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Definition

Let s, t ∈ T. We define the time scales monomials recursively by

g0(t, s) = h0(t, s) = 1

and

gk+1(t, s) =

∫ t

s
gk(σ(τ), s)∆τ, hk+1(t, s) =

∫ t

s
hk(τ, s)∆τ, k ∈ N0.
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Remark

We have

g1(t, s) =

∫ t

s
g0(σ(τ), s)∆τ

=

∫ t

s
∆τ

= t − s,

h1(t, s) =

∫ t

s
h0(τ, s)∆τ

=

∫ t

s
∆τ

= t − s,
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Remark

g2(t, s) =

∫ t

s
g1(σ(τ), s)∆τ

=

∫ t

s
(σ(τ)− s)∆τ,

h2(t, s) =

∫ t

s
h1(τ, s)∆τ

=

∫ t

s
(τ − s)∆τ,

and so on. Moreover,

g∆
k (t, s) = gk−1(σ(t), s), h∆k (t, s) = hk−1(t, s), k ∈ N.
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Lemma

Let n ∈ N. If f is n times differentiable and pk , 0 ≤ k ≤ n − 1, are
differentiable at some t ∈ T with

p∆k+1(t) = pσk (t) for all 0 ≤ k ≤ n − 2, n ∈ N \ {1},

then (
n−1∑
k=0

(−1)k f ∆
k
pk

)∆

(t) = (−1)n−1f ∆
n
(t)pσn−1(t) + f (t)p∆0 (t).
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Proof.

We have (
n−1∑
k=0

(−1)k f ∆
k
pk

)∆

(t) =
n−1∑
k=0

(−1)k
(
f ∆

k
pk

)∆
(t)

=
n−1∑
k=0

(−1)k
(
f ∆

k+1
(t)pσk (t) + f ∆

k
(t)p∆k (t)

)

=
n−1∑
k=0

(−1)k f ∆
k+1

(t)pσk (t) +
n−1∑
k=0

(−1)k f ∆
k
(t)p∆k (t)

=
n−2∑
k=0

(−1)k f ∆
k+1

(t)pσk (t) + (−1)n−1f ∆
n
(t)pσn−1(t)

+
n−1∑
k=1

(−1)k f ∆
k
(t)p∆k (t) + f ∆

0
(t)p∆0 (t)
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Proof.

=
n−2∑
k=0

(−1)k f ∆
k+1

(t)p∆k+1(t) + (−1)n−1f ∆
n
(t)pσn−1(t)

+
n−2∑
k=0

(−1)k+1f ∆
k+1

(t)p∆k+1(t) + f (t)p∆0 (t)

= (−1)n−1f ∆
n
(t)pσn−1(t) + f (t)p∆0 (t),

completing the proof.
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Lemma

The functions gn(t, s) satisfy for all t ∈ T the relationship

gn(ρ
k(t), t) = 0 for all n ∈ N and all 0 ≤ k ≤ n − 1.

Proof.

Let n ∈ N be arbitrarily chosen. Then

gn(ρ
0(t), t) = gn(t, t)

=

∫ t

t
gn−1(σ(τ), t)∆τ

= 0.
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Proof.

Assume that

gn−1(ρ
k(t), t) = 0 and gn(ρ

k(t), t) = 0

for some 0 ≤ k < n − 1. We will prove that

gn(ρ
k+1(t), t) = 0.

We have the following cases.
Let ρk(t) be left-dense. Then

ρk+1(t) = ρ(ρk(t)) = ρk(t).

Consequently, using the induction assumption, we have

gn(ρ
k+1(t), t) = gn(ρ

k(t), t) = 0.
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Proof.

Let ρk(t) be left-scattered. Then

ρ(ρk(t)) < ρk(t),

and there is no s ∈ T such that ρk+1(t) < s < ρk(t). Hence,

σ(ρk+1(t)) = ρk(t).

