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Theorem (Mean Value Theorem)

Let f and g be defined on [a, b]. Suppose f and g are A-integrable on
[a, b) and

m<f(t)<M, g(t)>0
for all t € [a, b]. Then there exists A\ € [m, M] such that

/f g(t)At = A /abg(t)At.
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Since g(t) > 0 and m < f(t) < M for all t € [a, b], we have
mg(t) < f(t)g(t) < Mg(t) forall te€|a,b].

Hence, using Theorem 77, we obtain

/b mg(t)At < /b f(t)g(t)At < /b Mg(t)At,

~—

m/bg(t)At < /b f(t)g(t)At < I\/I/bg(t)At. (1
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If fab g(t)At = 0, then the assertion is valid.
If fab g(t)At # 0, then fabg(t)At > 0, and, using (1), we obtain

m < Jx FD8(AL

< M.
[ g(t)At
Then there exists A € [m, M] such that
b
P [; f()g(t)At
b 9
[ g(t)At
which completes the proof. []
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Lemma (Abel's Lemma)

Suppose that the numbers p;, 1 < | < n, satisfy the inequalities
pL=>p2>...2p, >0
and the numbers S = Zf‘zl gi, 1 < k < n, satisfy the inequalities
m< S, <M forall ke{l,..., n},

where q;, i € {1,...,n}, m and M are some numbers. Then

n
mpy < ZPiqi < Mp;.
i=1
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Let /€ {1,...,n} and j,, r € {1,...,n}, be chosen so that
Ji,--g€{l,...,n} and gq; >0 for ie{l,...,/}
and
Jitt,--jn€{1,...,n} and q; <0 for ie{/l+1,...,n}

Then
Zplql = ij,qj, + Z Pj;qj; -
i=l+1
We have ]
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I I
Z PG < p1 Z g, and
=il =il

Then

n
Z Piqi
i=1

i=/+1

< p12q1,+pn Z qj

i=I+1

n n
Z Pj;9j; < Pn Z qj;-

i=1+1

1 n
= (pL—Pn)Y G +PnY_ai
i=1 i=1

IA

M(p1 — pn) + Mpn

= Mps.

Ol
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| / n
> g =pay g and Y pig;
=1 =1

Also,

Hence,

n
Z Pigi
i=1

Y

which completes the proof.

i=/+1

pnij, + p1 Z qj;

i=Il+1

n
> p1 Z qj;-

i=/+1

n n
pnY_qi+(p1—pn) D qj
i=1

i=/+1

mpn + (pl - pn)m

mpa,

Ol
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Theorem (Second Mean Value Theorem)

Let f be a bounded function that is integrable on [a, b]. Let mg and Mg
be the infimum and supremum, respectively, of the function
= [1f(s)As on [a,b]. Then
@ if a function g is nonincreasing with g(t) > 0 on [a, b], then there
exists a number N\ such that

meg <A< Mg and / f(t)g(t)At = g(a)A,

@ if g is any monotone function on [a, b|, then there exists some
number N\ such that mg < A < Mg and

g b
[ fwsat =@ - soIr+a6) [ r(o)ar
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Let € > 0 be arbitrarily chosen. Note that the functions f and fg are
integrable on [a, b]. Then there exists a partition

P={a=ty<ti<...<t,=b}eP(ab])

such that .
Z(M; — m,')(t,- = t,'_1) <e
i=1
and
n b
> el - ) - [ F0g0Ar <e @)
i=1 a
where m; and M; are the infimum and supremum, respectively, of f on
[t,'_l, t,'). ]
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We have
n n
Z mig(ti—1)(ti — ti—1) < Z f(ti-1)g(ti-1)(ti — ti-1)
i=1 i=1

< ) Mig(tioa)(ti — tioa).
i1

From Theorem 1, it follows that there exist numbers A;, 1 < i < n, such
that

ti
m; <N\, <M; and / f(t)At = /\,'(t',' — t,'_1).
ti—1
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Consider the numbers
ty
a

k
S = Z/\,’(t,' —ti_1) :/ f(t)At, 1< k<n.
i=1

We have that
mp < S < Mg, 1< k<n.

Let
pi =g(ti-1) and g =Ai(ti—ti_1), 1<i<n

Since g is nonincreasing and g(t) > 0, we have that
pL=p2>...2pyp = 0.

