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Definition

If f € R, then we define the generalized exponential function by

ef(t,s) = els S (FENAT o s,teT.

A\

In fact, using the definition for the cylinder transformation, we have

y Log(1+u(7)f (7)) AT

ef(t,s) = els w7 for s, teT.

v
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Theorem (Semigroup Property)

If f € R, then
er(t,r)es(r,s) = ef(t,s) forall t,r,seT.
We have
ef(t, r)ef(r, S) = ef §H )ATef gl,L(T (f( ))
— ef é# T))AT+I 5/./,(7' (f(T)) T
= efst é,u(‘r)(f(T))AT — ef(t, 5)7
completing the proof. [

N
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Let f € R and fix tg € T. Then

ef (t, to) = f(t)er(t, to).

If o(t) > t, then

er(o(t), to) — er(t, to)
11(t)

fo'(t gu(’r (f ))A’T _ eftg fN(T)(f—(T))AT

1(t)

ef(t,ty) =
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i S FEVATHT D & (FENAT _ [ &un(F(7)AT

p(t)
o(t) A(f(7)AT
— efto i )( ™ — 1eft:1 éu(‘r)(f(T))AT
p(t)
(D)) (F(1)) _ 1

= f(t)er(t, to).
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If o(t) = t, then

ler(t, to) — er(s, to) — F(t)er(t, to)(t — s)|
= |er(t, to) — ef(t, to)er(s, t) — f(t)er(t, to)(t — s)|

(1)
= ler(t, wo)||1 — er(s, t) — £(t)(t = s)|

_ |6f 1_‘ to ”1—/ fﬂ(’i’) )AT—ef(S t)
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+ & G (F(D)BT = () = 5)|
< Jer(t, o) ()1 — JE Eun (F)AT = ex(s, 1)

NAT — F(£)(t — s)‘)

< ler(t. o) ()1 — [} ) ()BT = er(s.1)

£ €y () - &olF (o)A ).
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Since o(t) =t and f € C,q, we get
lim €,(F(r)) = &o(£(2)).
Therefore, there exists a neighbourhood Uj of t such that

’fu(.,.)(f(T)) = fo(f(t))‘ < for all 7€ Us.

__ &
3|ef(t, to)’

Let s € U;. Then

| Gt - alr@ar <Se-s. @

ler (¢, to)]

Ol
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Also, using that

o 1l—z—e%
im ——— =0,
z—0 V4

we conclude that there exists a neighbourhood U, of t so that if s € U,
and s < t, then we have

1— [F&umn(f ))AT — ef(s, )

*

< €g*,
f Eun)(f(7))AT
where
S min{l ° }
"1+ 3|f(t)||er(t, to)] )
Let se U= U; NU,. Then ]
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ert )L [ ()T — (s 1)

1= [ un(F()AT - er(s, 1)
J¥ &un(F())AT|

= |ef(t’ to)

/S £ (F(P) BT

IA

ler (2, to)[e”

/ £ (F(P) BT

Khaled Zennir Time Scales Analysis Lecture 15 November 4, 2025 10/ 62



+rf(t)\|t—sr}

< Jer(t, 0)le” {] / i (F(7)) — €l (D)7

+ ler(t, to)|e™|F(2)[]t — |

/ (i (F(7)) — Eo(F()) A7

< Jer(t, to)]

< Slt—s|+Z|t—s]
= 3 3
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From the last inequality and from (1) and (2), we conclude that

& &€ €
ler(t, to) — er(s, to) — F(t)er(t, to)(t —s)| < §|t —s|+ §|t —s|+ §|t -+

= ¢g|t—s|,

which completes the proof. O
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Let f € R and fix to € T. Then ef(-, ty) is a solution to the Cauchy
problem

y2(t) = f(t)y(t), y(to) =1. (3)

Let f € R and fix ty € T. Then ef(-, ty) is the unique solution of the
problem (3).
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Let y be any solution of the problem (3). Then
( y )A(t) _ yA(t)er(t to) — y(t)ef(t, to)
Ef(-,to) e,r(U(t) to)ef(l' to)

f(t)y(t)er(t, to) — y(t)f(t)er(t, to)
ef(U(t), to)Ef(t, to)

= 0.
Consequently, y = cef(-, tp), where ¢ is a constant. Thus,

1= y(to) = Cef(to, to) =C.

Therefore, y = ef(+, tp). O
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Let f € R. Then

er(a(t),s) = (1 + p(t)f(t))er(t, s).