Therefore

gn(σ(ρ
k+1(t)), t) = gn(ρ

k+1(t), t) + µ(ρk+1(t))g∆
n (ρk+1(t), t),

i.e.,

gn(ρ
k(t), t) = gn(ρ

k+1(t), t) + µ(ρk+1(t))g∆
n (ρk+1(t), t),

whereupon
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Proof.

gn(ρ
k+1(t), t) = gn(ρ

k(t), t)− µ(ρk+1(t))g∆
n (ρk+1(t), t)

= gn(ρ
k(t), t)− µ(ρk+1(t))gn−1(σ(ρ

k+1(t)), t)

= gn(ρ
k(t), t)− µ(ρk+1(t))gn−1(ρ

k(t), t)

= 0.

The proof is complete.
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Lemma

Let n ∈ N and suppose that f is n − 1 times differentiable at ρn−1(t).
Then

f (t) =
n−1∑
k=0

(−1)k f ∆
k
(ρn−1(t))gk(ρ

n−1(t), t).

Proof.

Since,

0∑
k=0

(−1)k f ∆
k
(ρ0(t))gk(ρ

0(t), t) = (−1)0f ∆
0
(t)g0(t, t)

= f (t),

the claim holds for n = 1.
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Proof.

Assume that

f (t) =
m−1∑
k=0

(−1)k f ∆
k
(ρm−1(t))gk(ρ

m−1(t), t)

holds for some m ∈ N. We will prove that

f (t) =
m∑

k=0

(−1)k f ∆
k
(ρm(t))gk(ρ

m(t), t).

Let ρm−1(t) be left-dense. Then

ρm(t) = ρ(ρm−1(t)) = ρm−1(t).

Thus, using the induction assumption, we obtain
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Proof.

m∑
k=0

(−1)k f ∆
k
(ρm(t))gk(ρ

m(t), t)

=
m−1∑
k=0

(−1)k f ∆[k(ρm(t))gk(ρ
m(t), t) + (−1)mf ∆

m
(ρm(t))gm(ρ

m(t), t)

=
m−1∑
k=0

(−1)k f ∆
k
(ρm−1(t))gk(ρ

m−1(t), t)

+(−1)mf ∆
m
(ρm−1(t))gm(ρ

m−1(t), t)

=
m−1∑
k=0

(−1)k f ∆
k
(ρm−1(t))gk(ρ

m−1(t), t)

= f (t),

where we have applied Lemma 3 for the third equality.
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Proof.

Let ρm−1(t) be left-scattered. Then

ρm(t) = ρ(ρm−1(t)) < ρm−1(t),

and there is no s ∈ T such that

ρm(t) < s < ρm−1(t).

Also,
σ(ρm(t)) = ρm−1(t).

Hence,
gk(σ(ρ

m(t)), t) = gk(ρ
m−1(t), t).

Therefore,

gk(ρ
m−1(t), t) = gk(σ(ρ

m(t)), t)
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Proof.

= gk(ρ
m(t), t) + µ(ρm(t))g∆

k (ρm(t), t)

= gk(ρ
m(t), t) + µ(ρm(t))gk−1(σ(ρ

m(t)), t)

= gk(ρ
m(t), t) + µ(ρm(t))gk−1(ρ

m−1(t), t),

whereupon

gk(ρ
m(t), t) = gk(ρ

m−1(t), t)− µ(ρm(t))gk−1(ρ
m−1(t), t).

Consequently,
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Proof.

m∑
k=0

(−1)k f ∆
k
(ρm(t))gk(ρ

m(t), t)

= f (ρm(t)) +
m∑

k=1

(−1)k f ∆
k
(ρm(t))gk(ρ

m(t), t)

= f (ρm(t)) +
m∑

k=1

(−1)k f ∆
k
(ρm(t))gk(ρ

m−1(t), t)

+
m∑

k=1

(−1)k−1f ∆
k
(ρm(t))µ(ρm(t))gk−1(ρ

m−1(t), t)
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Proof.

= f (ρm(t)) +
m−1∑
k=1

(−1)k f ∆
k
(ρm(t))gk(ρ

m−1(t), t)

+(−1)mf ∆
m
(ρm(t))gm(ρ

m−1(t), t)

+
m−1∑
k=0

(−1)k f ∆
k+1

(ρm(t))µ(ρm(t))gk(ρ
m−1(t), t)

=
m−1∑
k=0

(−1)k f ∆
k
(ρm(t))gk(ρ

m−1(t), t)

+
m−1∑
k=0

(−1)kµ(ρm(t))f ∆
k+1

(ρm(t))gk(ρ
m−1(t), t)
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Proof.

