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Example

Let Λ3 = N× N× N2
0 and f : Λ3 → R be defined by

f (t) = t1t2 + t3, t = (t1, t2, t3) ∈ Λ3.

We will find

f σ(t), f σ1
1 (t), f σ2

2 (t), f σ3
3 (t), f σ1σ2

12 (t), f σ1σ3
13 (t), f σ2σ3

23 (t)

and
g(t) = f σ(t) + f σ2

2 (t)− 3f σ2σ3
23 (t), t ∈ Λ3.
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Example

We have

σ1(t1) = t1 + 1, t1 ∈ T1, σ2(t2) = t2 + 1, t2 ∈ T2,

σ3(t3) =
(√

t3 + 1
)2

, t3 ∈ T3.

Hence,

f σ(t) = f (σ1(t1), σ2(t2), σ3(t3))
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Example

= σ1(t1)σ2(t2) + σ3(t3)

= (t1 + 1)(t2 + 1) +
(√

t3 + 1
)2

= t1t2 + t1 + t2 + 1 + t3 + 2
√
t3 + 1

= t1t2 + t1 + t2 + t3 + 2
√
t3 + 2,

f σ1
1 (t) = f (σ1(t1), t2, t3)

= σ1(t1)t2 + t3
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Example

= (t1 + 1)t2 + t3

= t1t2 + t2 + t3,

f σ2
2 (t) = f (t1, σ2(t2), t3)

= t1σ2(t2) + t3

= t1(t2 + 1) + t3

= t1t2 + t1 + t3,
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Example

f σ3
3 (t) = f (t1, t2, σ3(t3))

= t1t2 + σ3(t3)

= t1t2 +
(√

t3 + 1
)2

= t1t2 + t3 + 2
√
t3 + 1,
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Example

f σ1σ2
12 (t) = f (σ1(t1), σ2(t2), t3)

= σ1(t1)σ2(t2) + t3

= (t1 + 1)(t2 + 1) + t3

= t1t2 + t1 + t2 + t3 + 1,
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Example

f σ1σ3
13 (t) = f (σ1(t1), t2, σ3(t3))

= σ1(t1)t2 + σ3(t3)

= (t1 + 1)t2 +
(√

t3 + 1
)2

= t1t2 + t2 + t3 + 2
√
t3 + 1,
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Example

f σ2σ3
23 (t) = f (t1, σ2(t2), σ3(t3))

= t1σ2(t2) + σ3(t3)

= t1(t2 + 1) +
(√

t3 + 1
)2

= t1t2 + t1 + t3 + 2
√
t3 + 1,
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Example

g(t) = f σ(t) + f σ2
2 (t)− 3f σ2σ3

23 (t)

= t1t2 + t1 + t2 + t3

+2
√
t3 + 2 + t1t2 + t1 + t3 − 3t1t2 − 3t1 − 3t3 − 6

√
t3 − 3

= −t1t2 − t1 + t2 − t3 − 4
√
t3 − 1.

Khaled Zennir Time Scales Analysis Lecture 20 November 18, 2025 10 / 115



Definition

Let f : Λn → R. We introduce the following notations.

f ρ(t) = f (ρ1(t1), ρ2(t2), . . . , ρn(tn)) ,

f ρii (t) = f (t1, . . . , ti−1, ρi (ti ), ti+1, . . . , tn) ,

f
ρi1ρi2 ...ρil
i1i2...il

(t) = f (. . . , ρi1(ti1), . . . , ρi2(ti2), . . . , ρil (til ), . . .) ,

where 1 ≤ i1 < i2 < . . . < il ≤ n, im ∈ N, m ∈ {1, 2, . . . , n}.
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Example

Let Λ3 = Z× Z× R and consider the function f : Λ3 → R defined by

f (t) = t1 − t2 − 2t3 + t23 , t = (t1, t2, t3) ∈ Λ3.