Therefore, using Lemma 2, we get

meg(a) < Zg(ti—l)/\i(ti —ti_1) < Meg(a). (3)
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On the other hand, we have

Zmig(ti—l)(ti_ti—l) < Zg(t, )Nt — ti-1)
i=1

< Z Mig(ti—1)(ti — ti—1).
i=1

Therefore,

D g(tica)(F(tica) — N)(t — tio1)| < Z(M g(ti—1)(ti — ti-1)
i=1

< gla) Z(M i)t — tio1)

< g(a)e.
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From here and from (2), we get

b n
/ f(t)g(t)At — Zg(ti—l)/\i(ti — ti_1)
a i=1

b n
JRCECINED WU P TR

i=1

+Y_g(tia)(F(tio1) = Ai)(ti — tf—l)’
i=1

IA

/ f(t)g At—Zf ti_1)g(ti—1)(ti — ti1)

+ > (i) (F(ti-1) = N)(6 — ti1)
i=1
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whereupon

n b
—c —g(a)e + Zg(t,-_l)/\,-(t,- —ti1) < / f(t)g(t)At
i=1 a

< e+g(a)e+ Zg(ti—l)/\i(ti — i

i=1

Thus, using (3), we get

b
e~ g(a)e + mrg(a) < / F(1)g(t)At < & +cg(a) + Mrg(a).
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Since £ > 0 was arbitrarily chosen, we obtain
b
el < / F(Dg(t)At < Mrg(a).
a

If g(a) = 0, then we get that fab f(t)g(t)At =0, which completes the
proof.
Suppose g(a) > 0. Then

[P f(t)g(t)At

g(a) = Mr.

mge < <

From here, there exists A € [mg, Mg] such thatf

JP f(t)g(t)At
AN=da Y/ /7"
g(a)

)

which completes the proof. O

= = = =
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Let g be an arbitrary nonincreasing function on [a, b] and define
h(t) = g(t) — g(b), t € [a, b]. We have that h(t) > 0 and h is
nonincreasing on [a, b]. Then there exists A € [mg, Mg]| such that

/b f(t)h(t)At = h(a)A,

whereupon

b
/a f(t)(g(t) — g(p))At = (g(a) — g(b))A,

b b
/ F(£)g(t)At = (g(a) — g(b))A + g(b) / F(1)At.

The proof is complete. O
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As above, one can prove the following theorem.

Theorem (Second Mean Value Theorem)

Let f be a bounded function that is integrable on [a, b]. Let mg and Mg
be the infimum and supremum, respectively, of the function
F(t) = ftb f(s)As on [a, b]. Then
@ if a function g is nondecreasing with g(t) > 0 on [a, b], then there
exists a number N\ such that

b
mg < AN< Mg and / f(t)g(t)At = g(b)A,

@ if g is any monotone function on |a, b], then there exists some
number A\ such that mg < AN < Mg and

b b
/ f(t)g(t)At = (g(b) — g(a))A + g(a)/ f(t)At.
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Let h > 0.
@ The Hilger complex numbers are defined by

Ch:{ze(:: z;«éz}.

@ The Hilger real axis is defined as

Rh_{ZEC: z>—ll1}.

© The Hilger alternative axis is defined as

1
Ah:{ze(C: z<—h}.
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© The Hilger imaginary circle is defined by
1 1
Iy, = : ===
h {Z eC z+ h‘ h}

For h = 0, we set

Co=C, Ro=R, Ag=0, Ip=IR.
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Definition
Let h > 0 and z € Cp,. We define the Hilger real part of z by

h+1]—1
Ren(z) = lzh +1[ -1
h
and the Hilger imaginary part by
Arg(zh + 1
Imp(z) = rg(Zth)’

where Arg(z) denotes the principal argument of z, i.e.,

—m < Arg(z) <.
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We note that

1
5 < Rep(z) < oo and — % <Imp(z) <

=13

In particular, Rep(z) € Ry,
Let —% < w < 7. We define the Hilger purely imaginary number i by

o eiwh -1

W =
h
v

Let z € Cy. Then (L)Imh(z) e I,.
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We have —
o wlmp(z) _ 1
timp(z) = € -
and
o 1 eiWImh(Z) _ 1 1
L Imh(z) + E = T s E
‘eiwlmh(z)}
h
_ L
=
completing the proof. O