We have

er(o(t),s) — er(t;s) = pu(t)eb(ts)

= p(e)f(t)er(t,s),

which completes the proof. [
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Let f € R. Then

er(t,s) = = egf(s, t).

er(s, 1)

We have

er(t,s) = el Gun(f)ar
= efftsgu(‘r)(f(T))AT

I
efts 5/A(T)(’C(T))AT

1
er(s, t)

(1)
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Now, we fix typ € T and consider the problem

y2(t) = (f)()y(t), y(to) =1.
Its solution is exf(t, s). Also,
L A _ ef(t,s)
( ) (B = _ef(a(t),s)ef(t,S)

B f(t)er(t,s)
(1 + :u(t)f(t))ef(tv S)Ef(t7 5)
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B f(t)
(1 + u(2)f(1))er(t; s)

= (o)1)

er(t,s)

Therefore, ,

er(t,s

completing the proof. O

] = exf(t, s),
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Let f,g € R. Then

er(t,s)eg(t,s) = eraq(t,s).

We have

er(t, s)eg(t,s) = el Gun(fDAT [ Euny(a()Ar

— efst(ﬁu(_,.)(f(T))+§u(.,.)(g(T)))AT
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J¥ 5 (Log(1+u(r)f(7))+Log(1+u(7)g(r))) AT

e

oJ7 ey Loa(Hu(r)F (P (u(r)a () AT

e’s u(7)

oJi €t (F@R)(1)Ar

ef@g(t7 5)7

completing the proof.

fst L Log(14-u(7)(f(7)+g(T)+u(r)f(T)g(T))) AT
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Let f,g € R. Then
ef(ta 5)
= t,s).
ee(t,5) ~ o)
We have
ef(t’s)
= t t
eg(t, S) ef( 7S)e@g( 75)
= erg(og)(t)s)
= ef@g(t’5)7
completing the proof. ]
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Let f € R. Then

er(t,o(s))er(s,r) =

We have

er(t,o(s))er(s,r) = Jots) Eur (FINAT o [2 &, (F(7)) AT

oo Eu(r) (FDNATH [ &) (FT)ATH [ €y (F(7)) AT

O
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completing the proof.

e_gu(s)(f(s)):u'(s)'i'frt 5#(7)(f(7))AT

o Lo(14£()u(s)) o £ur) (F()) AT

ETCLORN
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Let f,g € R. Then

(F(t) — g(t))er(t, o)

A _
erog(t, to) = eg(o(t), to)

v

We have
er(t, t0)>A

A
cfogltto) = <eg(t to)
)

A\,
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e2(t, to)

eg(t, to) — er(t, to)eg(t, to)

eg(tv tO)eg(U(t)v tO)
f(t)er(t,

to)eg(t, to) — g(t)er(t, to)eg(t, to)

eg(t, to)eg(a(t), t

(f(t) — g(t))er(t, to)

e (o

completing the proof.

(1))

0)
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Let f € R and a,b,c € T. Then

(er(c,))2(1) = ~f(t)er(c, o(1))

and

b
/a f(e)er(c, o(1))At = er(c,a) — er(c, b)

We have

f(t)er(c,o(t)) = f(t)ecr(o(t),c)
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= )1+ p(t) © F(t))ecr(t, €)

p(t)f (1)

= 0 <1 eV OO

) et

= —(&f)(t)esr(t; )

= _eéf(ta C)

= —ef(c,t).
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Hence,
b b
/ f(t)er(c,o(t))At = —/ ef(c, t)At
a a
t=b
= —ef(C, t)
t=a
= ef(c,a) — ef(c, b),
which completes the proof. Ol
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Assume 1+ ()2 # 0 and 1+ p(t)2 # 0 for all t € T N (0,00). Let
to € TN (0,00). We will evaluate the integral

t 65(5, tO)
/:/ ————As.
1

0 565(57 tO)
We have
5 2\ € (5, to) 3 e% (S, to)
Ik

(s, to) s e3(s, to)

WwING [l

_ A
= e%@%(sa to)
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= &% (s, to)

1+pu(s) g

= &b, (s, to).
s+2pu(s)

Consequently,

Hence,

1 t
I = / e 5 (s, ty)As
£

3Jt, 260

1 s=t 1 1
= —el 3 S, I = —€_3 t,to) — =.

