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Definition

Let f , g ∈ Crd and suppose that

2f + µ(f 2 − g2) = 0. (1)

We define the hyperbolic functions chfg and shfg by

chfg =
ef+g + ef−g

2
and shfg =

ef+g − ef−g

2
.
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Theorem

If f , g ∈ Crd satisfy (1), then

ch∆fg = f chfg +g shfg , sh∆fg = g chfg +f shfg

and
ch2fg − sh2fg = 1.

Proof.

We have

ch∆fg =

(
ef+g + ef−g

2

)∆
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Proof.

=
e∆f+g + e∆f−g

2

=
(f + g)ef+g + (f − g)ef−g

2

= f
ef+g + ef−g

2
+ g

ef+g − ef−g

2

= f chfg +g shfg

and
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Proof.

sh∆fg =

(
ef+g − ef−g

2

)∆

=
e∆f+g − pe∆f−g

2

=
(f + g)ef+g − (f − g)ef−g

2

= f
ef+g − ef−g

2
+ g

ef+g + ef−g

2

= f shfg +g chfg .

Next,
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Proof.

ch2fg − sh2fg =

(
ef+g + ef−g

2

)2

−
(
ef+g − ef−g

2

)2

=
e2f+g + 2ef+gef−g + e2f−g

4

−
e2f+g − 2ef+gef−g + e2f−g

4

= ef+gef−g

= e(f+g)⊕(f−g).
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Proof.

Note that

(f + g)⊕ (f − g) = f + g + f − g + µ(f + g)(f − g)

= 2f + µ(f 2 − g2)

= 0.

Therefore,
ch2fg − sh2fg = 1,

completing the proof.
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Example

Let f , g ∈ Crd satisfy (1). We will prove that

1 shfg (t, s) = − shfg (s, t),

2 shfg (t, s) = shfg (t, r) chfg (r , s)− chfg (t, r) shfg (s, r),

3 shfg (t, r) = shfg (t, s) chfg (s, r) + chfg (t, s) shfg (s, r).
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Example

We have

shfg (t, s) =
ef+g (t, s)− ef−g (t, s)

2

=

1
ef+g (s,t)

− 1
ef−g (s,t)

2

=
ef−g (s, t)− ef+g (s, t)

2ef+g (s, t)ef−g (s, t)

= −
ef+g (s, t)− ef−g (s, t)

2

= − shfg (s, t).
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Example

We have

shfg (t, r) chfg (r , s)− chfg (t, r) shfg (s, r)

= shfg (t, r) chfg (r , s) + chfg (t, r) shfg (r , s)

=
ef+g (t, r)− ef−g (t, r)

2

ef+g (r , s) + ef−g (r , s)

2

+
ef+g (t, r) + ef−g (t, r)

2

ef+g (r , s) + ef−g (r , s)

2

=
1

4

(
ef+g (t, r)ef+g (r , s) + ef+g (t, r)ef−g (r , s)
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Example

−ef−g (t, r)ef+g (r , s)− ef−g (t, r)ef−g (r , s)
)

+
1

4

(
ef+g (t, r)ef+g (r , s)− ef+g (t, r)ef−g (r , s)

−ef−g (t, r)ef+g (r , s)− ef−g (t, r)ef−g (r , s)
)

=
ef+g (t, s)− ef−g (t, s)

2

= shfg (t, s).
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Example

We have

shfg (t, s) chfg (s, r) + chfg (t, s) shfg (s, r)

=
ef+g (t, s)− ef−g (t, s)

2

ef+g (s, r) + ef−g (s, r)

2

+
ef+g (t, s) + ef−g (t, s)

2

ef+g (s, r)− ef−g (s, r)

2

=
1

4

(
ef+g (t, s)ef+g (s, r) + ef+g (t, s)ef−g (s, r)

−ef−g (t, s)ef+g (s, r)− ef−g (t, s)ef−g (s, r)
)
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Example

+
1

4

(
ef+g (t, s)ef+g (s, r)− ef+g (t, s)ef−g (s, r)

+ef−g (t, s)ef+g (s, r)− ef−g (t, s)ef−g (s, r)
)

=
ef+g (t, r)− ef−g (t, r)

2

= shfg (t, r).
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Definition

Let f ∈ Crd and µf 2 ∈ R. Define the trigonometric functions cosf and
sinf by

cosf =
eif + e−if

2
and sinf =

eif − e−if

2i
.