=
m−1∑
k=0

(−1)k
(
f ∆

k
(ρm(t)) + µ(ρm(t))(f ∆

k
)∆(ρm(t))

)
gk(ρ

m−1(t), t)

=
m−1∑
k=0

(−1)k f ∆
k
(σ(ρm(t)))gk(ρ

m−1(t), t)

=
m−1∑
k=0

(−1)k f ∆
k
(ρm−1(t))gk(ρ

m−1(t), t)

= f (t).

This completes the proof.
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Theorem (Taylor’s Formula)

Let n ∈ N. Suppose that f is n times differentiable on Tκn
. Let α ∈ Tκn−1

and t ∈ T. Then

f (t) =
n−1∑
k=0

(−1)kgk(α, t)f
∆k

(α)

+

∫ ρn−1(t)

α
(−1)n−1gn−1(σ(τ), t)f

∆n
(τ)∆τ.
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Proof.

We note that, applying Lemma 2 for pk = gk , we have(
n−1∑
k=0

(−1)kgk(·, t)f ∆
k

)∆

(τ)

= (−1)n−1f ∆
n
(τ)gn−1(σ(τ), t) + f (τ)g∆

0 (τ, t)

= (−1)n−1f ∆
n
(τ)gn−1(σ(τ), t) for all τ ∈ Tκn

.

We integrate the last relation from α to ρn−1(t) to obtain
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Proof.

∫ ρn−1(t)

α

(
n−1∑
k=0

(−1)kgk(·, t)f ∆
k

)∆

(τ)∆τ

=

∫ ρn−1(t)

α
(−1)n−1f ∆

n
(τ)gn−1(σ(τ), t)∆τ,

i.e.,

n−1∑
k=0

(−1)kgk(ρ
n−1(t), t)f ∆

k
(ρn−1(t))−

n−1∑
k=0

(−1)kgk(α, t)f
∆k

(α)

=

∫ ρn−1(t)

α
(−1)n−1f ∆

n
(τ)gn−1(σ(τ), t)∆τ.
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Proof.

Hence, applying Lemma 4, we get

f (t)−
n−1∑
k=0

(−1)kgk(α, t)f
∆k

(α) =

∫ ρn−1(t)

α
(−1)n−1f ∆

n
(τ)gn−1(σ(τ), t)∆τ,

completing the proof.
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Theorem

The functions gn and hn satisfy the relationship

hn(t, s) = (−1)ngn(s, t)

for all t ∈ T and all s ∈ Tκn
.

Proof.

Let t ∈ T and s ∈ Tκn
be arbitrarily chosen. We apply the previous

theorem for α = s and f (τ) = hn(τ, s). We observe that
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Proof.

f ∆
k
(τ) = hn−k(τ, s), 0 ≤ k ≤ n.

Hence,
f ∆

k
(s) = hn−k(s, s) = 0, 0 ≤ k ≤ n − 1

and
f ∆

n
(s) = h0(s, s) = 1, f ∆

n+1
(τ) = 0.

From here, using Taylor’s formula, we get

f (t) = hn(t, s)

=
n∑

k=0

(−1)kgk(α, t)f
∆k

(α) +

∫ ρn(t)

α
(−1)ngn(σ(τ), t)f

∆n+1
(τ)∆τ
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Proof.

=
n∑

k=0

(−1)kgk(s, t)f
∆k

(s) +

∫ ρn(t)

s
(−1)ngn(σ(τ), t)f

∆n+1
(τ)∆τ

=
n−1∑
k=0

(−1)kgk(s, t)f
∆k

(s) + (−1)ngn(s, t)f
∆n

(s)

= (−1)ngn(s, t)f
∆n

(s)

= (−1)ngn(s, t),

i.e.,
hn(t, s) = (−1)ngn(s, t),

completing the proof.
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From these theorems, the following result is clear.

Theorem (Taylor’s Formula)

Let n ∈ N. Suppose that f is n times differentiable on Tκn
. Let α ∈ Tκn−1

and t ∈ T. Then

f (t) =
n−1∑
k=0

hk(t, α)f
∆k

(α) +

∫ ρn−1(t)

α
hn−1(t, σ(τ))f

∆n
(τ)∆τ.

