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Definition

If f ∈ R, then we define the generalized exponential function by

ef (t, s) = e
∫ t
s ξµ(τ)(f (τ))∆τ for s, t ∈ T.

Remark

In fact, using the definition for the cylinder transformation, we have

ef (t, s) = e
∫ t
s

1
µ(τ)

Log(1+µ(τ)f (τ))∆τ
for s, t ∈ T.
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Theorem (Semigroup Property)

If f ∈ R, then

ef (t, r)ef (r , s) = ef (t, s) for all t, r , s ∈ T.

Proof.

We have

ef (t, r)ef (r , s) = e
∫ t
r ξµ(τ)(f (τ))∆τe

∫ r
s ξµ(τ)(f (τ))∆τ

= e
∫ t
r ξµ(τ)(f (τ))∆τ+

∫ r
s ξµ(τ)(f (τ))∆τ

= e
∫ t
s ξµ(τ)(f (τ))∆τ = ef (t, s),

completing the proof.
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Theorem

Let f ∈ R and fix t0 ∈ T. Then

e∆f (t, t0) = f (t)ef (t, t0).

Proof.

If σ(t) > t, then

e∆f (t, t0) =
ef (σ(t), t0)− ef (t, t0)

µ(t)

=
e
∫ σ(t)
t0

ξµ(τ)(f (τ))∆τ − e
∫ t
t0
ξµ(τ)(f (τ))∆τ

µ(t)
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Proof.

=
e
∫ t
t0
ξµ(τ)(f (τ))∆τ+

∫ σ(t)
t ξµ(τ)(f (τ))∆τ − e

∫ t
t0
ξµ(τ)(f (τ))∆τ

µ(t)

=
e
∫ σ(t)
t0

ξµ(τ)(f (τ))∆τ − 1

µ(t)
e
∫ t
t0
ξµ(τ)(f (τ))∆τ

=
eµ(t)ξµ(t)(f (t)) − 1

µ(t)
ef (t, t0)

= f (t)ef (t, t0).
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Proof.

If σ(t) = t, then

|ef (t, t0)− ef (s, t0)− f (t)ef (t, t0)(t − s)|

= |ef (t, t0)− ef (t, t0)ef (s, t)− f (t)ef (t, t0)(t − s)|

= |ef (t, t0)||1− ef (s, t)− f (t)(t − s)|

= |ef (t, t0)|
∣∣∣1− ∫ t

s
ξµ(τ)(f (τ))∆τ − ef (s, t)

(1)
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Proof.

+
∫ t
s ξµ(τ)(f (τ))∆τ − f (t)(t − s)

∣∣∣
≤ |ef (t, t0)|

(∣∣∣1− ∫ t
s ξµ(τ)(f (τ))∆τ − ef (s, t)

∣∣∣
+
∣∣∣∫ t

s ξµ(τ)(f (τ))∆τ − f (t)(t − s)
∣∣∣)

≤ |ef (t, t0)|
(∣∣∣1− ∫ t

s ξµ(τ)(f (τ))∆τ − ef (s, t)
∣∣∣

+
∣∣∣∫ t

s (ξµ(τ)(f (τ))− ξ0(f (t)))∆τ
∣∣∣).
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Proof.

Since σ(t) = t and f ∈ Crd, we get

lim
r→t

ξµ(r)(f (r)) = ξ0(f (t)).

Therefore, there exists a neighbourhood U1 of t such that

|ξµ(τ)(f (τ))− ξ0(f (t))| <
ε

3|ef (t, t0)|
for all τ ∈ U1.

Let s ∈ U1. Then

|ef (t, t0)|
∣∣∣∣∫ t

s
(ξµ(τ)(f (τ))− ξ0(f (t)))∆τ

∣∣∣∣ ≤ ε

3
|t − s|. (2)
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Proof.