3 s 2u() ( ’ 0) s=tp 3 tr2u( ( ’ O) 3
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Let o € R. Suppose that the exponentials

e - (a,l)z(t,to) and e%(t,to)

a“
t o(t)

exist for all t € T N (0, 00). We will prove that

o

6&27(&,1)2(1:, to)

t o(t)
= €ea-1(t,
egt(t, to) eTt)l( o),

(2]

ean)l(t, tO)

W e t.tn) = —

e%(t, to) _ﬁ( +to)

for all t,tp € T N (0, 00).
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1. We have

(-1 G- ol
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(E@mple
- (F-5) (- ) ~ v o
_ (a_2 _(a— 1)2> t 3 a
t o(t) t+au(t) 14 ap(t)

a?o(t) — t(a — 1)2 t o'
to(t) t+ap(t) t+au(t)
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o a?(t+ (b)) — ta? 4 20t — ¢ 1 o'
B o(t) t+au(t) t+au(t)
a?u(t) + 2at — t a

o(t)(t+au(t))  t+au(t)
2u(t) + 2at — t — ap(t) — at
o(t)(t + au(t))
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ap(t)(a—1)+ (a— 1)t
o(t)(t + au(t))
(a = 1)(t + ap(t))
(D)t + a(®))

a—1

o(t)

Hence,

eaz _ (Q,I)Z (t, to)

t o(t)

— € a? a—1)2 a
e%(ta to) (T_( U(tl)) )97

(t, to)

= eL_l(tJ tO)'
t
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We have
a-1_« a—1 o
O] @(9?)
- S D)+ 5 (6w
= a—1 % a—1 %
o(t) 1+ p(t)s ()1+()gu(t)
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_a-—1 « a—1 « ;
= o) tre® o) i+ ap®

_oa=1/-" au(t) B a

oY) ( f+au(t)) t+ au(t)
t(a—1) 3 a

o(t)(t +au(t))  t+au(t)
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at —t —au(t) — at
a(t)(t + apu(t))
t+ au(t)
~o()(t + an(t))

a(t)

Therefore,

ea;)l(t, to)
o(t
- €a— a t, t
e%(t, to) 07!)19?( ’ 0)
—e ﬁ(t’ to)
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Let f € C,q and —uf? € R. Define the hyperbolic functions coshs and
sinhs by
g ref and sinhf = &=
2 =

v,

Let f € Cpq and —uf? € R. Then

coshs =

A : C A 2 k2
coshg' = fsinhg, sinhg = fcoshs and coshf —sinhg =e_ .
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We have
A
e e_
coshfA = <f+2f>
el + &b,
fef — fe,f

ef — e_f

= fsinhy,

0J
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2
o ef — e_f
hA _
Sy < 2 )
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and
2 2
er+e_ er —e_
cosh? —sinh? = (f+2f> _ (f2f>
B e,? + 2ere_r + eEf — e? + 2ere_f — eff
- 4
= €feé_rf
= Cfgp(—f)
= e,#fz
The proof is complete. O
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Example
Let T = Z. We compute cosh%(t, to) and sinh%(t, to) for t, to € T. Here,
u(t)y=1and f = % Then

1 3
1—u2f2:1—zzz¢o.

Therefore, cosh%(t, to) and sinh%(t, to) are well defined. We have

3 t—to 1 t—to
e%(t, to) = (§> and e_%(t, to) = <§> .

Hence,
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ei(t,to) +e_1
cosh%(t,to) = 2 5 2

3t—t0 1
2t—t0 2t—t0

2

3t=t 41
EItr=

_ e1(t to) —e_1
Slnh%(t, t)) = 5

(t,to)

3t 1
21+t—t0 .
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Example

Let T = 2No. We compute coshy(t, to) and sinhy(t, to) for t, tg € T. Here,
pu(t) =t and f =2. Then

1—p2(t)f>=1—-4t2#0 forany teT.
Therefore, cosha(t, to) and sinhy(t, to) are well defined. We have

e(t,t))= [ (1+2s), ea(tito)= ] (1-29).

s€([to,t) s€(to,t)

Hence,
v
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cosha(t, tg) = ez(f,to)—i—2e_2(t,t0)
1
- 2 H (1+2s)+ H (1-2s) ],
s€lto;t) selto,)
sinha(t, to) = e2(t7t0)—2€—2(t,to)
1
= 5| II a+29- I a-29)
s€[to,t) s€[to,t)
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Example
Let T = N3. We compute cosha(t, tg) and sinha(t, tg) for t,tg € T. Here,

a(t) = (Vt+1)% u(t)=2Vt+1, f=2

and
1—2(t)f2=1-42Vt+1)>#0 forall teT.