Khaled Zennir Time Scales Analysis Lecture 14 November 5, 2025 23 /106



We have .
flriLnO[Reh(Z) + tImp(z)] = Re(z) + ilm(2).

v

We have

z = Re(z)+Im(z),
zh+1 = (Re(z)+ilm(z))h+1

= hRe(z)+ 1+ ihlm(z),

him(z)

Arg(zh+1) = arcsin ,
el ) \/(h Re(z) +1)2 + h2Im?(z)

Ol
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Hence,

Imp(2)

|zh + 1|

Reh(z)

Arg(zh + 1)
h

1 hlm(z)

— arcsin

h

V(hRe(z) + 1) + R Im?(z),

|lzh+1| -1
h

V(hRe(z) + 12 + h21m?(2)

)

V/(hRe(z) +1)2 + R ImP(z) — 1

h

Ol
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V(hRe(z) + 1)2 4 h2Im?(2) — 1
lim Rep(z) = lim
h—0 h—0 h

o (hRe(z) + 1) Re(z) 4+ hlm?(z)
P20 J(hRe(z) + 12 + B2 1m2(2)

= Re(z2)
and
him(z)
V/(hRe(z) +1)2 + R Im?(2)

lim Imp(z) = lim = arcsin
h—0 h—0

Ol
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. 1
= lim
h—0 1_ h2 |m2(z)
(hRe(z)+1)2+h2 Im?(z)

2 21,2 . (hRe(z)+1) Re(z)+h1m?(z
le(z)\/(hRe(z)+1) +I2Im*(2) — him(z) & FeEl Rl

(hRe(z) +1)2 + h2Im?(2)

= Im(2),

which completes the proof. Ol
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We have ,
o e™h —1  cos(wh) — 1+ isin(wh)

h h

Hence,

(cos(wh) —1)%  sin?(wh)

(e}
|LW|2 2 12

cos?(wh) — 2 cos(wh) + 1 + sin?(wh)
h2

Ol
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~ 2(1 — cos(wh))
-
4 h
= 2 sin? W7,
cmpleting the proof. [

Definition

The circle plus addition @& on Cy, is defined by

zZOw =z + w + zwh.
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(Cp,®) is an Abelian group.

Let z,w € Cp. Then z,w € C and z, w # —%. Therefore, z® w € C.
Since

h(z®w)+1 = h(z+w+zwh)+1=1+ hz+ hw + zwh?

= 14 hz+ hw(l+ hz) = (1+ hw)(1 + hz) # 0,
we conclude that z® w € Cy,. Also,

0pz=z00= 2z,

i.e., 0 is the additive identity for ®. [
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For z € Cp, we have

@ V4 V4 V4 h
z — = z-— -z
1+ zh 1+ zh 1+ zh
_ z2h z2h
~ 14zh 1+zh
= 0,
i.e., the additive inverse of z under the addition @ is — th

that

We note

Ol

V.

Khaled Zennir

Time Scales Analysis Lecture 14

November 5, 2025

31/106



and

a z 1 z
ey —cpr =~ —+%. Therefore, — 1575 € Cp. For z,w,v € Cj, we have

(zow)dv

1— —
1+ zh 1+ zh

z
C
1—|—zhE

zh 1

(z+w+zwh) @ v

#0,

z+w+ zwh+ v+ (z+ w + zwh)vh

z+w+ zwh + v + zvh + wvh + zwvh?
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and

zo(wodv) = z4+(wodv)+z(wdv)h
= z+w+v+wvh+z(w+ v+ wvh)h

— z4+w+ v+ wvh+ zwh + zvh + zwvh?.

Consequently,
z®&(wdv)=(z0w) v,

i.e., the associative law holds in (Cp, @). O
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For z, w € Cy,, we have
z®w = z+w+ zwh
= w+z-+ wzh
= wo z,
which completes the proof. O
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Example
Let z € Cp and w € C be such that z+ w € C,. We will simplify the

expression
A=z

w
1+ hz’
We have

L I L Ay
z
1+hz a+ hz

(1+ hz)w
1+ hz

= z4+ w.

35/106
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For z € Cp, we have
7 = Rey(2) @ L Imp(2).