Corollary

If α ∈ [a, b], then
∞∑
k=0

αkhk(t, α)

is absolutely and uniformly convergent on the interval a ≤ t ≤ b.
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Now, we assume that T is unbounded above.

Definition

Suppose that the real-valued function f is defined on [a,∞) and is
integrable from a to any point A ∈ T, A ≥ a. Assume that the integral

F (A) =

∫ A

a
f (t)∆t

approaches a finite limit as A → ∞. Then we call that limit the improper
integral of the first kind from a to ∞ and write∫ ∞

a
f (t)∆t = lim

A→∞

{∫ A

a
f (t)∆t

}
. (1)
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Definition

In such a case, we say that the improper integral∫ ∞

a
f (t)∆t (2)

exists or that it is convergent. If the limit does not exist, then the
improper integral (2) is said to be not existent or divergent.
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Example

Let T = Z. We consider

I =

∫ ∞

1

3t2 + 3t + 1

t3(t + 1)3
∆t.

We have σ(t) = t + 1 and(
1

t3

)∆

= − (t3)∆

t3(σ(t))3

= −(σ(t))2 + tσ(t) + t2

t3(t + 1)3

= −(t + 1)23 + t(t + 1) + t2

t3(t + 1)3

= − t2 + 2t + 1 + t2 + t + t2

t3(t + 1)3

= −3t2 + 3t + 1

t3(t + 1)3
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Example

Therefore, ∫ ∞

1

3t2 + 3t + 1

t3(t + 1)3
∆t = lim

A→∞

∫ A

1

3t2 + 3t + 1

t3(t + 1)3
∆t

= − lim
A→∞

∫ A

1

(
1

t3

)∆

∆t

= − lim
A→∞

1

t3

∣∣∣t=A

t=1

= − lim
A→∞

(
1

A3
− 1

)
= 1.
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Example

Let T = 2N0 . We consider

I =

∫ ∞

1

1

t3
∆t.

Here, σ(t) = 2t and (
1

t2

)∆

= − (t2)∆

t2(σ(t))2

= −σ(t) + t

4t4

= −2t + t

4t4

= − 3

4t3
,

whereupon
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Example

1

t3
= −4

3

(
1

t2

)∆

.

Therefore

I = lim
A→∞

∫ A

1

1

t2
∆t

= −4

3
lim

A→∞

∫ A

1

(
1

t2

)∆

∆t

= −4

3
lim

A→∞

1

t2

∣∣∣t=A

t=1

= −4

3
lim

A→∞

(
1

A2
− 1

)
=

4

3
.
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Example

Let T = 3N0 . We consider

I =

∫ ∞

1

1√
t
∆t.

Here, σ(t) = 3t and

(
√
t)∆ =

√
σ(t)−

√
t

σ(t)− t

=

√
σ(t)−

√
t

(
√
σ(t)−

√
t)(
√
σ(t) +

√
t)

=
1√

σ(t) +
√
t

=
1

(1 +
√
3)
√
t
,

whereupon
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Example

1√
t
= (1 +

√
3)(

√
t)∆.

Therefore,

I = lim
A→∞

∫ A

1

1√
t
∆t

= (1 +
√
3) lim

A→∞

∫ A

1
(
√
t)∆∆t

= (1 +
√
3) lim

A→∞

√
t
∣∣∣t=A

t=1

= (1 +
√
3) lim

A→∞
(
√
A− 1)

= ∞.

Consequently, this improper integral diverges to ∞.
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Theorem (Cauchy’s Criterion)

For the existence of the integral (1), it is necessary and sufficient that for
any given ε > 0, there exists A0 > a such that∣∣∣∣∫ A2

A1

f (t)∆t

∣∣∣∣ < ε (3)

for any A1,A2 ∈ T satisfying the inequalities A1 > A0 and A2 > A0.

Proof.

The convergence of the integral (1) is equivalent to the existence of the
limit limA→∞ F (A). Using Cauchy’s criterion for the existence of the limit
of a function, it follows that the existence of the integral (1) is equivalent
to the condition (3).
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Example

Let T = 3Z. We prove that the integral∫ ∞

1

1

t2 + 11t + 28
∆t

is convergent. Note that σ(t) = t + 3 and(
1

t + 4

)∆

= − (t + 4)∆

(t + 4)(σ(t) + 4)

= − 1

(t + 4)(t + 7)

= − 1

t2 + 11t + 28
.