Then

T1 = Z, T2 = Z, T3 = R,

ρ1(t1) = t1 − 1, t1 ∈ T1, ρ2(t2) = t2 − 1, t2 ∈ T2,

ρ3(t3) = t3, t3 ∈ T3.
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Example

We will find

f ρ(t), f ρ11 (t), f ρ22 (t), f ρ33 (t), f ρ1ρ212 (t), f ρ1ρ313 (t), f ρ2ρ323 (t)

and
g(t) = f ρ(t)− f ρ11 (t).

We have

f ρ(t) = f (ρ1(t), ρ2(t), ρ3(t))

= ρ1(t1)− ρ2(t2)− 2ρ3(t3) + ρ23(t3)
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Example

= t1 − 1− (t2 − 1)− 2t3 + t23

= t1 − t2 − 2t3 + t23 ,

f ρ11 (t) = f (ρ1(t1), t2, t3)

= ρ1(t1)− t2 − 2t3 + t23

= t1 − t2 − 2t3 + t23 − 1,
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Example

f ρ22 (t) = f (t1, ρ2(t2), t3)

= t1 − ρ2(t2)− 2t3 + t23

= t1 − t2 − 2t3 + t23 + 1,

f ρ33 (t) = f (t1, t2, ρ3(t3))

= t1 − t2 − 2ρ3(t3) + ρ23(t3)

= t1 − t2 − 2t3 + t23 ,
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Example

f ρ1ρ212 (t) = f (ρ1(t1), ρ2(t2), t3)

= ρ1(t1)− ρ2(t2)− 2t3 + t23

= t1 − 1− (t2 − 1)− 2t3 + t23

= t1 − t2 − 2t3 + t23 ,
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Example

f ρ1ρ313 (t) = f (ρ1(t1), t2, ρ3(t3))

= ρ1(t1)− t2 − 2ρ3(t3) + ρ23(t3)

= t1 − 1− t2 − 2t3 + t23 ,
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Example

f ρ2ρ323 (t) = f (t1, ρ2(t2), ρ3(t3))

= t1 − ρ2(t2)− 2ρ3(t3) + ρ23(t3)

= t1 − t2 − 2t3 + t23 + 1,
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Example

g(t) = f ρ(t)− f ρ11 (t)

= t1 − t2 − 2t3 + t23 − (t1 − t2 − 2t3 + t23 − 1)

= 1.
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Example

Let Λ3 = 2N × N× Z and f : Λ3 → R be defined by

f (t) = t1 + t2 + t3, t = (t1, t2, t3) ∈ Λ3.

We will find

f ρ(t), f ρ11 (t), f ρ22 (t), f ρ33 (t), f ρ1ρ212 (t), f ρ1ρ313 (t), f ρ2ρ323 (t)

and
g(t) = f (t)− f ρ11 (t)− f ρ2ρ323 (t), t ∈ Λ3.

We have
T1 = 2N, T2 = N, T3 = Z.

1. Let t = (t1, t2, t3) ∈ Λ3, t1 ̸= 2, t2 ̸= 1. Then

ρ1(t1) =
t1
2
, t1 ∈ T1, ρ2(t2) = t2−1, t2 ∈ T2, ρ3(t3) = t3−1, t3 ∈ T3.

Hence,
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Example

f ρ(t) = f (ρ1(t1), ρ2(t2), ρ3(t3))

= ρ1(t1) + ρ2(t2) + ρ3(t3)

=
t1
2
+ t2 − 1 + t3 − 1

=
t1
2
+ t2 + t3 − 2,
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Example

f ρ11 (t) = f (ρ1(t1), t2, t3)

= ρ1(t1) + t2 + t3

=
t1
2
+ t2 + t3,
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Example

f ρ22 (t) = f (t1, ρ2(t2), t3)

= t1 + ρ2(t2) + t3

= t1 + t2 + t3 − 1,
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Example

f ρ33 (t) = f (t1, t2, ρ3(t3))

= t1 + t2 + ρ3(t3)