Therefore, cosha(t, tg) and sinha(t, to) are well defined. Note that
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et to) = 1[_[)(1+2(2\/§+1))
= 1[_[ )(3+4\/§),
eo(t,to) = 1[_[ ) (1-2(2vs+1))
- T
Hence, 0,
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coshy(t, tp) = %(6‘2(1“, to) + e_a(t, to))
_ % I G+avs)+ [ (-1-4v5)].
s€(to,t) s€([to,t)
sinha(t, 1) = %(6‘2(1“, to) — e_a(t, to))
_ % I1 G+4vs)— ] (-1-4v5)

s€(to,t) s€(to,t)
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Example

Let T = 3N, We will
We have

COShz(t, to)

Sinhz(t, to)

compute coshy(t, to) and sinha(t, ty) for t, ty € T.

H (1+4s)+ H (1—14s) |,

s€([to,t) s€(to,t)

IT @+4s)— JT 1—4s)

s€([to,t) s€(to,t)
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Let f € Crq and —uf?> € R. Then

(coshg(c, )2 (t) = —F(t)sinhe(c, o(t)).

We have

A
(cosh¢(c, '))A(t) _ (ef(c, t) +2e_,r(c, t))
efA(C, t) + eéf(g t)
2

—f(t)er(c,o(t)) + f(t)e—r(c,o(t))
2

_ —f(ayeeo) = er(co(®)
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Let f € Crq and —uf?> € R. Then

b
/ f(t)sinh¢(c,o(t))At = cosh¢(c, a) — cosh¢(c, b).

We have

f(t)sinh¢(c, o(t)) = (coshe(c, )™ (¢).
Hence,
b b A
/af(t)sinhf(c,a(t)) _ —/a (cosh(c, )2 (1At

t=b
= —cosh¢(c,t)

t=a

= cosh¢(c, a) — cosh¢(c, b),
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Let f € Cpq and —uf? € R. We will simplify

__ cosh¢(s,tp) coshg(t,tg)—sinh¢(s,tp) sinh¢(t,t)

QA= cosh?(s,tg)—sinh?(s,to) !
Q B= coshg(s,to) sinh¢(¢,tp) —sinh¢(s,to) cosh¢(t, to)
cosh?(s,tg)—sinh?(s,to)

November 4, 2025 55 /62
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We have

cosh¢(s, tg) coshr(t, tg) — sinh¢(s, to) sinh¢(t, tp)

er(s, to) + e—¢(s, to) er(t, to) + e—¢(t, to)
2 2

_er(s, to) — e—r(s, to) er(t, to) — e_r(t, to)
2 2

1
= 2 (er(s, t)er(t, to) + er(s, to)er(t, o)

+e_f(s, to)ef(t, 1.‘0) + e_f(S, to)e_f(t, to)
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—ef(S, to)ef(l', to) + ef(s, to)e_f(t, to)

Fe_r(s, to)er(t, o) — e (s, to)e—r(t, o))

ef(s, to)e_f(t, to) P e_f(s, to)ef(t, to)
> .
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Also,
2
L L L
cosh?(s, ty) — sinh?(s, ty) = (ef(s, 0) +2e (s, 0)>
 (er(s to) — e(s, )\
2
_ef(s, to) + 2er(s, to)e_¢(s, to) + €2 (s, to)
B 4
B e2(s, to) — 2ef(s, to)e_r(s, to) + €% £(s, to
4
= er(s,tp)e_r(s, to).
Therefore,
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1ef(s, to)e—r(t, to) + e—r(s, to)er(t, to)
2 er(s, to)e_f(s, to)
_ 1 (e—f(t, to) n er(t, to))

2 e_f(s, to) ef(S, to)

= %(Ef(t, s) +e_¢(t,s))

A =
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We have

cosh¢(s, tp) sinh¢(t, tg) — sinh¢(s, to) cosh¢(t, tp)

er(s, to) + e_r(s, to) er(t, to) — e_¢(t, to)
2 2

e,r(S, to) — e_f(s, to) e,r(t, to) - e_f(t, t())
2 2

= %(ef(s, to)er(t, to) — ef(s, to)e—_r(t, to)

+e_r(s, to)er(t, to) — e_r(s, to)e_r(t, tO))
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1
—3 (erls t)er(t, 1) + er(s, to)e_r(2, to)

—e_¢(s, to)er(t, to) — e_f(s, to)e_f(t, tO))

—er(s, to)e_r(t, to) + e_¢(s, to)er(t, to)
> )

Hence,
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er(s, to)e_r(t, to) + e_r(s, to)er(t, to)
er(s, to)e—_r(s, to)

_ef(t,t0) | er(t, to)
(e )

e_r(s,to) er(s, to)

1—
B = -
2

1
2
1
2

(er(t,s) — e-r(t,5))

= sinh¢(t,s).
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