Theorem

Let f ∈ Crd and µf 2 ∈ R. Then

cos∆f = −f sinf and sin∆f = f cosf

and
cos2f +sin2f = eµf 2 .

Svetlin G. Georgiev Time Scales Analysis Lecture 16 November 4, 2025 14 / 35



Proof.

We have

cos∆f =

(
eif + e−if

2

)∆

=
e∆if + e∆−if

2

=
ifeif − ife−if

2

= −f
eif − e−if

2i

= −f sinf ,
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Proof.

sin∆f =

(
eif − e−if

2i

)∆

=
e∆if − e∆−if

2i

=
ifeif + ife−if

2i

= f
eif + e−if

2

= f cosf ,
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Proof.

cos2f +sin2f =

(
eif + e−if

2

)2

+

(
eif − e−if

2

)2

=
e2if + 2eif e−if + e2−if

4
−

eif − 2eif e−if + e2−if

4

= eif e−if

= e(if )⊕(−if ).

Since
(if )⊕ (−if ) = (if ) + (−if ) + µ(if )(−if ) = µf 2,

we get the desired result.
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Example

Let f ∈ Crd and µf 2 ∈ R. We simplify

A =
cosf (s, t0) cosf (t, t0) + sinf (s, t0) sinf (t, t0)

cos2f (s, t0) + sin2f (s, t0)
.

We have

cosf (s, t0) cosf (t, t0) + sinf (s, t0) sinf (t, t0)

=
eif (s, t0) + e−if (s, t0)

2

eif (t, t0) + e−if (t, t0)

2
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Example

+
eif (s, t0)− e−if (s, t0)

2i

eif (t, t0)− e−if (t, t0)

2i

=
1

4

(
eif (s, t0)eif (t, t0) + e−if (s, t0)eif (t, t0)

+eif (s, t0)e−if (t, t0) + e−if (s, t0)e−if (t, t0)
)

−1

4

(
eif (s, t0)eif (t, t0)− eif (s, t0)e−if (t, t0)

−e−if (s, t0)eif (t, t0) + e−if (s, t0)e−if (t, t0)
)

=
e−if (s, t0)eif (t, t0) + eif (s, t0)e−if (t, t0)

2
,
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Example

cos2f (s, t0) + sin2f (s, t0)

=

(
eif (s, t0) + e−if (s, t0)

2

)2

+

(
eif (s, t0)− e−if (s, t0)

2i

)2

=
e2if (s, t0) + 2eif (s, t0)e−if (s, t0) + e2−if (s, t0)

4

−
e2if (s, t0)− 2eif (s, t0)e−if (s, t0) + e2−if (s, t0)

4

= eif (s, t0)e−if (s, t0).

Hence,

Svetlin G. Georgiev Time Scales Analysis Lecture 16 November 4, 2025 20 / 35



Example

A =
1

2

e−if (s, t0)eif (t, t0) + eif (s, t0)e−if (t, t0)

eif (s, t0)e−if (s, t0)

=
1

2

(
eif (t, t0)

eif (s, t0)
+

e−if (t, t0)

e−if (s, t0)

)
=

1

2
(eif (t, s) + e−if (t, s))

= cosf (t, s).
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Definition

Let f , g ∈ Crd and assume

2f + µ(f 2 + g2) = 0. (2)

Define the trigonometric functions cfg and sfg by

cfg =
ef+ig + ef−ig

2
and sfg =

ef+ig − ef−ig

2i
.
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Theorem

Let f , g ∈ Crd satisfy (2). Then

c∆fg = f cfg −g sfg and s∆fg = g cfg +fsfg

and
c2fg +s2fg = 1.

Proof.

We have

c∆fg =

(
ef+ig + ef−ig

2

)∆

=
e∆f+ig + e∆f−ig

2
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Proof.