= t1 + t2 + t3 − 1,
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Example

f ρ1ρ212 (t) = f (ρ1(t1), ρ2(t2), t3)

= ρ1(t1) + ρ2(t2) + t3

=
t1
2
+ t2 + t3 − 1,
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Example

f ρ1ρ313 (t) = f (ρ1(t1), t2, ρ3(t3))

= ρ1(t1) + t2 + ρ3(t3)

=
t1
2
+ t2 + t3 − 1,
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Example

f ρ2ρ323 (t) = f (t1, ρ2(t2), ρ3(t3))

= t1 + ρ2(t2) + ρ3(t3)

= t1 + t2 + t3 − 2,
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Example

g(t) = f (t)− f ρ11 (t)− f ρ2ρ323 (t)

= t1 + t2 + t3 −
( t1
2
+ t2 + t3

)
− (t1 + t2 + t3 − 2)

= − t1
2
− t2 − t3 + 2.
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Example

2. Let t = (t1, t2, t3) ∈ Λ3, t1 = 2, t2 ̸= 1. Then

ρ1(t1) = 2, ρ2(t2) = t2 − 1, t2 ∈ T2, ρ3(t3) = t3 − 1, t3 ∈ T3.

Hence,

f ρ(t) = f (ρ1(t1), ρ2(t2), ρ3(t3))

= ρ1(t1) + ρ2(t2) + ρ3(t3)

= 2 + t2 − 1 + t3 − 1

= t2 + t3,
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Example

f ρ11 (t) = f (ρ1(t1), t2, t3)

= ρ1(t1) + t2 + t3

= t2 + t3 + 2,
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Example

f ρ22 (t) = f (t1, ρ2(t2), t3)

= t1 + ρ2(t2) + t3

= 2 + t2 − 1 + t3

= t2 + t3 + 1,
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Example

f ρ33 (t) = f (t1, t2, ρ3(t3))

= t1 + t2 + ρ3(t3)

= 2 + t2 + t3 − 1

= t2 + t3 + 1,
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Example

f ρ1ρ212 (t) = f (ρ1(t1), ρ2(t2), t3)

= ρ1(t1) + ρ2(t2) + t3

= 2 + t2 + t3 − 1

= t2 + t3 + 1,
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Example

f ρ1ρ313 (t) = f (ρ1(t1), t2, ρ3(t3))

= ρ1(t1) + t2 + ρ3(t3)

= 2 + t2 − 1 + t3

= t2 + t3 + 1,
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Example

f ρ2ρ323 = f (t1, ρ2(t2), ρ3(t3))

= t1 + ρ2(t2) + ρ3(t3)

= 2 + t2 − 1 + t3 − 1

= t2 + t3,
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Example

g(t) = f (t)− f ρ11 (t)− f ρ2ρ323 (t)

= 2 + t2 + t3 − (t2 + t3 + 2)− (t2 + t3)

= −t2 − t3.

Khaled Zennir Time Scales Analysis Lecture 20 November 18, 2025 36 / 115



Example

3. Let t = (t1, t2, t3) ∈ Λ3, t1 ̸= 2, t2 = 1. Then

ρ1(t1) =
t1
2
, t1 ∈ T1, ρ2(t2) = 1, ρ3(t3) = t3 − 1, t3 ∈ T3.

Hence,

f ρ(t) = f (ρ1(t1), ρ2(t2), ρ3(t3))

= ρ1(t1) + ρ2(t2) + ρ3(t3)

=
t1
2
+ 1 + t3 − 1

=
t1
2
+ t3,
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Example

f ρ11 (t) = f (ρ1(t1), t2, t3)

= ρ1(t1) + t2 + t3

=
t1
2
+ t3 + 1,
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Example

f ρ22 (t) = f (t1, ρ2(t2), t2)

= t1 + ρ2(t2) + t3

= t1 + t3 + 1,
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Example

f ρ33 (t) = f (t1, t2, ρ3(t3))

= t1 + t2 + ρ3(t3)