We have

|lzh+1| -1 - cZArg(zh +1)

Rep(z) @ Llmp(z) = p P

zh+1 -1 efAre(zhtl) _
h h

‘Zh—{— 1‘ -1 N ei/—\rg(zh+1) -1
h h
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’Zh 4 1| -1 eiArg(zh+1) 1
h h

— %(’Zh—i—l’—l—i—eiArg(Zh—'—l)—l
+|Zh + 1’eiArg(zh+1)
*’Zh + 1’ - eiArg(zh+1) + 1)

(|zh + 1|l Are(zh+1) _ 1)

=

(zh+1-1) =z,

completing the proof. O
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Definition
Let n € N and z € C. We define the circle dot multiplication @ by

noOz=zozH---Pz.

A\

Let n € N and z € Cy,. Then

nozo A" =1 4)
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Let n = 2. Then

20z = zdz
_ 2
= z+z+zh
= 2z+ zh

1
= —(22h* + 2zh)

h
1 2,2

= E(Z h*+2zh+1—-1)
(zh+1)2 -1

h

D)
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Assume
(zh+1)"-1

n®z= h

for some n € N. We will prove that

(zh+ 1)1 -1

1 =
(n+1)oz j

Indeed,
(n+1)oz = (hoz)dz

(zh+1)"—-1
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(zh+1)" -1 (zh+1)" -1

= f +z+ fzh
_ (zh+1)" =1+ zh+ zh(zh + 1)" — zh
N h
_ (zh+1)" -1
= - :
Hence, we conclude that (4) holds for all n € N. O

Khaled Zennir Time Scales Analysis Lecture 14 November 5, 2025 41 /106



Definition

Let z € C,. We define the circle minus of z as

—Z

£7 = 1+ zh

\

Let z € Cy. Then ©z is the additive inverse of z under the operation @,
ie.,
o(ez) =z
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We have
©z
e.z) = 77—+
(©2) 1+ (o2)h
—Z
= _1+—zh
1+ 375h
V4
_ 1+zh
- 14zh—zh Z,
T 1+zh
cmpleting the proof. []
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Definition

Let z, w € Cp. We define the circle minus subtraction by

zow =1z (ow).

For z,w € Cj, we have

zow = z®(6w)

= z+(6w)+z(ew)h

w zwh
Z_ —
1+wh 1+ wh

z+zwh—w—zwh_ Z—Ww
1+ wh 14+ wh’
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zZ— W
Z@W—m- (5)

Let z€ Cp. Thenz = Sz iff z € Iy,
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R
TR TR
i.e., )
1 ) 1
(Re(z) + h> +Im*(z) = oL
ie.,
2 1 )
(z) 1 — Re(z) + - +Im (2) =
i.e.,
2 2
22+ 2 Re(z) = 0,
, l.e.,

2Re(z) + |2|*h =0,

which completes the proof.

h?’

O
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Let =% <w < 7. Then

We have

ofw) = ——%—

completing the proof. [
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Definition

Let z € Cp. The circle square of z is defined by

2@ = (—z)(62).

v
We have 3

®:— —Z _ V4
z T+zh 1+zh
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For z € Cj,, we have
(02)@ = @,
We have
(©2)% = —(cz)(c(e2)

B z

T 1tz

~ 1+4=zh

= 4 )
completing the proof. [
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For z € Cj,, we have

2
1+zh= -0
proof.
We have
22 z°
2 - &
= 1+ zh,
completing the proof. O
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For z € Cy,, we have
z+ (62) = z29h.
We have )
zZ%h = z
1+ zh
and
z
z+(©2) = z— T
_ z2h
14z
which completes the proof. []

Khaled Zennir Time Scales Analysis Lecture 14 November 5, 2025 52 /106



For z € Cp, we have
zP z® =z+ 22.
We have
z@z® = z—i—z®—|—zz®h
o 22 i z3h
= z
1+zh 1+ zh
B Z2(1 + zh)
a 1+ zh
= z+22,
completing the proof. ]
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We have

4 5 (wh
= pSH‘I 7 9
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For h > 0, we define the strip
T

Zh:{ZECZ—h

<Im(z) < %}.

For h =0, we set Zg = C.

Definition
For h > 0, we define the cylinde transformation &y, : Cp, — Zyp, by

£n(z) = % Log(1 + zh),

where Log is the principal logarithm function. Moreover, we define
&o(z) =z for all z € C.
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We note that

for z € Zy,.

