + LY(f, P2) +e

< /: f(t)At—l—/cb f(t)At+¢

and ]
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b
/f(t)At > L2(f,P)
= LS(f,P1) + LE(F, Py)

> US(f, P1)+ UB(F,Py) — ¢

/ac f(t)At + /Cb f(t)At — ¢,

\Y]

/acf(t)At+/cbf(t)At—5 < /abf(t)At

< f(t)At+ | f(t)At+e.
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If f and g are A-integrable on [a, b) and f(t) < g(t) for all t € [a, b), then

b b
/ f(t)At < / g(t)At.
a a y
Since f and g are A-integrable on [a, b), we have that h=g — f is

A-integrable on [a, b). Because h(t) > 0 for all t € [a, b), O

v
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we conclude that L(h, P) > 0 for all partitions P of [a, b). Therefore

L(f) = /b h(t)At > 0,

/b(g(t) — h(t))At > 0.

Now applying Theorem 20, we obtain

/abg(t)At - /ab f(t)At >0,

which completes the proof. []
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