Also, using that

lim
z→0

1− z − e−z

z
= 0,

we conclude that there exists a neighbourhood U2 of t so that if s ∈ U2

and s ≤ t, then we have∣∣∣∣∣1−
∫ t
s ξµ(τ)(f (τ))∆τ − ef (s, t)∫ t

s ξµ(τ)(f (τ))∆τ

∣∣∣∣∣ < ε∗,

where

ε∗ = min

{
1,

ε

1 + 3|f (t)||ef (t, t0)|

}
.

Let s ∈ U = U1 ∩ U2. Then
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Proof.

|ef (t, t0)|
∣∣∣∣1− ∫ t

s
ξµ(τ)(f (τ))∆τ − ef (s, t)

∣∣∣∣
= |ef (t, t0)

∣∣∣1− ∫ t
s ξµ(τ)(f (τ))∆τ − ef (s, t)

∣∣∣∣∣∣∫ t
s ξµ(τ)(f (τ))∆τ

∣∣∣
∣∣∣∣∫ t

s
ξµ(τ)(f (τ))∆τ

∣∣∣∣
≤ |ef (t, t0)|ε∗

∣∣∣∣∫ t

s
ξµ(τ)(f (τ))∆τ

∣∣∣∣
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Proof.

≤ |ef (t, t0)|ε∗
{∣∣∣∣∫ t

s
(ξµ(τ)(f (τ))− ξ0(f (t)))∆τ

∣∣∣∣+ |f (t)||t − s|
}

≤ |ef (t, t0)|
∣∣∣∣∫ t

s
(ξµ(τ)(f (τ))− ξ0(f (t)))∆τ

∣∣∣∣+ |ef (t, t0)|ε∗|f (t)||t − s|

≤ ε

3
|t − s|+ ε

3
|t − s|

=
2ε

3
|t − s|.
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Proof.

From the last inequality and from (1) and (2), we conclude that

|ef (t, t0)− ef (s, t0)− f (t)ef (t, t0)(t − s)| <
ε

3
|t − s|+ ε

3
|t − s|+ ε

3
|t − s|

= ε|t − s|,

which completes the proof.
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Corollary

Let f ∈ R and fix t0 ∈ T. Then ef (·, t0) is a solution to the Cauchy
problem

y∆(t) = f (t)y(t), y(t0) = 1. (3)

Corollary

Let f ∈ R and fix t0 ∈ T. Then ef (·, t0) is the unique solution of the
problem (3).
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Proof.

Let y be any solution of the problem (3). Then(
y

ef (·, t0)

)∆

(t) =
y∆(t)ef (t, t0)− y(t)e∆f (t, t0)

ef (σ(t), t0)ef (t, t0)

=
f (t)y(t)ef (t, t0)− y(t)f (t)ef (t, t0)

ef (σ(t), t0)ef (t, t0)

= 0.

Consequently, y = cef (·, t0), where c is a constant. Thus,

1 = y(t0) = cef (t0, t0) = c.

Therefore, y = ef (·, t0).
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Theorem

Let f ∈ R. Then

ef (σ(t), s) = (1 + µ(t)f (t))ef (t, s).

Proof.

We have

ef (σ(t), s)− ef (t, s) = µ(t)e∆f (t, s)

= µ(t)f (t)ef (t, s),

which completes the proof.
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Theorem

Let f ∈ R. Then

ef (t, s) =
1

ef (s, t)
= e⊖f (s, t).

Proof.

We have

ef (t, s) = e
∫ t
s ξµ(τ)(f (τ))∆τ

= e−
∫ s
t ξµ(τ)(f (τ))∆τ

=
1

e
∫ s
t ξµ(τ)(f (τ))∆τ

=
1

ef (s, t)
.
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Proof.

Now, we fix t0 ∈ T and consider the problem

y∆(t) = (⊖f )(t)y(t), y(t0) = 1.

Its solution is e⊖f (t, s). Also,(
1

ef (·, s)

)∆

(t) = −
e∆f (t, s)

ef (σ(t), s)ef (t, s)

= − f (t)ef (t, s)

(1 + µ(t)f (t))ef (t, s)ef (t, s)
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Proof.