Definition
We say that a function f : T — R is regressive provided

1+ p(t)p(t) #0 forall teT®

holds. The set of all regressive and rd-continuous functions f : T — R is
denoted by R(T) or R.
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Definition

In R, we define the circle plus addition by

fog=f+g+ufg, f,geR.

Definition
The group (R, @) is called the regressive group.
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Definition

For f € R, we define the circle minus by

p

of = 1 ur

Definition

We define the circle minus subtraction © on R by

fog=fe(cg), f,.geRrR.
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For f,g € R, we have

fog = o (og)
_ f@(— ] )
1+ pg
_ . & _ pg
1+pug 14+ pg
_ f-g
o ltpg
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Let f,g € R. Then

Q@ fof=0,

Q@ o(ef) =",

Q@ fogeRrR,

Q o(fog)=gof,

Q o(f og) =(ef) @ (cg),
(6 f@ﬁﬁzf—i-g.
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We have

fof = fo(of)

f
= e <_1+uf>

f ﬁu
14+ puf 14 puf

= f

f+uf?—f— uf?
14 pf

Ol
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We have
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We have
pf — g
l+ufog = 1+5—L=
1 f
LA
1+pg
We note that {T_#% is rd-continuous. Therefore, f © g € R. O
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We have
f—g
o(f © = &
(Fee) (1+ug>

f—g

__ 1tre
1+ nimig
f—g
14 pf

14 puf

= gof.

Ol
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Since
of = —

14 pf

we also have

= Oo(f + g+ pfg)

_ f+ g+ pfg
1+ pf + pg + p2fg

f+g+ufg
(1 +pf)(1+ pg)

f
and £
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(of) @ (0g) = of +(og)+ u(ef)(eg)
g ptg
L+pf 1+pg (L4 pf)(1+ pg)
—f(1+ pg) — g(1 +pf) + pfg

(L4 pf)(1 + pg)

f+g+pfg
(L4 pf)(1+pg)
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We have

f'
g fFq g H1g

f —
€B1+mf 14+ puf 14 puf

= f+g.

The proof is complete. O
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Definition

If f € R, then we define the generalized exponential function by

ef(t,s) = els S (FENAT o s,teT.

A\

In fact, using the definition for the cylinder transformation, we have

y Log(1+u(7)f (7)) AT

ef(t,s) = els w7 for s, teT.

v
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Theorem (Semigroup Property)

If f € R, then
er(t,r)es(r,s) = ef(t,s) forall t,r,seT.
We have
ef(t, r)ef(r, S) = ef §H )ATef gl,L(T (f( ))
— ef é# T))AT+I 5/./,(7' (f(T)) T
= efst é,u(‘r)(f(T))AT — ef(t, 5)7
completing the proof. [

v
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Let f € R and fix tg € T. Then

ef (t, to) = f(t)er(t, to).

If o(t) > t, then

er(o(t), to) — er(t, to)
11(t)

fo'(t gu(’r (f ))A’T _ eftg fN(T)(f—(T))AT

1(t)

ef(t,ty) =
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i S FEVATHT D & (FENAT _ [ &un(F(7)AT

p(t)
o(t) A(f(7)AT
— efto i )( ™ — 1eft:1 éu(‘r)(f(T))AT
p(t)
(D)) (F(1)) _ 1

= f(t)er(t, to).
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If o(t) = t, then

ler(t, to) — er(s, to) — F(t)er(t, to)(t — s)|
= |er(t, to) — ef(t, to)er(s, t) — f(t)er(t, to)(t — s)|

(6)
= ler(t, wo)||1 — er(s, t) — £(t)(t = s)|

_ |6f 1_‘ to ”1—/ fﬂ(’i’) )AT—ef(S t)

Khaled Zennir Time Scales Analysis Lecture 14 November 5, 2025 72 /106



+ & G (F(D)BT = () = 5)|
< Jer(t, o) ()1 — JE Eun (F)AT = ex(s, 1)

NAT — F(£)(t — s)‘)

< ler(t. o) ()1 — [} ) ()BT = er(s.1)

£ €y () - &olF (o)A ).
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Since o(t) =t and f € C,q, we get
lim €,(F(r)) = &o(£(2)).
Therefore, there exists a neighbourhood Uj of t such that

’fu(.,.)(f(T)) = fo(f(t))‘ < for all 7€ Us.

