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Definition

Let s,t € T. We define the time scales monomials recursively by

go(t,s) = ho(t,s) =1

and

t t
gera(t,s) = / gu(0(7), $)AT,  hesa(t,s) = / he(r,s)Ar, Kk € No.
S )

v
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We have
ales) = / ao(o(), s)AT

S
t
= AT

S

= t—s,

h(t,s) = /  ho(r,s)Ar

s
t
= AT

s

= t—s,
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alts) — | G

and so on. Moreover,

gkA(tv 5) = gk—l(a(t)75)7

= [m)-9n

hg(t, S) = / hl(T, S)AT

S

= /st(T — s)Ar,

h2(t,s) = he_1(t,s), keN.
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Let n € N. If f is n times differentiable and py, 0 < k < n—1, are
differentiable at some t € T with

peii(t) = pi(t) forall 0<k<n-2, neN\{1l},

then

n—1 A
(Z(_l)kakPk> (t) = (=1)" A" (0)p7 1 () + ()5 (2).

k=0
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We have

n—1 A n—1
(Z(—l)kf“pk> (0= >0 (r'p) " (0
k=0

n—

= DD (A (pR() + A (D6R (1))

k=0
n—1 n—1
= DDA (OpE () + D (1A ()P (1)
k=0 k=0
n—2

= SR (0P (8) + (~1)" A (£)pg_y ()

+ 3 (DR ()R () + FA ()P (1)
k=1
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n—2
= S (DR (PR (1) + (—1)"LFA (8)pg 4 (1)
k=0

P31 (1) (1) + AR (1)
k=0

= ()" A (8)pr_a(8) + £(2)p5 (t),

completing the proof. O
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The functions gn(t, s) satisfy for all t € T the relationship

gn(p“(t),t)=0 forall neN andall 0<k<n-—1.

.

Let n € N be arbitrarily chosen. Then

gn(°(t),t) = gt t)

- /t “ar 1(0(r), )AT

= 0.
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Assume that
gn1(p (1), ) =0 and gy(p"(t),t) =0
for some 0 < k < n— 1. We will prove that
gn(pPH1(t), 1) = 0.

We have the following cases.
Let p*(t) be left-dense. Then

PHLE) = p(pH (1)) = P4 (1):

Consequently, using the induction assumption, we have

gn(p*H(t), t) = gn(p*(t). t) = 0.

Ol
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Let p*(t) be left-scattered. Then

plo" (1) < p(1),
and there is no s € T such that pk*1(t) < s < p¥(t). Hence,
o(p1 (1)) = P (2).
Therefore

gn(a(P*T(1)), t) = galp* T (1), t) + u(p T (1))g (0" (1), 1),

gn(p (1), 1) = gn(P* (1), t) + u(p* T (1))er (P* (1), 1),

whereupon []
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gn(P M), 1) = &n(p(t), 1) — (" (1) (p* (1), t)
= glp"(t), 1) — u(p*TH(t))gn-1(c(p* (1)), t)

= gl(p"(t).t) — u(p" T (t))gn-1(p"(t), t)

The proof is complete. O

Svetlin G. Georgiev Time Scales Analysis Lecture 17 November 5, 2025 11/45



Let n € N and suppose that f is n — 1 times differentiable at p"~(t).

Then
n—1

F(£) = D (~1) FA (0" (1)ak(p" 1 (1), ).

k=0

Since,
0 0
> (LKA (2(0)g(p%(8), ) = (~1)°F2°(t)go(t, )
k=0
= (1),
the claim holds for n = 1. ]
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Assume that

holds for some m € N. We will prove that

m

F(£) = D (=) FA (0™ (t))e(p™ (), ).

k=0

Let p™1(t) be left-dense. Then

p(t) = p(p™H(2)) = p™ ().

Thus, using the induction assumption, we obtain ]
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DL (M (0)ew(p™(2), 1)

k=0
= Y (LR (0))gk(p™ (1), £) + (~1)™ AT (p™(2))gm(p™(2), )
= (DR () gk (™M (2), t)

(1) (0" (E))gm(p™ T (2), )
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Let p™~1(t) be left-scattered. Then
p™(t) = p(p™ (1)) < p" (1),
and there is no s € T such that

pr(t) < s < p"H(1).