= t1 + 1 + t3 − 1

= t1 + t3,
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Example

f ρ1ρ212 (t) = f (ρ1(t1), ρ2(t2), t3)

= ρ1(t1) + ρ2(t2) + t3

=
t1
2
+ t3 + 1,

Khaled Zennir Time Scales Analysis Lecture 20 November 18, 2025 41 / 115



Example

f ρ1ρ313 (t) = f (ρ1(t1), t2, ρ3(t3))

= ρ1(t1) + t2 + ρ3(t3)

=
t1
2
+ 1 + t3 − 1

=
t1
2
+ t3,
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Example

f ρ2ρ323 (t) = f (t1, ρ2(t2), ρ3(t3))

= t1 + ρ2(t2) + ρ3(t3)

= t1 + 1 + t3 − 1

= t1 + t3,
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Example

g(t) = f (t)− f ρ11 (t)− f ρ2ρ323 (t)

= t1 + t2 + t3 −
( t1
2
+ t3 + 1

)
− (t1 + t3)

= − t1
2
− t3.
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Example

4. Let t = (t1, t2, t3) ∈ Λ3, t1 = 2, t2 = 1. Then

ρ1(t1) = 2, ρ2(t2) = 1, ρ3(t3) = t3 − 1, t3 ∈ T3.

Hence,

f ρ(t) = f (ρ1(t1), ρ2(t2), ρ3(t3))

= ρ1(t1) + ρ2(t2) + ρ3(t3)

= 2 + 1 + t3 − 1

= t3 + 2,
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Example

f ρ11 (t) = f (ρ1(t1), t2, t3)

= ρ1(t1) + t2 + t3

= 2 + 1 + t3

= t3 + 3,
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Example

f ρ22 (t) = f (t1, ρ2(t2), t3)

= t1 + ρ2(t2) + t3

= 2 + 1 + t3

= t3 + 3,
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Example

f ρ33 (t) = f (t1, t2, ρ3(t3))

= t1 + t2 + ρ3(t3)

= 2 + 1 + t3 − 1

= t3 + 2,
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Example

f ρ1ρ212 (t) = f (ρ1(t1), ρ2(t2), t3)

= ρ1(t1) + ρ2(t2) + t3

= 2 + 1 + t3

= t3 + 3,
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Example

f ρ1ρ313 (t) = f (ρ1(t1), t2, ρ3(t3))

= ρ1(t1) + t2 + ρ3(t3)

= 2 + 1 + t3 − 1

= t3 + 2,
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Example

f ρ2ρ323 (t) = f (t1, ρ2(t2), ρ3(t3))

= t1 + ρ2(t2) + ρ3(t3)

= 2 + 1 + t3 − 1

= t3 + 2,

Khaled Zennir Time Scales Analysis Lecture 20 November 18, 2025 51 / 115



Example

g(t) = f (t)− f ρ11 (t)− f ρ2ρ323 (t)

= t1 + t2 + t3 − (t3 + 3)− (t3 + 2)

= 2 + 1 + t3 − t3 − 3− t3 − 2

= −t3 − 2.
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Example

Let Λ3 = N0 × 2N× N and f : Λ3 → R be defined by

f (t) = t1 + t2 + t23 , t = (t1, t2, t3) ∈ Λ3.

We will find

f ρ(t), f ρ11 (t), f ρ22 (t), f ρ33 (t), f ρ1ρ212 (t), f ρ1ρ313 (t), f ρ2ρ323 (t)

and
g(t) = f ρ11 (t) + f ρ22 (t) + f ρ33 (t), t ∈ Λ3.

Here,
T1 = N0, T2 = 2N, T3 = N.
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Example

1. Let (t1, t2, t3) ∈ Λ3, t1 ̸= 0, t2 ̸= 2, t3 ̸= 1. Then

ρ1(t1) = t1 − 1, t1 ∈ T1, ρ2(t2) = t2 − 2, t2 ∈ T2,

ρ3(t3) = t3 − 1, t3 ∈ T3.

