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If f is A-integrable on [a, b), then |f| is A-integrable on [a, b) and

/ab f(t)At

< /b|f(t)yAt.

Let ¢(x) = |x|. Then
o: R R

satisfies the Lipschitz condition on every finite interval [m, M]. Hence,
using Theorem ??, we conclude that |f| is A-integrable on [a, b).

Since
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—|f(t)| < f(t) < |f(t)| forany ¢t € [a,b),

using Theorem ??, we obtain

—/b|f(t)|At§/bf(t)AtS/bV(t)mta

which completes the proof. O
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If f and g are A-integrable on [a, b), then

b b b
/a f(t)g(t)At\s / |f(t)g(t)|At§(tes[lfb)|f(t)|> / g(1)| At

o

Since f and g are A-integrable on [a, b), using Theorem ??, we have that
|fg| is A-integrable on [a, b). O

v
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By Theorem 1, we get

/abf(t)g(t)At‘ < /ab 1F(t)g(t)|At.

Because

te€[a,b)

f(t)g(t)] < ( sup !f(t)|> lg(t)] forany te€la,b),

using Theorem ??, we obtain

b
/ F(De(t)at < / (t:[upb)\f(m) PO
(é{i"b (1) ) / g(0)|At,

a alaalalls =] a aldaYa
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Let {fy(t)}nen be a sequence of A-integrable functions on [a, b) and
suppose that f, — f uniformly on [a, b) for a function f defined on |[a, b).
Then f is A-integrable on [a, b) and

/ab f(t)At = n|i>nc1>o /ab fo(t)At.

.

Let € > 0 be arbitrarily chosen. Since f, — f uniformly on [a, b), there
exists ng € N so that

|fa(t) — f(t)] <e forall te[ab) and n> ng.
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Because f,, n > ng, are A-integrable on [a, b), there exists a partition P of
[a, b) so that
U(fa, P) — L(f,, P) <&, n> ng.

Note that
U(fo — f,P) <e(b—a), L(f,—f,P)>—e(b—a), n2>no.
Therefore,

U(f,P)—L(f,P) = U(f—fy+ 1, P)—L(f—Ff+f,P)

IN

U(f — fn, P) + U(fs, P) — L(f — £, P) — L(fs, P)
= U(f —fp, P) = L(f — 4, P) + U(fn, P) — L(fs, P)

< elb—a)+e(b—a)+e, n>np.

Svetlin G. Georgiev Time Scales Analysis Lecture 13 October 22, 2025 7/58




Hence, using Theorem ??, it follows that f is A-integrable on [a, b). From
here, f, — f, |f, — f|, n > ng, are A-integrable on [a, b). Then

b

fo(t)At — /b f(t)At

/ () — ) A

< [ 180 - Aol

< /At
= (b-a),

which completes the proof. O
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Suppose that Y2 gk is a series of A-integrable functions gi on [a, b)
that converges uniformly to g on [a, b). Then g is A-integrable and

b o b
[ ewac=3" ["ana
a k—1"2
proof .|

Since Y2 ; g« is uniformly convergent to g on [a, b), the sequence

{Sn = Z 8k }
k=1 keN

is uniformly convergent to g on [a, b). Ol
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Hence, using Theorem 3, it follows that g is A-integrable on [a, b) and
b b
|i_>m / Sn(t)At :/ g(t)At,
whereupon
b _n b
lim / > au(t)At :/ g(t)At
n—o0 a —1 a
and
n b b
Jim 3 [Caac= [ ewar,
k=112 a
which completes the proof. O
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Let f be A-integrable on [a, b). If f has a A-antiderivative

F:[a, b] — R,

then

Since f is a A-antiderivative of f on [a, b], we have that
FA(t) = f(t) forall tel[a,b].

Let € > 0 be arbitrarily chosen. [
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Because f is A-integrable on [a, b), there exists a partition
P={a=ty <t <...<t,= b} of [a,b) so that

U(F, P) — L(f,P) < &. (1)
For every i € {1,..., n}, there exist &, n; € (tj_1, t;) so that
FA(nmi)(t — tic1) < F(t:) — F(tic1) < FA(&) (6 — tio1),
whereupon
f(ni)(ti — tiz1) < F(ti) — F(tim1) < £(&)(t — tiz1).