Also,
a(p™(t)) = p™H(t)-
Hence,
k(o (p™ (1)), t) = gk(p™ (1), 1)
Therefore,

g(p" (1), 1) = gx(a(p™(t)), 1)
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= g(p™(t),t) + u(p™(t))g (P (1), 1)
= gk(p™(t), t) + u(p"(t))gk—-1(a(p™(t)), t)

= g(p™(t),t) + u(p™(t))gr-1(p" (), 1),

whereupon

gk(p™(t),t) = gk(p™ (1), 1) — p(p™(£))gr-1(p" (1), 1)

Consequently, O
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This completes the proof.

3
w

(=1 (F2* (o™ (e) + (o™ (D) FA YA (6™ (1)) &(p™ (2, 1)

x
Il
o

3
—

(—1)KFA (@ (p™(t)))gr(p™ (2, )

=

— O

3

(—1)KFA (o2 (8))gw(p™ 2 (E), t)

(t).

=
o

~~
~—
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Theorem (Taylor's Formula)

Let n € N. Suppose that f is n times differentiable on T*". Let a € T*"
andt € T. Then

n—1
() = > (~1)*g(a, )2 (a)
k=0

p ()
"‘/ (-1)"gn_1(o(7), t)F2"(1)AT.
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We note that, applying Lemma 2 for px = gx, we have

n—1 A
(Z(—l)kgk(-, f)fAk> (7)

k=0

= (=1)" A (1)gn-1(0(7), t) + F(7)gd (7, 1)

= (=1D)" 12 (7)gn-1(o(7),t) forall 7T,

We integrate the last relation from a to p"~1(t) to obtain O
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n—

1 A
(=1, t)fAk> (r)AT

k=0

/p"_l(f) (

n l(t)
- / (—1)" 2 (D) gnr(o(7), 1) AT,

v

ie.,

n—1
(1) ka(p" (1), FA (0" (1)) — Z( 1)gi(a, t)FA(

k=0

n l(t) .
= [y nga(o(n). DA,
(0%

L]
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Hence, applying Lemma 4, we get
= k Ak Ay A"

(-3 (-D*gda 0 @ = [ (1 (n)gra(o(r). DA,
k=0 a

completing the proof. Ol

v
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The functions g, and h, satisfy the relationship

hn(t’ 5) = (_1)ngn(sv t)
forall t € T and all s € T*". )
Let t € T and s € T*" be arbitrarily chosen. We apply the previous
theorem for & = s and f(7) = hp(7,s). We observe that O

v
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FAN () = hpi(r,s), 0<k<n

Hence, .
fA(s) = hp_k(s,5) =0, 0<k<n-—1

and )
FA"(s) = ho(s,s) =1, fA""(r)=0.

From here, using Taylor's formula, we get

f(t) = hn(t,s)
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n "(t)

_ (—1)kgi(s, t)F2"(s) + /p (=1)"gn(c(7), t)FA"" (1) AT
k S

Il
<}

3
—

= Y (Dkeu(s, A (s) + (—1)ga(s, )FA"(s)

il
o

= (=1)"gn(s, t)f*'(s)

- (_1)ngn(57 t)?

hn(t,s) = (—1)"gn(s, t),
completing the proof. []
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From these theorems, the following result is clear.

Theorem (Taylor's Formula)

Let n € N. Suppose that f is n times differentiable on T*". Let o € ="
andt € T. Then

p" (1)

F(0) = 3 hu(t, )2 () + / ho1(t, o(7))FA" (7) Ar.
k=0 «

If o € [a, b], then

Z oFhy(t, o)
k=0

is absolutely and uniformly convergent on the interval a < t < b.
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Now, we assume that T is unbounded above.

Definition

Suppose that the real-valued function f is defined on [a, c0) and is
integrable from a to any point A€ T, A > a. Assume that the integral

F(A) = / ’ F(t)At

approaches a finite limit as A — oco. Then we call that limit the improper
integral of the first kind from a to oo and write

/:o f(t)at = lim {/A f(t)At}. (1)
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Definition
In such a case, we say that the improper integral

/OO f(t)At (2)

exists or that it is convergent. If the limit does not exist, then the
improper integral (2) is said to be not existent or divergent.
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Let T = Z. We consider

0o 2 1
l:/ 3t 4+ 3t + At
1

t3(t+1)3

We have o(t) = t+ 1 and

1\* (3)2
<t3> RGOS
(o(t))? + to(t) + t2
t3(t+1)3

(t+1)23+t(t +1)+ ¢
t3(t+1)3

2+ 2t + 14 t2+t+t2
t3(t+1)3
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Therefore,
32 4 3t 41 . A3t2 43t +1
—— At = l|lim _————
1 t3(t+1)3 A-oo J; t3(t4+1)3
A A
1
= - Iim/ <—3> At
A—o00 1 t
1 t=A
= — |lim —
A—soco t3 t=1