Hence,
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Example

f ρ(t) = f (ρ1(t1), ρ2(t2), ρ3(t3))

= ρ1(t1) + ρ2(t2) + ρ23(t3)

= t1 − 1 + t2 − 2 + (t3 − 1)2

= t1 + t2 − 3 + t23 − 2t3 + 1

= t1 + t2 − 2t3 + t23 − 2,
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Example

f ρ11 (t) = f (ρ1(t1), t2, t3)

= ρ1(t1) + t2 + t23

= t1 − 1 + t2 + t23 ,
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Example

f ρ22 (t) = f (t1, ρ2(t2), t3)

= t1 + ρ2(t2) + t23

= t1 + t2 + t23 − 2,
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Example

f ρ33 (t) = f (t1, t2, ρ3(t3))

= t1 + t2 + ρ23(t3)

= t1 + t2 + (t3 − 1)2

= t1 + t2 − 2t3 + t23 + 1,
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Example

f ρ1ρ212 (t) = f (ρ1(t1), ρ2(t2), t3)

= ρ1(t1) + ρ2(t2) + t23

= t1 − 1 + t2 − 2 + t23

= t1 + t2 + t23 − 3,
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Example

f ρ1ρ313 (t) = f (ρ1(t1), t2, ρ3(t3))

= ρ1(t1) + t2 + ρ23(t3)

= t1 − 1 + t2 + (t3 − 1)2

= t1 + t2 − 2t3 + t23 ,
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Example

f ρ2ρ323 (t) = f (t1, ρ2(t2), ρ3(t3))

= t1 + ρ2(t2) + ρ23(t3)

= t1 + t2 − 2 + (t3 − 1)2

= t1 + t2 − 2t3 + t23 − 1,
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Example

g(t) = f ρ11 (t) + f ρ22 (t) + f ρ33 (t)

= t1 + t2 + t23 − 1 + t1 + t2 + t23 − 2 + t1 + t2 − 2t3 + t23 + 1

= 3t1 + 3t2 − 2t3 + 3t23 − 2.

Khaled Zennir Time Scales Analysis Lecture 20 November 18, 2025 62 / 115



Example

2. Let t = (t1, t2, t3) ∈ Λ3, t1 = 0, t2 ̸= 2, t3 ̸= 1. Then

ρ1(t1) = 0, ρ2(t2) = t2 − 2, t2 ∈ T2, ρ3(t3) = t3 − 1, t3 ∈ T3

and

f ρ(t) = f (ρ1(t1), ρ2(t2), ρ3(t3))

= ρ1(t1) + ρ2(t2) + ρ23(t3)

= 0 + t2 − 2 + (t3 − 1)2
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Example

= t2 − 2 + t23 − 2t3 + 1

= t2 − 2t3 + t23 − 1,

f ρ11 (t) = f (ρ1(t1), t2, t3)

= ρ1(t1) + t2 + t23

= t2 + t23 ,

Khaled Zennir Time Scales Analysis Lecture 20 November 18, 2025 64 / 115



Example

f ρ22 (t) = f (t1, ρ2(t2), t3)

= t1 + ρ2(t2) + t23

= t2 + t23 − 2,
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Example

f ρ33 (t) = f (t1, t2, ρ3(t3))

= t1 + t2 + ρ23(t3)

= t2 + (t3 − 1)2

= t2 − 2t3 + t23 + 1,
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Example

f ρ1ρ212 (t) = f (ρ1(t1), ρ2(t2), t3)

= ρ1(t1) + ρ2(t2) + t23

= t2 + t23 − 2,
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Example

f ρ1ρ313 (t) = f (ρ1(t1), t2, ρ3(t3))

= ρ1(t1) + t2 + ρ23(t3)

= t2 + (t3 − 1)2

= t2 − 2t3 + t23 + 1,
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Example

f ρ2ρ323 (t) = f (t1, ρ2(t2), ρ3(t3))

= ρ2(t2) + ρ23(t3)