= − f (t)

(1 + µ(t)f (t))ef (t, s)

= (⊖f )(t)
1

ef (t, s)
.

Therefore,
1

ef (t, s)
= e⊖f (t, s),

completing the proof.
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Theorem

Let f , g ∈ R. Then

ef (t, s)eg (t, s) = ef⊕g (t, s).

Proof.

We have

ef (t, s)eg (t, s) = e
∫ t
s ξµ(τ)(f (τ))∆τe

∫ t
s ξµ(τ)(g(τ))∆τ

= e
∫ t
s (ξµ(τ)(f (τ))+ξµ(τ)(g(τ)))∆τ
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Proof.

= e
∫ t
s

1
µ(τ)

(Log(1+µ(τ)f (τ))+Log(1+µ(τ)g(τ)))∆τ

= e
∫ t
s

1
µ(τ)

Log((1+µ(τ)f (τ))(1+µ(τ)g(τ)))∆τ

= e
∫ t
s

1
µ(τ)

Log(1+µ(τ)(f (τ)+g(τ)+µ(τ)f (τ)g(τ)))∆τ

= e
∫ t
s ξµ(τ)((f⊕g)(τ))∆τ

= ef⊕g (t, s),

completing the proof.
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Theorem

Let f , g ∈ R. Then
ef (t, s)

eg (t, s)
= ef⊖g (t, s).

Proof.

We have

ef (t, s)

eg (t, s)
= ef (t, s)e⊖g (t, s)

= ef⊕(⊖g)(t, s)

= ef⊖g (t, s),

completing the proof.
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Theorem

Let f ∈ R. Then

ef (t, σ(s))ef (s, r) =
1

1 + µ(s)f (s)
ef (t, r).

Proof.

We have

ef (t, σ(s))ef (s, r) = e
∫ t
σ(s) ξµ(τ)(f (τ))∆τ

e
∫ s
r ξµ(τ)(f (τ))∆τ

= e
∫ s
σ(s) ξµ(τ)(f (τ))∆τ+

∫ t
s ξµ(τ)(f (τ))∆τ+

∫ s
r ξµ(τ)(f (τ))∆τ
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Proof.

= e−ξµ(s)(f (s))µ(s)+
∫ t
r ξµ(τ)(f (τ))∆τ

= e− Log(1+f (s)µ(s))e
∫ t
r ξµ(τ)(f (τ))∆τ

=
1

1 + µ(s)f (s)
ef (t, r),

completing the proof.
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Theorem

Let f , g ∈ R. Then

e∆f⊖g (t, t0) =
(f (t)− g(t))ef (t, t0)

eg (σ(t), t0)
.

Proof.

We have

e∆f⊖g (t, t0) =

(
ef (t, t0)

eg (t, t0)

)∆
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Proof.

=
e∆f (t, t0)eg (t, t0)− ef (t, t0)e

∆
g (t, t0)

eg (t, t0)eg (σ(t), t0)

=
f (t)ef (t, t0)eg (t, t0)− g(t)ef (t, t0)eg (t, t0)

eg (t, t0)eg (σ(t), t0)

=
(f (t)− g(t))ef (t, t0)

eg (σ(t), t0)
,

completing the proof.

Khaled Zennir Time Scales Analysis Lecture 15 November 4, 2025 25 / 62



Theorem

Let f ∈ R and a, b, c ∈ T. Then

(ef (c, )̇)
∆(t) = −f (t)ef (c, σ(t))

and ∫ b

a
f (t)ef (c, σ(t))∆t = ef (c, a)− ef (c, b).

Proof.

We have

f (t)ef (c, σ(t)) = f (t)e⊖f (σ(t), c)
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Proof.