=
(f + ig)ef+ig + (f − ig)ef−ig

2

= f
ef+ig + ef−ig

2
+ ig

ef+ig − ef−ig

2

= f cfg −g
ef+ig − ef−ig

2i

= f cfg −g sfg ,
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Proof.

s∆fg =

(
ef+ig − ef−ig

2i

)∆

=
e∆f+ig − e∆f−ig

2i

=
(f + ig)ef+ig − (f − ig)ef−ig

2i

= f
ef+ig − ef−ig

2i
+ g

ef+ig + ef−ig

2

= f sfg +g cfg ,

and

Svetlin G. Georgiev Time Scales Analysis Lecture 16 November 4, 2025 25 / 35



Proof.

c2fg +s2fg =

(
ef+ig + ef−ig

2

)2

+

(
ef+ig − ef−ig

2i

)2

=
e2f+ig + 2ef+igef−ig + e2f−ig

4

−
e2f+ig − 2ef+igef−ig + e2f−ig

4

= e(f+ig)⊕(f−ig).

Since
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Proof.

(f + ig)⊕ (f − ig) = f + ig + f − ig + µ(f + ig)(f − ig)

= 2f + µ(f 2 + g2)

= 0,

we get
c2fg +s2fg = 1,

completing the proof.
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Example

Let f , g ∈ Crd satisfy (2). We will prove that

1 cfg (s, t) = cfg (t, s),

2 cfg (t, s) = cfg (t, r) cfg (s, r) + sfg (t, r) sfg (s, r),

3 cfg (t, r) = cfg (t, s) cfg (s, r)− sfg (t, s) sfg (s, r).
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Example

We have

cfg (t, s) =
ef+ig (t, s) + ef−ig (t, s)

2

=

1
ef+ig (s,t)

+ 1
ef−ig (s,t)

2

=
ef+ig (s, t) + ef−ig (s, t)

2ef+ig (s, t)ef−ig (s, t)

=
ef+ig (s, t) + ef−ig (s, t)

2

= cfg (s, t).
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Example

We have

cfg (t, r) cfg (s, r) =
ef+ig (t, r) + ef−ig (t, r)

2

ef+ig (s, r) + ef−ig (s, r)

2

=
1

4

(
ef+ig (t, r)ef+ig (s, r) + ef+ig (t, r)ef−ig (s, r)

+ef−ig (t, r)ef+ig (s, r) + ef−ig (t, r)ef−ig (s, r)
)
,
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Example

sfg (t, r) sfg (s, r) =
ef+ig (t, r)− ef−ig (t, r)

2i

ef+ig (s, r)− ef−ig (s, r)

2i

= −1

4

(
ef+ig (t, r)ef+ig (s, r)− ef+ig (t, r)ef−ig (s, r)

−ef−ig (t, r)ef+ig (s, r) + ef−ig (t, r)ef−ig (s, r)
)
.

Hence,
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Example

cfg (t, r) cfg (s, r) + sfg (t, r) sfg (s, r)

=
1

2
(ef+ig (t, r)ef−ig (s, r) + ef−ig (t, r)ef+ig (s, r))

=
1

2
(ef+ig (t, r)ef+ig (r , s) + ef−ig (t, r)ef−ig (r , s))

=
1

2
(ef+ig (t, s) + ef−ig (t, s))

= cfg (t, s).
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Example

We have

cfg (t, s) cfg (s, r) =
ef+ig (t, s) + ef−ig (t, s)

2

ef+ig (s, r) + ef−ig (s, r)

2

=
1

4

(
ef+ig (t, r) + ef−ig (t, r) + ef+ig (t, s)ef−ig (s, r)

+ef−ig (t, s)ef+ig (s, r)
)
,
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Example

sfg (t, s) sfg (s, r) =
ef+ig (t, s)− ef−ig (t, s)

2i

ef+ig (s, r)− ef−ig (s, r)

2i

= −1

4

(
ef+ig (t, r) + ef−ig (t, r)− ef+ig (t, s)ef−ig (s, r)

−ef−ig (t, s)ef+ig (s, r)
)
.
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Example

Hence,

cfg (t, s) cfg (s, r)− sfg (t, s) sfg (s, r) =
1

2
(ef+ig (t, r) + ef−ig (t, r))

= cfg (t, r).
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