Hence, O]
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mi(t; — ti—1) < F(t;) — F(ti-1) < Mi(ti — ti1),
where
m;= _inf f(t), Mi= sup f(t),
teti_1,t;) tefti—1,t;)

and

n n n

m,-(t,- _ ti—l) < Z(F(t,-) — F(t,'_l)) < Z Mi(ti — ti—l).

i=1 i=1 i=1

Therefore, =
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L(f,P) < F(b) — F(a) < U(f, P).
Since

b
L(F, Py) g/ F(t)At < U(F, Py)

for all partitions Py of [a, b), (1) yields

/b f(t)At — (F(b) — F(a))‘ <&,

which completes the proof. O
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Let T=7Z. Then o(t) =t +1, pu(t) =1, and

t+1
/ (P +2+r7+DAT =3+ 2+t +1.
t

Let T = N§. Then o(t) = (vt + 1)* wu(t) = (Vt+1)* —t, and

(Ve+1)*
/ AT = ((\4/?—1— 1)* - t) t2.
t
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Let T = 3Y. Then o(t) = 3t, u(t) = 2t, and

3t
/ sinTAT = 2tsint.
t
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Ifa,b,c € T, « € R, and f,g € C4(T), then
Q [J(F(t)+g(t) At—ff At+fg
efb(af(tAt:af F(t

0 [f(t)At=— [ f(

Q [Pf(t)At= [Sf(t At+f f(t

@ [ f(o(t)g”(t)At = (fg)(b) — (fg)(a) — [, FA(t)g(t)At
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(Theorem |
© [; (g™ (t)At = (fg)(b) - (fg)(a) — [ F2(t)g(o(1)At,
Q [ f(t)At=0,

Q if|f(t)] < g(t) on [a, b], then

/ab f(t)At

@ iff(t) >0 foralla<t<b,then [*f(t)At > 0.

< [“stat
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Since f, g € Cyq(T), they possess antiderivatives F and G. We have
FA(t) = f(t) and G2(t)=g(t) forall teT*.
For all t € T*, we have
(F + G)2(t) = FA(t) + GA(1)
Hence,

b
/ (f(t) +g(t)At = (F+G)(b) — (F+G)(a)

= F(b) - F(a) + G(b) - G(a)

= /ab f(t)At + /ab g(t)At.
O
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Since
aF2(t) = (aF)2(t) = af(t) forall te T,

we get

b
/aaf(t)At — (aF)(b) - (aF)(a)
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We have
/bf(t)At — F(b) - F(a)
= —(F(a) — F(b))
= —/af(t)At
b
We have

/ oAt = F(b)— F(a)

= F(c)— F(a)+ F(b) — F(c)
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For all t € T*, we have

(f)2(t) = FA(t)g(t) + f(o(t))g™ (1),

i.e.,
Fo(t))g”(t) = ()2 (t) — F2(t)g(t)-

Hence, by using items 1 and 2, we get
b b
| fe@etwar = [ (@A - A(0e() Ac

b b
- / (f)®(t)At — / FA(1)g ()AL

a

b
— (f)(b) - (f&)(a) - / FA(D)g(t) e,

a

i =
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For all t € T*, we have

(f)2(t) = f(t)g™(t) + F2(t)g(o(1)),

- F(1)82 (1) = (f)2(1) — FA(1)g(o(1)).

Hence, by using items 1 and 2, we find

b b b
[ fogtwae = [w@rwac- [ oot

a

b
— (fR)(b) - (f2)(a) - / FA(1)g(o(t))At.
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We have R
/ f(t)At = F(a) — F(a) = 0.

We note that
\FA(t)\ < GA(t) on |[a,b].

Thus, employing Theorem 7?7, we get

|F(b) — F(a)l < G(b) - G(a),

/ab f(t)At’ < /ab g(t)At.
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Let T = 7Z. We will compute

3
/_/ (2 + t + 1)At.