. 1
()
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Let T = 2No. We consider
(o]
1
1t

o(t)+t
44

Here, o(t) = 2t and

2t +t
44

3
4¢3’

whereupon
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Therefore

1 __4(1\°
3 3\t2)

4 i 1
3 Asoo t2

t=1

v

Svetlin G. Georgiev

Time Scales Analysis Lecture 17

November 5, 2025

vyt

33 /45



Let T = 3N We consider

1

I=[ —=At
1 Vi

Here, o(t) = 3t and

 Wo(t) =Vt
C CETE
Vol - v
(/o) - V(o + V)

1
Vo(t)++/t
1

(1+V3)Vt

paherelinan
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1
72 =+ VAWHS

Therefore,

A
I = lim —At
A—>oo\/1 \/E

A
= (1+V3) lim / (V)2 At

A—o0 1

= (1+V3) I|m Vit

t=1

= (1+3) ||m (\F—l)

= OQ.

Consequently, this improper integral diverges to oc.
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Theorem (Cauchy's Criterion)

For the existence of the integral (1), it is necessary and sufficient that for
any given € > 0, there exists Ag > a such that

~—

/A2 f(t)At‘ <c 3

Ar

for any A1, Ay € T satisfying the inequalities A1 > Ao and Ay > Ag.

The convergence of the integral (1) is equivalent to the existence of the

limit lima_,o0 F(A). Using Cauchy'’s criterion for the existence of the limit
of a function, it follows that the existence of the integral (1) is equivalent
to the condition (3). O
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Let T = 3Z. We prove that the integral
e 1
—— At
/1 t2 4+ 11t + 28
is convergent. Note that o(t) =t + 3 and
( 1 )A (A
t+4 T (t+4)(o(t)+4)

1
(t+4)(t+7)

1
2 111t +28°
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Let € > 0 be arbitrarily chosen. We take

A>max{2_4€,1}.
€

Then, for any A1, Ao > A, we have
Az 1 Az ]_ A
/A1 t2 + 11t + 28 ‘ ‘ /A1 <t+4>

‘ 1

t=A>

t+4

t=A;
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. 1 1
A+ 4 A+4

1 1
< aF
T A+4 A +4
- 2

A+4
< E&.
Therefore, employing the Cauchy criterion, we conclude that the

considered integral is convergent.
v
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Let T = 2No. We investigate the integral

& 3t+7 At
/1 2(t+2)(t +3)(t +4)(2t + 3)

for convergence. Here, o(t) = 2t and

<1>A _ (£ +3)(t +4)2

(t+3)(t+4)) — (t+3)(t+a)(o(t) +3)(a(t) + 4)
(t+3)2(t +4) + (o(t) +3)(t + 4)~
2(t+2)(t+3)(t+4)(2t + 3)

t+4+4+2t+3
2(t+2)(t+ 3)(t +4)(2t + 3)
3t+7
2(t+2)(t+3)(t +4)(2t +3)°
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Let € > 0 be arbitrarily chosen. We take A > 1 such that

A2+7A+21—g>0.
&

Then, for any A1, Ao > A, we have

J/PA2
Ay

3t+7 ’

e+ )t +3) L Me+3)

(t+3)(t+4)

(msitm)A“
1

J/PAZ
Aq

t=A>

t=A;

1 1
(A +3) (A1 4) T (A1 +3)(A1+4) '
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1
S )Mt T a9
2
S A+3)(A1 9
< E&.

Thus, using the Cauchy criterion, it follows that the considered integral is
convergent.
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Let T = 2No. We investigate the integral

% Deint — si
/ sin t sm(2t)At
1 2t2

for convergence. Here, o(t) = 2t and

sint) 2 t(sint)® — tAsint
t to(t)
sin(2t)—sin t
2t—t
2t2

t —sint

sin(2t) — 2sint
2t?
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Let € > 0 be arbitrarily chosen. We take A > % Then, for any
A1, Ax > A, we have

/A2 2sint — tsin(2t)At‘ 3 /Az <sin t)AAt
A 2t2 Ay t

t=Ao

sint

t

t=A;

sinAy  sin Aq
Az A1
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< |sinA2| 4 ‘SinA;[’
Ao A1

_1 1
- A A1
Z
A

< e

Thus, using the Cauchy criterion, we conclude that the considered integral
is convergent.
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