= f (t)(1 + µ(t)⊖ f (t))e⊖f (t, c)

= f (t)

(
1− µ(t)f (t)

1 + µ(t)f (t)

)
e⊖f (t, c)

=
f (t)

1 + µ(t)f (t)
e⊖f (t, c)

=
f (t)

1 + µ(t)f (t)
e⊖f (t, c)

= −(⊖f )(t)e⊖f (t, c)

= −e∆⊖f (t, c)

= −e∆f (c, t).
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Proof.

Hence, ∫ b

a
f (t)ef (c, σ(t))∆t = −

∫ b

a
e∆f (c, t)∆t

= −ef (c, t)
∣∣∣t=b

t=a

= ef (c, a)− ef (c, b),

which completes the proof.
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Example

Assume 1 + µ(t)2t ̸= 0 and 1 + µ(t)5t ̸= 0 for all t ∈ T ∩ (0,∞). Let
t0 ∈ T ∩ (0,∞). We will evaluate the integral

I =

∫ t

t0

e 5
s
(s, t0)

seσ2
s

(s, t0)
∆s.

We have (
5

s
− 2

s

) e 5
s
(s, t0)

eσ2
s

(s, t0)
=

3

s

e 5
s
(s, t0)

eσ2
s

(s, t0)

= e∆5
s
⊖ 2

s
(s, t0)
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Example

= e∆ 3
s

1+µ(s) 2s

(s, t0)

= e∆ 3
s+2µ(s)

(s, t0).

Consequently,

1

s

e 5
s
(s, t0)

eσ2
s

(s, t0)
=

1

3
e∆ 3

s+2µ(s)
(s, t0).

Hence,

I =
1

3

∫ t

t0

e∆ 3
s+2µ(s)

(s, t0)∆s

=
1

3
e 3

s+2µ(s)
(s, t0)

∣∣∣s=t

s=t0
=

1

3
e 3

t+2µ(t)
(t, t0)−

1

3
.
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Example

Let α ∈ R. Suppose that the exponentials

eα2

t
− (α−1)2

σ(t)

(t, t0) and eα
t
(t, t0)

exist for all t ∈ T ∩ (0,∞). We will prove that

1

eα2

t
− (α−1)2

σ(t)

(t, t0)

eα
t
(t, t0)

= eα−1
σ(t)

(t, t0),

2

eα−1
σ(t)

(t, t0)

eα
t
(t, t0)

= e− 1
σ(t)

(t, t0) =
t0
t

for all t, t0 ∈ T ∩ (0,∞).
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Example

1. We have(
α2

t
− (α− 1)2

σ(t)

)
⊖ α

t
=

(
α2

t
− (α− 1)2

σ(t)

)
⊕
(
⊖α

t

)
=

α2

t
− (α− 1)2

σ(t)
+
(
⊖α

t

)
+

(
α2

t
− (α− 1)2

σ(t)

)(
⊖α

t

)
µ(t)

=
α2

t
− (α− 1)2

σ(t)
−

α
t

1 + α
t µ(t)
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Example

+

(
α2

t
− (α− 1)2

σ(t)

)(
−

α
t

1 + α
t µ(t)

)
µ(t)

=
α2

t
− (α− 1)2

σ(t)
− α

t + αµ(t)

−
(
α2

t
− (α− 1)2

σ(t)

)
α

t + αµ(t)
µ(t)
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Example

=

(
α2

t
− (α− 1)2

σ(t)

)(
1− αµ(t)

t + αµ(t)

)
− α

t + αµ(t)

=

(
α2

t
− (α− 1)2

σ(t)

)
t

t + αµ(t)
− α

1 + αµ(t)

=
α2σ(t)− t(α− 1)2

tσ(t)

t

t + αµ(t)
− α

t + αµ(t)
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Example

=
α2(t + µ(t))− tα2 + 2αt − t

σ(t)

1

t + αµ(t)
− α

t + αµ(t)

=
α2µ(t) + 2αt − t

σ(t)(t + αµ(t))
− α

t + αµ(t)

=
α2µ(t) + 2αt − t − αµ(t)− αt

σ(t)(t + αµ(t))
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Example

=
αµ(t)(α− 1) + (α− 1)t

σ(t)(t + αµ(t))

=
(α− 1)(t + αµ(t))

σ(t)(t + αµ(t))

=
α− 1

σ(t)
.