= t2 − 2 + (t3 − 1)2

= t2 + t23 − 2t3 − 1,
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Example

g(t) = f ρ11 (t) + f ρ22 (t) + f ρ33 (t)

= t2 + t23 + t2 + t23 − 2 + t2 − 2t3 + t23 + 1

= 3t2 − 2t3 + 3t23 − 1.
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Example

2. Let t = (t1, t2, t3) ∈ Λ3, t1 ̸= 0, t2 = 2, t3 ̸= 1. Then

ρ1(t1) = t1−1, t1 ∈ T1, ρ2(t2) = 2, t2 ∈ T2, ρ3(t3) = t3−1, t3 ∈ T3

and

f ρ(t) = f (ρ1(t1), ρ2(t2), ρ3(t3))

= ρ1(t1) + ρ2(t2) + ρ23(t3)

= t1 − 1 + 2 + (t3 − 1)2

= t1 + 1 + t23 − 2t3 + 1

= t1 − 2t3 + t23 + 2,
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Example

f ρ11 (t) = f (ρ1(t1), t2, t3)

= ρ1(t1) + t2 + t23

= t1 − 1 + 2 + t23

= t1 + t23 + 1,
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Example

f ρ22 (t) = f (t1, ρ2(t2), t3)

= t1 + ρ2(t2) + t23

= t1 + t23 + 2,
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Example

f ρ33 (t) = f (t1, t2, ρ3(t3))

= t1 + t2 + ρ23(t3)

= t1 + 2 + (t3 − 1)2

= t1 + 2 + t23 − 2t3 + 1

= t1 − 2t3 + t23 + 3,
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Example

f ρ1ρ212 (t) = f (ρ1(t1), ρ2(t2), t3)

= ρ1(t1) + ρ2(t2) + t23

= t1 − 1 + 2 + t23

= t1 + t23 + 1,
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Example

f ρ1ρ313 (t) = f (ρ1(t1), t2, ρ3(t3))

= ρ1(t1) + t2 + ρ23(t3)

= t1 − 1 + 2 + (t3 − 1)2

= t1 + 1 + t23 − 2t3 + 1

= t1 − 2t3 + t23 + 2,
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Example

f ρ2ρ323 (t) = f (t1, ρ2(t2), ρ3(t3))

= t1 + ρ2(t2) + ρ23(t3)

= t1 + 2 + (t3 − 1)2

= t1 + 2 + t23 − 2t3 + 1

= t1 − 2t3 + t23 + 3,
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Example

g(t) = f ρ11 (t) + f ρ22 (t) + f ρ33 (t)

= t1 + t23 + 1 + t1 + t23 + 2 + t1 − 2t3 + t23 + 3

= 3t1 − 2t3 + 3t23 + 6.
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Example

3. Let t = (t1, t2, t3) ∈ Λ3, t1 ̸= 0, t2 ̸= 2, t3 = 1. Then

ρ1(t1) = t1 − 1, t1 ∈ T1, ρ2(t2) = t2 − 2, t2 ∈ T2, ρ3(t3) = 1.

Hence,

f ρ(t) = f (ρ1(t1), ρ2(t2), ρ3(t3))

= ρ1(t1) + ρ2(t2) + ρ23(t3)

= t1 − 1 + t2 − 2 + 1

= t1 + t2 − 2,

Khaled Zennir Time Scales Analysis Lecture 20 November 18, 2025 79 / 115



Example

f ρ11 (t) = f (ρ1(t1), t2, t3)

= ρ1(t1) + t2 + t23

= t1 − 1 + t2 + 1

= t1 + t2,
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Example

f ρ22 (t) = f (t1, ρ2(t2), t3)

= t1 + ρ2(t2) + t23

= t1 + t2 − 2 + 1

= t1 + t2 − 1,
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Example

f ρ33 (t) = f (t1, t2, ρ3(t3))

= t1 + t2 + ρ23(t3)

= t1 + t2 + 1,
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Example

f ρ1ρ212 (t) = f (ρ1(t1), ρ2(t2), t3)