Svetlin G. Georgiev Time Scales Analysis Lecture 17 November 5, 2025 37 / 45



Example

Let ε > 0 be arbitrarily chosen. We take

A > max

{
2− 4ε

ε
, 1

}
.

Then, for any A1,A2 > A, we have∣∣∣∣∫ A2

A1

1

t2 + 11t + 28
∆t

∣∣∣∣ =

∣∣∣∣∣−
∫ A2

A1

(
1

t + 4

)∆

∆t

∣∣∣∣∣
=

∣∣∣∣ 1

t + 4

∣∣∣t=A2

t=A1

∣∣∣∣
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Example

=

∣∣∣∣ 1

A2 + 4
− 1

A1 + 4

∣∣∣∣
≤ 1

A2 + 4
+

1

A1 + 4

<
2

A+ 4

< ε.

Therefore, employing the Cauchy criterion, we conclude that the
considered integral is convergent.
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Example

Let T = 2N0 . We investigate the integral∫ ∞

1

3t + 7

2(t + 2)(t + 3)(t + 4)(2t + 3)
∆t

for convergence. Here, σ(t) = 2t and(
1

(t + 3)(t + 4)

)∆

= − ((t + 3)(t + 4))∆

(t + 3)(t + 4)(σ(t) + 3)(σ(t) + 4)

= −(t + 3)∆(t + 4) + (σ(t) + 3)(t + 4)∆

2(t + 2)(t + 3)(t + 4)(2t + 3)

= − t + 4 + 2t + 3

2(t + 2)(t + 3)(t + 4)(2t + 3)

= − 3t + 7

2(t + 2)(t + 3)(t + 4)(2t + 3)
.

Svetlin G. Georgiev Time Scales Analysis Lecture 17 November 5, 2025 40 / 45



Example

Let ε > 0 be arbitrarily chosen. We take A > 1 such that

A2 + 7A+ 21− 2

ε
> 0.

Then, for any A1,A2 > A, we have∣∣∣∣∫ A2

A1

3t + 7

2(t + 2)(t + 3)(t + 4)(2t + 3)
∆t

∣∣∣∣
=

∣∣∣∣∣−
∫ A2

A1

(
1

(t + 3)(t + 4)

)∆

∆t

∣∣∣∣∣
=

∣∣∣∣− 1

(t + 3)(t + 4)

∣∣∣t=A2

t=A1

∣∣∣∣
=

∣∣∣∣− 1

(A2 + 3)(A2 + 4)
+

1

(A1 + 3)(A1 + 4)

∣∣∣∣
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Example

≤ 1

(A2 + 3)(A2 + 4)
+

1

(A1 + 3)(A1 + 4)

<
2

(A+ 3)(A+ 4)

< ε.

Thus, using the Cauchy criterion, it follows that the considered integral is
convergent.
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Example

Let T = 2N0 . We investigate the integral∫ ∞

1

2 sin t − sin(2t)

2t2
∆t

for convergence. Here, σ(t) = 2t and(
sin t

t

)∆

=
t(sin t)∆ − t∆ sin t

tσ(t)

=
t sin(2t)−sin t

2t−t − sin t

2t2

=
sin(2t)− 2 sin t

2t2
.
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Example

Let ε > 0 be arbitrarily chosen. We take A > 2
ε . Then, for any

A1,A2 > A, we have∣∣∣∣∫ A2

A1

2 sin t − t sin(2t)

2t2
∆t

∣∣∣∣ =

∣∣∣∣∣−
∫ A2

A1

(
sin t

t

)∆

∆t

∣∣∣∣∣
=

∣∣∣∣−sin t

t

∣∣∣t=A2

t=A1

∣∣∣∣
=

∣∣∣∣−sinA2

A2
+

sinA1

A1

∣∣∣∣
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Example

≤ | sinA2|
A2

+
| sinA1|

A1

≤ 1

A2
+

1

A1

<
2

A

< ε.

Thus, using the Cauchy criterion, we conclude that the considered integral
is convergent.
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