Hence,

eα2

t
− (α−1)2

σ(t)

(t, t0)

eα
t
(t, t0)

= e(α2

t
− (α−1)2

σ(t)

)
⊖α

t

(t, t0)

= eα−1
t
(t, t0).
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Example

We have

α− 1

σ(t)
⊖ α

t
=

α− 1

σ(t)
⊕
(
⊖α

t

)
=

α− 1

σ(t)
+
(
⊖α

t

)
+

α− 1

σ(t)

(
⊖α

t

)
µ(t)

=
α− 1

σ(t)
−

α
t

1 + µ(t)αt
− α− 1

σ(t)

α
t

1 + µ(t)αt
µ(t)
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Example

=
α− 1

σ(t)
− α

t + αµ(t)
− α− 1

σ(t)

α

t + αµ(t)
µ(t)

=
α− 1

σ(t)

(
1− αµ(t)

t + αµ(t)

)
− α

t + αµ(t)

=
t(α− 1)

σ(t)(t + αµ(t))
− α

t + αµ(t)
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Example

=
αt − t − αµ(t)− αt

σ(t)(t + αµ(t))

= − t + αµ(t)

σ(t)(t + αµ(t))

= − 1

σ(t)
.

Therefore,

eα−1
σ(t)

(t, t0)

eα
t
(t, t0)

= eα−1
σ(t)

⊖α
t
(t, t0)

= e− 1
σ(t)

(t, t0)
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Example

= e
∫ t
t0
ξµ(τ)

(
− 1

σ(τ)

)
∆τ

= e
∫ t
t0

1
µ(τ)

Log
(
1−µ(τ)

σ(τ)

)
∆τ

= e
∫ t
t0

1
µ(τ)

Log τ
σ(τ)

∆τ

= e
− Log τ

∣∣∣τ=t

τ=t0

= e
− Log t

t0

=
t0
t
.
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Definition

Let f ∈ Crd and −µf 2 ∈ R. Define the hyperbolic functions coshf and
sinhf by

coshf =
ef + e−f

2
and sinhf =

ef − e−f

2
.

Theorem

Let f ∈ Crd and −µf 2 ∈ R. Then

cosh∆f = f sinhf , sinh∆f = f coshf and cosh2f − sinh2f = e−µf 2 .
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Proof.

We have

cosh∆f =

(
ef + e−f

2

)∆

=
e∆f + e∆−f

2

=
fef − fe−f

2

= f
ef − e−f

2

= f sinhf ,
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Proof.

sinh∆f =

(
ef − e−f

2

)2

=
e∆f − e∆−f

2

=
fef + fe−f

2

= f
ef + e−f

2

= f coshf ,
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Proof.

and

cosh2f − sinh2f =

(
ef + e−f

2

)2

−
(
ef − e−f

2

)2

=
e2f + 2ef e−f + e2−f − e2f + 2ef e−f − e2−f

4

= ef e−f

= ef⊕(−f )

= e−µf 2 .

The proof is complete.

Khaled Zennir Time Scales Analysis Lecture 15 November 4, 2025 44 / 62



Example

Let T = Z. We compute cosh 1
2
(t, t0) and sinh 1

2
(t, t0) for t, t0 ∈ T. Here,

µ(t) = 1 and f = 1
2 . Then

1− µ2f 2 = 1− 1

4
=

3

4
̸= 0.

Therefore, cosh 1
2
(t, t0) and sinh 1

2
(t, t0) are well defined. We have

e 1
2
(t, t0) =

(
3

2

)t−t0

and e− 1
2
(t, t0) =

(
1

2

)t−t0

.

