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All theorems for improper integrals of the first kind have exact analogues
for improper integrals of the second kind.

1. For the existence of the improper integral of the second kind, it is
necessary and sufficient that for any given € > 0, there exists by < b such

that o
/ f(t)At
a

for any c1, co € T satisfying the inequalities by < ¢1 < b and by < ¢ < b.

<e
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2. Suppose that f(t) > 0. Then, for any c € [a, b],

F(c) :/C f(t)At

does not decrease as c increases, and the improper integral of the second
kind is convergent if and only if f is bounded, in which case the value of
the integral is lim._,,_ F(c).

3. Let the limit
im T8

t—b— g( t)
exist (finite) and suppose it is not zero. Then the integrals f f(t)At and
f g(t)At are simultaneously convergent or divergent.
S/mllar definitions are made and entirely similar results are obtained for

integrals of the second kind that are improper at the lower limit of
integration.
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Let T be an arbitrary time scale, a, b € T with a < b, and suppose that b
is left-dense. Let p > 1. We prove that the integral

b At
— 1
| e &
is divergent.

1. Let p = 1. Let us choose points t, € T for n € Ny such that

a=ty<t1<...<b and lim t,=b. (2)

n—oo
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Example
We set 1
7T,= — forany n € Np.
n b t y 0
Then lim, oo Th = 00, t, = b — % and
1 1
tn-i—l -t = — =
Tn Tn+1
Tnil — T
— Im1 7T forall ne Np.
TnTn+1

Hence,
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b At i 1 At
a b - t n:0 t" b - t
[e'e)
1 tht1
> At
- Z b — tn t
n=0 n
o tht1 — ty
e b—t,
[es)
Z Tn+l — Tn
= Tn
—0 TnTn+1
[es)
. Z Tn+1 — Tn
—0 Tn+1
= OQ.

™ = — — oyt
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Example
2. Let p > 1. There exists d € [a, b) such that

O0<b—t<1l for te]d,b).

Then
(b—t)P<b—t for te]d,b).

Hence,

/ab (bétnp - /adwé—trw*/dbm

/d At b At
—_|_ -
a (b_t)p d b—t

V

= OQ.

At
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Let T be a time scale as before. Let p < 1 and suppose that for some
a € [1, %)

1 1
— =0 — as k — oo.
b—t <(b— tk)“)

We prove that the improper integral is convergent. Let 7, be as before.

Then
Tk41 = O(7) as k — oo.

Hence, 71 < K7 for all k € Ng, where K > 0 is a constant. Then

8/61

Svetlin G. Georgiev Time Scales Analysis Lecture 19 November 12, 2025



/b At i/fkﬂ At
2 (b=t —u (b—t)P

1 tit1

—_— At
kzz;) (b - tk+1)p ti
_ i tey1 — tk

= (b — tig1)P

o
_ Z Tk+1 — Tk
= — 15

k=0 TkTk+1

IA
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Tk+1 — Tk
s W z 7+1 p
k=0 Tk+1
Thk+1
< Ki / -
1 o0 dt
_ okt / e
70 tatl=p
< ©0.
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Let T be a time scale as before. We consider the integral

/—/b At
s (P4 241)(b—1t)2

/b At
I< | —+ <o
a (b—1t)2

We have
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Let T be a time scale as before. Assume a=0,b =2 11eT We

OX)
consider the integral
2 ta—l
| = / ——At.
o [1—t

We have
1
% ta—l 1 ta—l 2 ta—l
- / L At+ / At + / At.
0 1—1¢ 11—t 1 t—1
2
Since f At is divergent for all & € R, we conclude that the integral /
2
is dlvergent.
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Example

Let T be a time scale as before. Assume a=0,b = 1,% € T. Consider the
integral

1
| = / t271(1 - t)P 1At
0

We have

1 1
= /2 711 — t)'BlAt—l—ﬁ t97 (1 — t)P At
0 2

= h+b.
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Note that /; is convergent for a > 0 and divergent for o < 0. Also, b is
convergent for > 0 and divergent for 3 < 0. Therefore, I is convergent
for « > 0 and 8 > 0, and / is divergent for « < 0 or 5 < 0.
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Let n € N be fixed. For each i € {1,2,...,n}, we denote by T; a time
scale.

Definition
The set

/\”:’]I‘l><']I‘2><--~><’]I‘,,:{t:(t1,t2,...,t,,): t,'ET,’,iZ].,Q,...,I’I}

is called an n-dimensional time scale.

(R,Z,N) is a 3-dimensional time scale.
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(Z,N3,2N N) is a 4-dimensional time scale.

