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Definition

Let f, g € C,q and suppose that
of + u(f* — g%) = 0. (1)
We define the hyperbolic functions chg, and shg, by

efio + €f_
chg = Tte " T8 4nd shg, =

€f+g — €f—¢g
5 ——,

2
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If f,g € Cyq satisfy (1), then
cthg = f chgg +gshg, sthg = gchg +fshg

and
ch,%g — sh,%g =1

We have
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A A
ef+g + ef—g

2
_ (Ft+g)erig +(F—gler g
2
_ fef+g er Cf—g 4 €ft+g ; Cf—g
= fchg +gshg
and O
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Next,

sh

A
fg

A
€f+g — €f—g
(727)

et‘A+g _ pefA—g
2
(f +8)errg — (f —g)er—¢
2
f-eerg — & ¢ €ftg + € g
2 2

f shy +g chyg -
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2 2
ch2 _eh2 — (SfteT g\ _ (E+g g
fg g — 2 2
€2+ 2ef. e + e?
. f+g f+gcf—g f—g
a 4

2 2
. ef+g o 2ef+gef—g + effg
4

= €ftg€fg

= Ef+g)o(f-g)
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Note that

(f+g)e(f-g) = f+g+f—g+uf+g)f—g)

= 2f +u(f*—g°)

Therefore,
ch,%g — sh,%g =1,

completing the proof. []
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Let f, g € C,q satisfy (1). We will prove that
@ shg(t,s) = —shg(s,t),
@ shg(t,s) =shg(t,r)chg(r,s) — chg(t, r)shg(s,r),
@ shg(t,r) =shg(t,s)chg(s,r) + chg(t,s)shg(s,r).
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We have
t,s) — er_,(t,
Shfg(t, S) ef+g( 5) ; ef g( 5)
11
ef+g(svt) ef—g(svt)

2

ef,g(S, t) — eerg(S, t)
2eryg(s, t)er—g(s, t)

_ ef+g(57 t) — ef—g(57 t)
2

= —shg(s,t).
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We have
sheg(t, r) chg(r,s) — chg(t, r)she(s,r)
= shg(t,r)chg(r,s) + chg(t, r)shg(r,s)

erig(t,r) —er_g(t,r) erig(r,s) + er—g(r,s)
2 2

erig(t,r) +er—g(t,r) erig(r,s) + er—g(r,s)

+ 2 2

1
— 3 (ersglt, Nerig(r,) + erig(t, er—g(r,9)
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_ef—g(tv r)ef-i-g(r? S) - ef—g(t’ r)ef—g(r7 5))

1
+7 (erva(t, errg(r,s) — ersglt, rer—g(r,)

—E'f_g(t, r)ef+g(r7 S) - ef—g(t’ r)ef—g(r7 S))

ef+g(t7 5) — ef—g(ta 5)
2

= shg(t,s).
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We have
shi(t,s) chg(s, r) + chg(t,s)she(s,r)

ef-‘rg(ta 5) — Ef_g(t, S) ef—l—g(s’ r) + ef_g(S, r)
2 2

erig(t,s) + er—g(t,s) erig(s,r) — er—g(s,r)
2 2

1
= 7 (errlt: SJersgls,r) + ervglt, )er—g(s. 1)

—er_g(t,s)erig(s,r) — er—g(t,s)er—g(s, r))
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1
+5 (erre(t,s)errg(s, 1) = ersg(t, s)er—g(s:7)

terg(t, s)errg(s.r) — er—g(t s)er—g(s,7))

ef+g(t7 r) — Ef_g(t, r)
2

= Shfg(t, r).
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Let f € Cq and ,uf2 € R. Define the trigonometric functions coss and
sing by

eif + e_jf . eif — e_jf
—— and sinf= ———.

2 2i

Let f € C.q and ,uf2 € R. Then

cosf =

cos,cA = —fsing and sinfA = f cosy

and

cos? 4 sin? = By
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We have
A
eif +e_;
cost = (f+2f)

A A
€ + €T
2
ife,'f — I'fe,,'f
2
€if — €—ijf

- —f
2i

= —fsiny,

0J
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eif — e_jf A
sian _ AL
2i

€r — € i
2i

ife,-f + ife_ if
2i

eif + e_jf

= f
2

= f cosy,
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eir +e_ir )’ eir —e_ir )’
2 -2 _ ] —1 i — C—
cosf +siny = (2 > = <2 )
2 o 2 I P 2
et 2eire_jr + e ¢ _&if 2eire_jf + € ¢
B 4 4
= €jifé_jf
= &if)yo(-if):
Since
(if) ® (—if) = (if) + (—if) + p(if )(—if) = pf?,
we get the desired result. [
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Let f € C,q and uf? € R. We simplify

cosf (s, to) cos¢(t, to) + sing(s, to) sin¢(t, to)

A=
cos?(s, tg) + sin?(s, to)

We have

cosf(s, to) cos¢(t, to) + sin¢(s, to) sin¢(t, to)

eir(s, to) + e_ir(s, to) eir(t, to) + e_ir(t, to)
2 2
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eir (s, to) — e_ir(s, to) eir(t, to) — e_ir(t, to)
+ 2i 2i