= ρ1(t1) + ρ2(t2) + t23

= t1 − 1 + t2 − 2 + 1

= t1 + t2 − 2,
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Example

f ρ1ρ313 (t) = f (ρ1(t1), t2, ρ3(t3))

= ρ1(t1) + t2 + ρ23(t3)

= t1 − 1 + t2 + 1

= t1 + t2,
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Example

f ρ2ρ323 (t) = f (t1, ρ2(t2), ρ3(t3))

= t1 + ρ2(t2) + ρ23(t3)

= t1 + t2 − 2 + 1

= t1 + t2 − 1,
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Example

g(t) = f ρ11 (t) + f ρ22 (t) + f ρ33 (t)

= t1 + t2 + t1 + t2 − 1 + t1 + t2 + 1

= 3t1 + 3t2.
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Example

3. Let t = (t1, t2, t3) ∈ Λ3, t1 = 0, t2 = 2, t3 ̸= 1. Then

ρ1(t1) = 0, ρ2(t2) = 2, ρ3(t3) = t3 − 1, t3 ∈ T3.

Hence,

f ρ(t) = f (ρ1(t1), ρ2(t2), ρ3(t3))

= ρ1(t1) + ρ2(t2) + ρ23(t3)

= 0 + 2 + (t3 − 1)2

= −2t3 + t23 + 3,
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Example

f ρ11 (t) = f (ρ1(t1), t2, t3)

= ρ1(t1) + t2 + t23

= 2 + t23 ,
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Example

f ρ22 (t) = f (t1, ρ2(t2), t3)

= t1 + ρ2(t2) + t23

= 2 + t23 ,
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Example

f ρ33 (t) = f (t1, t2, ρ3(t3))

= t1 + t2 + ρ23(t3)

= 2 + (t3 − 1)2

= −2t3 + t23 + 3,
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Example

f ρ1ρ212 (t) = f (ρ1(t1), ρ2(t2), t3)

= ρ1(t1) + ρ2(t2) + t23

= 2 + t23 ,
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Example

f ρ1ρ313 (t) = f (ρ1(t1), t2, ρ3(t3))

= ρ1(t1) + t2 + ρ23(t3)

= 2 + (t3 − 1)2

= −2t3 + t23 + 3,
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Example

f ρ2ρ323 (t) = f (t1, ρ2(t2), ρ3(t3))

= t1 + ρ2(t2) + ρ23(t3)

= 2 + (t3 − 1)2

= −2t3 + t23 + 3,
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Example

g(t) = f ρ11 (t) + f ρ22 (t) + f ρ33 (t)

= 2 + t23 + 2 + t23 + t23 − 2t3 + 3

= 3t23 − 2t3 + 7.
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Example

4. Let t = (t1, t2, t3) ∈ Λ3, t1 = 0, t2 ̸= 2, t3 = 1. Then

ρ1(t1) = 0, ρ2(t2) = t2 − 2, t2 ∈ T2, ρ3(t3) = 1.

Hence,

f ρ(t) = f (ρ1(t1), ρ2(t2), ρ3(t3))

= ρ1(t1) + ρ2(t2) + ρ23(t3)

= t2 − 2 + 1

= t2 − 1,
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Example

f ρ11 (t) = f (ρ1(t1), t2, t3)

= ρ1(t1) + t2 + t23

= t2 + 1,
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Example

f ρ22 (t) = f (t1, ρ2(t2), t3)

= t1 + ρ2(t2) + t23

= t2 − 2 + 1

= t2 − 1,
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Example

f ρ33 (t) = f (t1, t2, ρ3(t3))

= t1 + t2 + ρ23(t3)

= t2 + 1,
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Example

f ρ1ρ212 (t) = f (ρ1(t1), ρ2(t2), t3)

= ρ1(t1) + ρ2(t2) + t23

= t2 − 1,
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Example

f ρ1ρ313 (t) = f (ρ1(t1), t2, ρ3(t3))