Hence,
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Example

cosh 1
2
(t, t0) =

e 1
2
(t, t0) + e− 1

2
(t, t0)

2

=
3t−t0

2t−t0
+ 1

2t−t0

2

=
3t−t0 + 1

21+t−t0
,

sinh 1
2
(t, t0) =

e 1
2
(t, t0)− e− 1

2
(t, t0)

2

=
3t−t0 − 1

21+t−t0
.
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Example

Let T = 2N0 . We compute cosh2(t, t0) and sinh2(t, t0) for t, t0 ∈ T. Here,
µ(t) = t and f = 2. Then

1− µ2(t)f 2 = 1− 4t2 ̸= 0 for any t ∈ T.

Therefore, cosh2(t, t0) and sinh2(t, t0) are well defined. We have

e2(t, t0) =
∏

s∈[t0,t)

(1 + 2s), e−2(t, t0) =
∏

s∈[t0,t)

(1− 2s).

Hence,
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Example

cosh2(t, t0) =
e2(t, t0) + e−2(t, t0)

2

=
1

2

 ∏
s∈[t0,t)

(1 + 2s) +
∏

s∈[t0,t)

(1− 2s)

 ,

sinh2(t, t0) =
e2(t, t0)− e−2(t, t0)

2

=
1

2

 ∏
s∈[t0,t)

(1 + 2s)−
∏

s∈[t0,t)

(1− 2s)

 .
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Example

Let T = N2
0. We compute cosh2(t, t0) and sinh2(t, t0) for t, t0 ∈ T. Here,

σ(t) = (
√
t + 1)2, µ(t) = 2

√
t + 1, f = 2,

and
1− µ2(t)f 2 = 1− 4(2

√
t + 1)2 ̸= 0 for all t ∈ T.

Therefore, cosh2(t, t0) and sinh2(t, t0) are well defined. Note that
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Example

e2(t, t0) =
∏

s∈[t0,t)

(
1 + 2(2

√
s + 1)

)
=

∏
s∈[t0,t)

(3 + 4
√
s),

e−2(t, t0) =
∏

s∈[t0,t)

(
1− 2(2

√
s + 1)

)
=

∏
s∈[t0,t)

(−1− 4
√
s).

Hence,
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Example

cosh2(t, t0) =
1

2
(e2(t, t0) + e−2(t, t0))

=
1

2

 ∏
s∈[t0,t)

(3 + 4
√
s) +

∏
s∈[t0,t)

(−1− 4
√
s)

 ,

sinh2(t, t0) =
1

2
(e2(t, t0)− e−2(t, t0))

=
1

2

 ∏
s∈[t0,t)

(3 + 4
√
s)−

∏
s∈[t0,t)

(−1− 4
√
s)

 .
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Example

Let T = 3N0 . We will compute cosh2(t, t0) and sinh2(t, t0) for t, t0 ∈ T.
We have

cosh2(t, t0) =
1

2

 ∏
s∈[t0,t)

(1 + 4s) +
∏

s∈[t0,t)

(1− 4s)

 ,

sinh2(t, t0) =
1

2

 ∏
s∈[t0,t)

(1 + 4s)−
∏

s∈[t0,t)

(1− 4s)

 .
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Theorem

Let f ∈ Crd and −µf 2 ∈ R. Then

(coshf (c, ·))∆(t) = −f (t) sinhf (c, σ(t)).

Proof.

We have

(coshf (c, ·))∆(t) =

(
ef (c, t) + e−f (c, t)

2

)∆

=
e∆f (c, t) + e∆−f (c, t)

2

=
−f (t)ef (c, σ(t)) + f (t)e−f (c, σ(t))

2

= −f (t)
ef (c, σ(t))− e−f (c, σ(t))

2

= −f (t) sinhf (c, σ(t)),

completing the proof.
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Theorem

Let f ∈ Crd and −µf 2 ∈ R. Then∫ b

a
f (t) sinhf (c, σ(t))∆t = coshf (c, a)− coshf (c, b).