(3Y,4N.Q) is not a 3-dimensional time scale because Q is not a time scale.
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We equip N" with the metric

2

n
d(t,s) = Z|t,-—s,-]2 for t,se A"
i=1

The set \" with this metric is a complete metric space. Therefore, we
have for \" the fundamental concepts such as open balls, neighbourhoods
of points, open sets, compact sets, and so on. Also, we have for functions
f : A" = R the concepts of the limit, continuity, and properties of
continuous functions on general metric spaces.
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Definition
Let oj, i € {1,2,...,n}, be the forward jump operator in T;. The operator
o : N" — R" defined by

o(t) = (o1(t), o2(t),...,on(t))

is said to be the forward jump operator in A".
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Example
Let n =4 and /\4:R><Z><Z><N%. Then

T.=R, To=2%Z, T3=727, T4=N3.
We have that
oi(ti)=t;, BeER, ob)=t+1l neZ
and

0’3(1.'3) =t3+1, t3€7Z, 0’4([‘4) = (\/E—i- 1)2, ty € Ng.

Hence,

Svetlin G. Georgiev Time Scales Analysis Lecture 19 November 12, 2025



o(t) = olts, to,t5,ta) = (1,02 + L, 13+ 1, (VE +1)%),

(tl, t, t3, t4) €Ty x Ty x T3 x T4.
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Let n = 3 and /\3:R><Ng x 3Z. Then
o)) =t, heTI=R, o) =(VR+1)?, ©eTy=N,

and
0’3(t3) =t3+3, t3¢€ TT3=3Z.

Hence,

o(t) =o(t1, tr, t3) = <t17 (V2 + 1)2 B3+ 3) , (t1, ta, t3) € TaxTaxTs.

v
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Example
Let n =2 and A2 = 27 x 2N, Here

Ty =27, T,=2N.

Then
0'1(t1) =t +2, t €Ty, 0'2(t2) =2tp, tp € Th.

Hence,

o(t) =o(t1,t2) = (t1 +2,2t2), (t1,t2) € Ty x To.
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Definition

Let pj, i € {1,2,...,n}, be the backward jump operator in T;. The
operator p : A7 — R" defined by

p(t) = (pl(tl)ap2(t2)a .- ,Pn(tn))7 t= (tl? t2,..., t,,) e N,

is said to be the backward jump operator in A".
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Example

Let n =4 and A* =R x Z x 3V x N3. Here,
Ti=R, To=2, T3=3Y, T,=N3
Then
pi(ti) =t, t1€T1, pat)=t—1, t €Ty,
t
p3(t3) = 337 ts € T3\ {3}, p(3) =3,
pa(ts) = (Va —1)°, ta € T\ {0}, pa(0)=0.
Hence,

Svetlin G. Georgiev Time Scales Analysis Lecture 19 November 12, 2025



p(t) = (pr(t1), p2(t2), p3(13), pa(ta))
(tl, tr — 1, %3, (\:Va = 1)3)
if t; €Ty, thbeTy ft3 €T3\{3}, ta €T4\{0},

(t17 t—1,3, (\3/t_4 - 1)3)

if €Ty, teTy, t3=3 1ty \ {0}
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( (t17 tr — ]-7 %370)
if €Ty, theTy, t3 €T3\{3}, ty = 0,

(tla tr) — ]-7 37 O)

L if €Ty, theTy, t3=3, t;=0.
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Example
Let n=2 and A2 = (4Z,R). Here,

T, =4Z, T,=R.

Then
pi(ti)=t1 —4, t1 €T, patr) =t, tr€To.

Hence,

p(t) = (p1(tr), p2(t2)) = (1 — 4, t2), t=(t1,t2) € T1 x Ta.
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Example

Let n =3 and A3 =7 x Z x 7N, Here,
Ti=2, To=2, T3=71"
Then
pi(ti)=t—1, t €Ty, paAtt)=tr—1, 1t €Ty
i) =2, BET\{T}, m()=T.
Hence,
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p(t) = (pa(tr), p2(t2), p3(t3))

(i-1,t-1,2) if t1eTy, teT, t3eTs\ {7}

(tl—].,tg—l,?) if heTy, teTy, t3=171.
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Definition

For x = (x1,x2,...,%,) € R"and y = (y1,y2,...,¥n) € R", we write
X2y

whenever
x; >y forall i=1,2... n.

In a similar way, we understand x > y and x < y and x < y.
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Definition

Let t e A", t = (t1, to, ..., tn).