First way. We have
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Hence,
1 1 t\2 /1 1\2
2 3 2 2 A
2r+t+1l = (23-—22+- - t
+t+ <3 5 +6> +(2 St) +
(1l 1, t 1, ¢t A
= <3t—2t ettt -5+t
1t3+2tA
- 3 3
Therefore,
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Second way. Since all points of T are isolated and p(t) = 1, we have that
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2

= ) (P+t+1)

t=—2

= (4-241)+(1-1+1)+14+(1+141)+(@4+2+1)

= 34+14+14+347

= 15.
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Let T = 2N, We will compute

4 3t

sin = sin

/:/ sin g sin 3 +t2 | At.
1 t

First way. Note that o(t) = 2t, u(t) = t, and

3t
sin 2 sin =

(cost)® = —2—2—_2

2= (e

Hence,
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ot o 3t
Sin 5 Sin =~
2 2 +t2

t

Therefore,
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4 A
1 1
| = —Zcost+=t>) At
/1 < 2cos + 7 )

Leost+ 28|
= | —=cos =
2 7 t=1
1 64 1 1
= —Ecos4—|—7+§cosl— 7

1
= _E(COS4 —cosl)+9

s'n3s'n5-|—9
= sin—=sin — .
2 2
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Second way. Since all points of T are isolated, we obtain

sin £ sin 3¢
=D u() <2tz+t2)

t=1,2
1 3 inlsin3
= sinzsin2+1+2(sm;m+4)
1 3
= sinisin§+sinlsin3+9

(cos1 —cos2+ cos2 —cos4) +9

(cos1l —cos4)+9

NI—= N

s'n_3s'n5+9
= —sin—sin =
2 2
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Let T = [~1,0] U 3™, where [—1,0] is the real-valued interval. Define
ﬁ;—% for t e [—1,0)
f(t)=1<0 for t=0
t2—t for t e 3N,
We will compute
3
| = / f(t)At
il
We have

Svetlin G. Georgiev

Time Scales Analysis Lecture 13 October 22, 2025



0 3
| = / f(t)At—i—/ F(t)At
—1 1
0 1 1 3
= St dt+/ t2 — t)At
[ (@zp ) [ @0
1 =0 1 )
= TRl s TR0
_ 1,1
42
_ 1
-1
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Let f be a function which is A-integrable from a to b. Let

F(t) = /t f(s)As, te€[a,b].

Then f is continuous on [a, b]. Further, let ty € [a, b) and suppose that f
is continuous at ty if to is right-dense. Then f is A-differentiable at ty and
FA(to) = f(to).

v
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Let B > 0 be such that
|f(t)] < B forall te€la,b].

Let € > 0 be arbitrarily chosen. Take t1, t> € [a, b] such that |t; — t2] < 3.
Then
t1 [#)
/ f(s)As — / f(s)As
a a

/a ) f(s)As + /t f(s)As — /t f(s)As — / N f(s)A

O

[F(t) = F(2)| =

"
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/t :2 f(s)As

[#)

< /|f(s)|As
t1

< Bl — ti]

< €
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Therefore, f is uniformly continuous on [a, b]. Let ty be right-scattered.
Since f is continuous on [a, b, it is A-differentiable at t;. Hence,

frzx(to) =

F(o(t)) — F(to)

a(to) — to
a(to)l s [ / " f(epas / ? F(s)As
a(to)l 1 /t :(m) f(s)As
T (o) ()
f(to).
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Let ty be right-dense and assume that f is continuous at tg. Then

= tler;o - _1 o [/at f(s)As — /:0 f(s)As] (2)

1 t
= lim / f(s)As.
t—to t — tp

to
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Let € > 0 be arbitrarily chosen. Since f is continuous at ty, there exists
0 > 0 such that s € [a, b) and |s — to| < & imply |f(s) — f(to)| < e. Then

! / (f(s) — f(to))As

t—to Jy

1 /t f(s)As — f(tp)

t—to Jy

1
|t — to
S

/ 1F(s) - F(to)As

/ As
to

N

|t — tof

= £
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for all t € [a, b] such that
|t —to| <&

and
t # to.

Thus, using (2), we get
F2(to) = f(to),

which completes the proof. O
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