1
= 7 (eif(S, to)eir(t, to) + e_ir(s, to)eir (t, to)
+eir (s, to)e_ir(t, to) + e_jr(s, to)e—ir (t, to))
1
—2 (eif(S, to)eir(t, to) — eir (s, to)e_ir(t, to)

—e_jr(s, to)eir(t, to) + e_ir(s, to)e_ir(t, to))

e_ir(s, to)eir(t, to) + ejr (s, to)e_ir(t, to)
2 9
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cos2(s, to) + sin?(s, to)

_ <e,~,c(s7 to) —|—2e_,-f(s, t0)>2 N (e;f(s, to) —2ie_,-f(s, to))2

el-zf(s, to) + 2eir (s, to)e—ir(s, to) + eE,-f(s, to)
4

el-zf(s, to) = 26,'f(5, to)e_,'f(s, to) + ezl-f(s, to)
4

= eir(s, to)e_ir(s, to).

Hence,
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A =

le_,-f(s, t())e,'f(t, to) = eif(S, to)e—if(t7 tO)
2 eir (s, to)e_ir (s, to)

1 (e,-f(t, to) N e_if(t, to))

2 \eir(s,to)  e_if(s,t)

%(e;f(t, S) =+ e_;f(t, S))

cosf(t, s).
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Definition

Let f, g € C,q and assume
2f +pu(f* +g%) =0. (2)
Define the trigonometric functions cg; and sg, by

_ Cfyig T Efjg

ef +ig — €f—ig
Cfg = > —_— .

and sgp —
g 2i
i
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Let f,g € Cyq satisfy (2). Then
cng =fcgy—gs, and Sng = gCfg +15¢

and
c,%g 4 s,%g = 1.

We have
A
A €ft+ig + €f—ig
‘¢ = \T 2
A A
gt e g
2

0J
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(f +ig)eryig + (f —ig)er—ig

2
£ S tig + er_ig s €ftig — €f—ig
2 2
€ft+ig — €f—ig
fc—g—>——2
I 2i
fcrg —8 5t
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and

Sfg

A
€f+ig — €f—ig
2i

A A
€ ig — € g

2i

(f +ig)eryig — (f —ig)er—ig

2i

fEftig — €f—ig gef+ig ter—ig

2i 2

fsg +gCh,
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2 2
5 > €ftig + ef—jg €f+ig — €f—ig
Gt = (z T

2 2
€fyig T 26rtiger—ig + €f
4

_ig

2 _ , 2
 Cfiig 2efig€r_ig + €
4

= Sf+ig)o(f-ig):

Since O
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(F+ig)o(f—ig) = f+ig+f—ig+p(f+ig)(f—ig)

= 2f + u(f? +g2)

we get

completing the proof. O
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Let f, g € Cyq satisfy (2). We will prove that
o Cfg(57 t) = Cfg(tvs)'
Q cp(t,s) = ce(t,r)ce(s, r) +sg(t, r)se(s,r),
Q cp(t,r) =ce(t,s)cr(s, r) —sg(t,s)sg(s,r).
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We have

ertig(t,s) + er_ig(t,s)
2

Cfg(tv S)

1 1
gD T e (50

2

ervig(s,t) + er—ig(s, t)
2eryig(s, t)er—ig(s, t)

errig(s, t) + er_j(s, 1)
2

= c(s,t).
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We have

er+ig(t,r) + er—ig(t,r) ertig(s, r) + er—ig(s, r)
2 2

Cre(t, r)ceg(s,r) =

1
= = (ef-i-ig(tv r)er+ig(s,r) + erig(t, r)er—ig(s, r)

+er—ig(t, r)eryig(s, r) + er—ig(t, rer_ig(s, f)>,

v
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eryig(t,r) —er_ig(t,r) eryig(s,r) — er_ig(s, r)
2i 2i

sig(t,r)seg(s,r) =
1
= = (eerig(t: r)errig(s,r) — erig(t, r)er—ig(s, r)

—er_ig(t, r)eryig(s, r) + er—ig(t, r)er_ig(s, f))-

Hence,
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Cfg(t7 r) Cfg(57 r) + ng(t7 r) ng(S, r)
(ertig(t, r)er—ig(s,r) + er—ig(t, r)ertig(s, r))

(ertig(t, r)errig(r,s) + er—ig(t, r)er—ig(r,s))

N = N = N =

(ef+ig(t, S) e ef—ig(ta S))

= cg(t,s).
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We have
erii (t,s)+ er_i (t,s) ersir(s er_i (s
Cfg(t,S)Cfg(S,l‘) _ f+lg(7 )'; f Ig(7 ) f+lg( 7r)‘; f lg( 7r)
1
= = (ef-i-ig(t; r)+ er—ig(t,r) + eryig(t, s)er—ig(s, r)

+ef—ig(t7 S)ef-l-fg(s? r)) )
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efris(t,s) — _iz|t,S) efriz(S — €f_jo\S
ng(t,S)ng(S,r) _ f+lg(7 )2ief lg(; ) f+lg( 7r)2i f lg( 7r)

1
= = (ef+ig(t> r)+ er_ig(t,r) — eryig(t,s)er—ig(s, r)

—er_ig(t,s)eryig(s, r)) :
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Hence,
1
Cfg(tv s) Cfg(57 r) — ng(t’ s) ng(57 r) = E(ef-i-fg(t: r)+ ef—ig(t? r))

= Cfg(t, r).
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