1. If o(t) > t, then t is called strictly right-scattered.

2. If o(t) > t and there are j,/ € {1,2,...,n} such that g;(t;) > t; and
o/(t;) = t;, then t is called right-scattered.

3. If t <supA” and o(t) = t, then t is called right-dense.
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Definition

4. If p(t) < t, then t is called strictly left-scattered.

5. If p(t) < t and there are /,j € {1,2,..., n} such that p;(t;) < t; and
pi(t)) = t, then t is called left-scattered.

6. If t > infT and t = p(t), then t is called left-dense.
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Definition

7. If t is strictly right-scattered and strictly left-scattered, then t is said to
be strictly isolated.

8. If t is right-dense and left-dense, then t is said to be dense. 9. If t is
right-scattered and left-scattered, then t is said to be isolated.
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Let A3 =7 x Z x Z. Then, for t = (t1, ta, t3) € A3, we have

o(t) = (o1(t1), 02(t2),03(t3)) = (1 + 1, to + 1, t3 + 1) > (1, to, t3),
i.e., all points of A3 are strictly right-scattered. Also,

p(t) = (p1(tr), p2(t2), p3(t3)) = (tr — 1, t2 = 1, t3 — 1) < (ta, 12, t3),

i.e., all points of A3 are strictly left-scattered. Consequently, all points of
A3 are strictly isolated.
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Let A* = 2Z x R x 2V x (1)". Then

o(t) = (o01(t1),02(t2),03(t3), 04(ta))

1
= (t1+2, t272t373t4) > (t17t27t37t4)7 ta 7é 5

Therefore, all points (t1, to, t3, t4) € A%, tg # % are right-scattered. We
note that
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Example

1 1 1
(01(t1)702(t2)703(t3)704 (§>> = <t1 + 1, 1, 2t3, §> > <f17t27 t3, §> .

From here, all points (ty, to, t3, §) are right-scattered. Also,

p(t) = (p1(t1), p2(t2), p3(t3), pa(ts))
t3 t :
= <t1 — 2, 53, §4) <(t, to, t3, ta) if t3 #2,

i.e., all points (t1, to, t3, t3) € A*, t3 # 2, are left-scattered. We note that

v
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p(t) = (pa(t), pa(t2), p3(2), pa(ta))
t.
= <t1—2,t2,2,§4>

< (tl’t2727 t4)'

Therefore, all points (t1, ta,2, t4) € A* are left-scattered. Moreover, the
points
(t17 t27 t37 t4) S A4

are isolated.
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Let A3 =N x H x R. Then

o(t)

i.e., any point (t1, H,, t3) € A3 is right-scattered. Also,

>

(01(t1), 02(Hn), 03(13))

(tl + 17 HI7+17 t3)

(t17Hn7t3) fOI' (t17Hn7 t3) E /\37

Svetlin G. Georgiev
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p(t) = (p1(tr), p2(Hn), p3(ts))

= (t1 —1,Hn_1,1t3)

S (t17 Hna t3) fOF (tla Hn7 t3) S /\37 tl # 17 n 75 0.
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Therefore, all points (t1, Hp, t3) € A3, t; # 1, n # 0, are left-scattered.

We note that

(p1(1), p2(Hn), p3(t3))

(p1(t1), p2(Ho), p3(t3))

(p1(1), p2(Ho), p3(t3))

= (1,Hp-1,t3)
< (1,Hn,t3) €N, neN,

= (t1 — 1, Ho, t3) < (t1,Ho, t3), t1 #1,

= (1, Ho, t3) < (1, Ho, t3) € A%,

Svetlin G. Georgiev
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Therefore, the points

(t17H07t3)7 tl 7& 11 (17Hn7t3)7 nGNv (17H07t3)

are left-scattered. Consequently, all points (t1, Hy, t3) € A3 are isolated.
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Definition

The graininess function p : A" — [0,00)" is defined by

wu(t) = (pa(te), po(t2), ..., wn(tn)), t=(t1,t2,...,tn) € A"
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Example

Let A3 =3Z x R x N§. Then

Ty =32, T,=R, Ts=Ng,

o)) =t +3, t €T, oat)=1t,

4
o3(ts) = (Vs +1)", t3€Ts.

Hence,

tr € T,
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Ml(tl) = 0'1(1'1)—1'12 t1+3—t =3, t; €Ty,
() = oo(t) —to=tb—t=0, t Ty,
u3(ts) = o3(tz) —t3

= (\4/5-1-1)4—1”3

= t3+4{/+6y/t2+4Vt5+1—t3
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6Vt + 4Vt +4\/t3+1, t3€Ts,

w(t) = (pa(t), pa(t2), us(t3))

— <3, 0,6v/t3 + 4v/t3 + 44/ t3 + 1) . t=(t1, b, t3) € A3,

v
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Let A3 =7 x 2N x 3N, Then

Ty=2Z, Tp=2, T3=3",
0'1(t1) =t +1, ¢t €Ty, 0'2(1'2) =2ty, tp €Ty,

U3(t3) = 3t3, t3 € Ts.