__ &
3|ef(t, to)’

Let s € U;. Then

| Gt - alf@ar| <Sje-sl. @)

ler (¢, to)]

Ol
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Also, using that

o 1l—z—e%
im ——— =0,
z—0 V4

we conclude that there exists a neighbourhood U, of t so that if s € U,
and s < t, then we have

1— [F&umn(f ))AT — ef(s, )

*

< €g*,
f Eun)(f(7))AT
where
S min{l ° }
"1+ 3|f(t)||er(t, to)] )
Let se U= U; NU,. Then ]
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ert )L [ ()T — (s 1)

1= [ un(F()AT - er(s, 1)
J¥ &un(F())AT|

= |ef(t’ to)

/S £ (F(P) BT

IA

ler (2, to)[e”

/ £ (F(P) BT
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+rf(t)\|t—sr}

< Jer(t, 0)le” {] / i (F(7)) — €l (D)7

+ ler(t, to)|e™|F(2)[]t — |

/ (i (F(7)) — Eo(F()) A7

< Jer(t, to)]

< Slt—s|+Z|t—s]
= 3 3
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From the last inequality and from (6) and (7), we conclude that

& &€ €
ler(t, to) — er(s, to) — F(t)er(t, to)(t —s)| < §|t —s|+ §|t —s|+ §|t -+

= ¢g|t—s|,

which completes the proof. O
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Let f € R and fix to € T. Then ef(-, ty) is a solution to the Cauchy
problem

y2(t) = f(t)y(t), y(to) =1. (8)

Let f € R and fix ty € T. Then ef(-, ty) is the unique solution of the
problem (8).
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Let y be any solution of the problem (8). Then
( y )A(t) _ yA(t)er(t to) — y(t)ef(t, to)
Ef(-,to) e,r(U(t) to)ef(l' to)

f(t)y(t)er(t, to) — y(t)f(t)er(t, to)
ef(U(t), to)Ef(t, to)

= 0.
Consequently, y = cef(-, tp), where ¢ is a constant. Thus,

1= y(to) = Cef(to, to) =C.

Therefore, y = ef(+, tp). O
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Let f € R. Then

er(a(t),s) = (1 + p(t)f(t))er(t, s).

We have

er(o(t),s) — er(t;s) = pu(t)eb(ts)

= p(e)f(t)er(t,s),

which completes the proof. [
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Let f € R. Then

er(t,s) = = egf(s, t).

er(s, 1)

We have

er(t,s) = el Gun(f)ar
= efftsgu(‘r)(f(T))AT

I
efts 5/A(T)(’C(T))AT

1
er(s, t)

(1)
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Now, we fix typ € T and consider the problem

y2(t) = (f)()y(t), y(to) =1.
Its solution is exf(t, s). Also,
L A _ ef(t,s)
( ) (B = _ef(a(t),s)ef(t,S)

B f(t)er(t,s)
(1 + :u(t)f(t))ef(tv S)Ef(t7 5)
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B f(t)
(1 + u(2)f(1))er(t; s)

= (o)1)

er(t,s)

Therefore, ,

er(t,s

completing the proof. O

] = exf(t, s),
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Let f,g € R. Then

er(t,s)eg(t,s) = eraq(t,s).

We have

er(t, s)eg(t,s) = el Gun(fDAT [ Euny(a()Ar

— efst(ﬁu(_,.)(f(T))+§u(.,.)(g(T)))AT
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J¥ 5 (Log(1+u(r)f(7))+Log(1+u(7)g(r))) AT

e

oJ7 ey Loa(Hu(r)F (P (u(r)a () AT

e’s u(7)

oJi €t (F@R)(1)Ar

ef@g(t7 5)7

completing the proof.

fst L Log(14-u(7)(f(7)+g(T)+u(r)f(T)g(T))) AT
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Let f,g € R. Then
ef(ta 5)
= t,s).
ee(t,5) ~ o)
We have
ef(t’s)
= t t
eg(t, S) ef( 7S)e@g( 75)
= erg(og)(t)s)
= ef@g(t’5)7
completing the proof. ]
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Let f € R. Then

er(t,o(s))er(s,r) =

We have

er(t,o(s))er(s,r) =

ef;(s) glu‘(T)(f(T))AT efrs gu(T)(f(T))AT

oo Eu(r) (FDNATH [ &) (FT)ATH [ €y (F(7)) AT

O
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completing the proof.