Proof.

We have
f (t) sinhf (c, σ(t)) = (coshf (c, ·))∆ (t).

Hence, ∫ b

a
f (t) sinhf (c, σ(t)) = −

∫ b

a
(coshf (c, ·))∆ (t)∆t

= − coshf (c, t)
∣∣∣t=b

t=a

= coshf (c, a)− coshf (c, b),

completing the proof.
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Example

Let f ∈ Crd and −µf 2 ∈ R. We will simplify

1 A = coshf (s,t0) coshf (t,t0)−sinhf (s,t0) sinhf (t,t0)

cosh2f (s,t0)−sinh2f (s,t0)
,

2 B = coshf (s,t0) sinhf (t,t0)−sinhf (s,t0) coshf (t,t0)

cosh2f (s,t0)−sinh2f (s,t0)
.
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Example

We have

coshf (s, t0) coshf (t, t0)− sinhf (s, t0) sinhf (t, t0)

=
ef (s, t0) + e−f (s, t0)

2

ef (t, t0) + e−f (t, t0)

2

−ef (s, t0)− e−f (s, t0)

2

ef (t, t0)− e−f (t, t0)

2

=
1

4

(
ef (s, t0)ef (t, t0) + ef (s, t0)e−f (t, t0)

+e−f (s, t0)ef (t, t0) + e−f (s, t0)e−f (t, t0)
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Example

−ef (s, t0)ef (t, t0) + ef (s, t0)e−f (t, t0)

+e−f (s, t0)ef (t, t0)− e−f (s, t0)e−f (t, t0)
)

=
ef (s, t0)e−f (t, t0) + e−f (s, t0)ef (t, t0)

2
.
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Example

Also,

cosh2f (s, t0)− sinh2f (s, t0) =

(
ef (s, t0) + e−f (s, t0)

2

)2

−
(
ef (s, t0)− e−f (s, t0)

2

)2

=
e2f (s, t0) + 2ef (s, t0)e−f (s, t0) + e2−f (s, t0)

4

−
e2f (s, t0)− 2ef (s, t0)e−f (s, t0) + e2−f (s, t0)

4

= ef (s, t0)e−f (s, t0).

Therefore,
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Example

A =
1

2

ef (s, t0)e−f (t, t0) + e−f (s, t0)ef (t, t0)

ef (s, t0)e−f (s, t0)

=
1

2

(
e−f (t, t0)

e−f (s, t0)
+

ef (t, t0)

ef (s, t0)

)
=

1

2
(ef (t, s) + e−f (t, s))

= coshf (t, s).
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Example

We have

coshf (s, t0) sinhf (t, t0)− sinhf (s, t0) coshf (t, t0)

=
ef (s, t0) + e−f (s, t0)

2

ef (t, t0)− e−f (t, t0)

2

−ef (s, t0)− e−f (s, t0)

2

ef (t, t0) + e−f (t, t0)

2

=
1

4

(
ef (s, t0)ef (t, t0)− ef (s, t0)e−f (t, t0)

+e−f (s, t0)ef (t, t0)− e−f (s, t0)e−f (t, t0)
)

Khaled Zennir Time Scales Analysis Lecture 15 November 4, 2025 60 / 62



Example

−1

4

(
ef (s, t0)ef (t, t0) + ef (s, t0)e−f (t, t0)

−e−f (s, t0)ef (t, t0)− e−f (s, t0)e−f (t, t0)
)

=
−ef (s, t0)e−f (t, t0) + e−f (s, t0)ef (t, t0)

2
.

Hence,
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Example

B =
1

2

−ef (s, t0)e−f (t, t0) + e−f (s, t0)ef (t, t0)

ef (s, t0)e−f (s, t0)

=
1

2

(
−e−f (t, t0)

e−f (s, t0)
+

ef (t, t0)

ef (s, t0)

)
=

1

2
(ef (t, s)− e−f (t, s))

= sinhf (t, s).
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