Hence,
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pi(t)) = o)) —ti=t1+1—-t1 =1, t €Ty,
() = o) —t=2—tb=1t, teTy,
u3(ts) = o3(t3) —t3 =3t3 — t3 =2t3, t3 € T3,
w(t) = (pa(tr), p2(t2), p3(ts))
= (1,10,23), t=(t,t2,13) € A3
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Let A* =27 x Z x N2 x 4. Then

Ty =27, To=27, T3=N3, T,=4",
oi(ti) =t +2, t1€Ty, ootr)=t+1, teTy,

0'3(t3) = (\/E—{— 1)2, tz3 € T3, 0'4(t4) =4t,, t4€ 4N,

Hence,
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pi(t) = o) —ti=t+2—-t1 =2, t €T,
pA(tz) = o) —ta=b+1l-th=1 t €Ty,
p3(ts) = o3(ts) —ts= (Vs + 1)2— t3=2y/t3+1, t3€Ts,
pa(ta) = oa(ts) — ta =4ts — tg =3ts, tg € Ty,

w(t) = (pa(tr), po(ta), us(ts), pa(ts))

= (2,1L,2Vt3+1,3), t=(t1,t,t3,14)c A"
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Definition
Let f : A — R. We introduce the following notations.

fo(t) = f(o1(tr),02(t2),...,0n(tn)),
£7(t) = f(tr,...,ti—1,0i(ti), tig1, .-, ta),

f. %72 i’(t) = f(---,Uil(til),---,Uiz(tig),---,Ui,(ti,),---),

iip...0f

where1<i<i<...<i<n ineN me{l,2,...,/},leN.
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Let A2 = 27 x 2N, Here,

Ty =27, T,=2N,

0'1(t1) =t +2, t €Ty, 0'2(t2) =2ty, tp €Ts.

Let
f(t1, to) = 8 + to.

Hence,

f7(t) = f(oi(tr), 02(t2))

= (Ul(tl))2 + 02(t2)
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= (t1+2)?°+2t
= t+4t +2t +4,
fi(t) = f(oi(tr), t2)

= (01(t1))* + t

= (1.'1 —I—2)2 + b
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= 2448+t +4,
fy2(t) = f(t1,02(t2))

= 4 0(ta)

= 242, teA’
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Let A3 =3Z x N x 4¥ and f : A3 = R be defined by
f(t) = tity + tot3, t = (t, 2, t3) € A3
We will find
f7(e), f7(0), B2(1), £7(1), A37%(0), AF7(0), 67 (1)

and
g(t) = fo(t) + 2572 (t) — £77(t), te N

We have )
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Example

Ty =3%Z, T,=N, T3=4N

and

O'1(t1) =t+3, t; €Ty, O'z(tz) =tr+1, tp €Ty, 0'3(1’3) =413, t3l€

Hence,

f7(t) = f(oi(tr), 02(t2), 03(t3))

= O'1(t1)0'2(t2) -+ 0'2(t2)0'3(t3)

= (1 +3)(t2+1)+ (2 +1)4t3
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= titp +t1 + 3tr + 3+ dirts + 413

= titp +4tts + t1 + 3t + 4tz + 3,
7 (t) = floi(tr), t2, t3)

= o1(t1)tr + tot3

= (t1 + 3)t2 + trt3
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= titr + trt3 + 3y,
fy2(t) = f(t1,02(t2))
= t102(t2) + o2(t2)t3

= ti(b+1)+(+1)t3

= titp + btz + t; + t3,
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f3(t) = f(t1, t2,03(t3))
= titr + tro3(t3)
= tity + 4iarts,

f7(t) = f(o1(tr),o2(t2), t3)

= 01(t1)o2(t2) + 02(t2)t3
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= (1 +3)(t2+1)+ (2 + 1)t3
= titr + otz + t; + 3tp + t3 + 3,

ﬂog;,las(t) = f(o‘l(tl), to, 03(t3))

= Ul(tl)tz I t203(t3)
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= (t1 +3)tr + 4tot3
= titr + 4tz + 3ty,
iz (t) = f(t1,02(t2),03(13))

= t102(t2) + 02(t2)03(t3)

= t1(t2 + 1) + (Z‘z TF 1)4t3
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= tity +4trt3 + t; + 4t3,
g(t) = f7(t) +257%(t) — L37(¢)
= titp +4trt3 + t; + 3tr + 4t3 + 3

+2t1tr + 2totz + 2t1 + 6fr + 2t3 + 6 — t1tr — 4irty — t; — 413

= 2tity + 2tz + 2t + 9t + 263+ 9, te A3
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