e_gu(s)(f(s)):u'(s)'i'frt 5#(7)(f(7))AT

o Lo(14£()u(s)) o £ur) (F()) AT

ETCLORN
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Let f,g € R. Then

(F(t) — g(t))er(t, o)

A _
erog(t, to) = eg(o(t), to)

v

We have
A
el (t,t0) = <—ef(t’ to))
fo ) -
o eg(t, to)
[
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e2(t, to)

eg(t, to) — er(t, to)eg(t, to)

eg(tv tO)eg(U(t)v tO)
f(t)er(t,

to)eg(t, to) — g(t)er(t, to)eg(t, to)

eg(t, to)eg(a(t), t

(f(t) — g(t))er(t, to)

e (o

completing the proof.

(1))

0)
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Let f € R and a,b,c € T. Then

(er(c,))2(1) = ~f(t)er(c, o(1))

and

b
/a f(e)er(c, o(1))At = er(c,a) — er(c, b)

We have

f(t)er(c,o(t)) = f(t)ecr(o(t),c)
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= )1+ p(t) © F(t))ecr(t, €)

p(t)f (1)

= 0 <1 eV OO

) et

= —(&f)(t)esr(t; )

= _eéf(ta C)

= —ef(c,t).
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Hence,

which completes the proof.

b b
/f(t)ef(c,o(t))At = —/ ef(c, t)At

t=>b

= —ef(C, t)

t=a

= er(c,a) — ef(c, b),
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Assume 1+ ()2 # 0 and 1+ p(t)2 # 0 for all t € T N (0,00). Let
to € TN (0,00). We will evaluate the integral

t 65(5, tO)
/:/ ————As.
1

0 565(57 tO)
We have
5 2\ € (5, to) 3 e% (S, to)
Ik

(s, to) s e3(s, to)

WwING [l

_ A
= e%@%(sa to)
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= &% (s, to)

1+pu(s) g

= &b, (s, to).
s+2pu(s)

Consequently,

Hence,

1 t
I = / e 5 (s, ty)As
£

3Jt, 260

1 s=t 1 1
= —el 3 S, I = —€_3 t,to) — =.

3 s 2u() ( ’ 0) s=tp 3 tr2u( ( ’ O) 3
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Let o € R. Suppose that the exponentials

e - (a,l)z(t,to) and e%(t,to)

a“
t o(t)

exist for all t € T N (0, 00). We will prove that

o

6&27(&,1)2(1:, to)

t o(t)
= €ea-1(t,
egt(t, to) eTt)l( o),

(2]

ean)l(t, tO)

W e t.tn) = —

e%(t, to) _ﬁ( +to)

for all t,tp € T N (0, 00).
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1. We have

(-1 G- ol
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(E@mple
- (F-5) (- ) ~ v o
_ (a_2 _(a— 1)2> t 3 a
t o(t) t+au(t) 14 ap(t)

a?o(t) — t(a — 1)2 t o'
to(t) t+ap(t) t+au(t)
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o a?(t+ (b)) — ta? 4 20t — ¢ 1 o'
B o(t) t+au(t) t+au(t)
a?u(t) + 2at — t a

o(t)(t+au(t))  t+au(t)
2u(t) + 2at — t — ap(t) — at
o(t)(t + au(t))
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ap(t)(a—1)+ (a— 1)t
o(t)(t + au(t))
(a = 1)(t + ap(t))
(D)t + a(®))

a—1

o(t)

Hence,

eaz _ (Q,I)Z (t, to)

t o(t)

— € a? a—1)2 a
e%(ta to) (T_( U(tl)) )97

(t, to)

= eL_l(tJ tO)'
t
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We have
a-1_« a—1 o
O] @(9?)
- S D)+ 5 (6w
= a—1 % a—1 %
o(t) 1+ p(t)s ()1+()gu(t)
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_a-—1 « a—1 « ;
= o) tre® o) i+ ap®

_oa=1/-" au(t) B a

oY) ( f+au(t)) t+ au(t)
t(a—1) 3 a

o(t)(t +au(t))  t+au(t)
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at —t —au(t) — at
a(t)(t + apu(t))
t+ au(t)
~o()(t + an(t))

a(t)

Therefore,

ea—)l(t, to)

o(t

————— = €a-1-altl,t

e%(t, to) cr(f)le?( ’ 0)
= e_ﬁ(t, to)
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