= ρ1(t1) + t2 + ρ23(t3)

= t2 + 1,
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Example

f ρ2ρ323 (t) = f (t1, ρ2(t2), ρ3(t3))

= t1 + ρ2(t2) + ρ23(t3)

= t2 − 2 + 1

= t2 − 1,
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Example

g(t) = f ρ11 (t) + f ρ22 (t) + f ρ33 (t)

= t2 + 1 + t2 − 1 + t2 + 1

= 3t2 + 1.
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Example

5. Let t = (t1, t2, t3) ∈ Λ3, t1 ̸= 0, t2 = 2, t3 = 1. Then

ρ1(t1) = t1 − 1, t1 ∈ T1, ρ2(t2) = 2, ρ3(t3) = 1.

Hence,

f ρ(t) = f (ρ1(t1), ρ2(t2), ρ3(t3))

= ρ1(t1) + ρ2(t2) + ρ23(t3)

= t1 − 1 + 2 + 1

= t1 + 2,
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Example

f ρ11 (t) = f (ρ1(t1), t2, t3)

= ρ1(t1) + t2 + t23

= t1 − 1 + 2 + 1

= t1 + 2,
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Example

f ρ22 (t) = f (t1, ρ2(t2), t3)

= t1 + ρ2(t2) + t23

= t1 + 2 + 1

= t1 + 3,
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Example

f ρ33 (t) = f (t1, t2, ρ3(t3))

= t1 + t2 + ρ23(t3)

= t1 + 3,
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Example

f ρ1ρ212 (t) = f (ρ1(t1), ρ2(t2), t3)

= ρ1(t1) + ρ2(t2) + t23

= t1 − 1 + 2 + 1

= t1 + 2,
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Example

f ρ1ρ313 (t) = f (ρ1(t1), t2, ρ3(t3))

= ρ1(t1) + t2 + ρ23(t3)

= t1 − 1 + 2 + 1

= t1 + 2,
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Example

f ρ2ρ323 (t) = f (t1, ρ2(t2), ρ3(t3))

= t1 + ρ2(t2) + ρ23(t3)

= t1 + 2 + 1

= t1 + 3,
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Example

g(t) = f ρ11 (t) + f ρ22 (t) + f ρ33 (t)

= t1 + 2 + t1 + 3 + t1 + 3

= 3t1 + 8.
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Example

6. Let t = (0, 2, 1). Then

ρ1(t1) = 0, ρ2(t2) = 2, ρ3(t3) = 1

and

f ρ(t) = f ρ11 (t) = f ρ22 (t) = f ρ33 (t3)

= f ρ1ρ212 (t) = f ρ1ρ313 (t) = f ρ2ρ323 (t)

= f (t)

= 0 + 2 + 1

= 3,

g(t) = f ρ11 (t) + f ρ22 (t) + f ρ33 (t)

= 9.

Khaled Zennir Time Scales Analysis Lecture 20 November 18, 2025 111 / 115



Example

Let Λ2 = N0 × N and f : Λ2 → R be defined by

f (t) = t1 + t2 + t21 + t22 , t = (t1, t2) ∈ Λ2.

We will find
g(t) = f ρ11 (t) + f σ2

2 (t), t ∈ Λ2.

1. Let t = (t1, t2) ∈ Λ2, t1 ̸= 0. Then

ρ1(t1) = t1 − 1, t1 ∈ N0, σ2(t2) = t2 + 1, t2 ∈ N.

Hence,
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Example

g(t) = f ρ11 (t) + f σ2
2 (t)

= f (ρ1(t1), t2) + f (t1, σ2(t2))

= ρ1(t1) + t2 + ρ21(t1) + t22 + t1 + σ2(t2) + t21 + σ2
2(t2)

= t1 − 1 + t2 + (t1 − 1)2 + t22 + t1 + t2 + 1 + t21 + (t2 + 1)2

= t1 − 1 + t2 + t21 − 2t1 + 1 + t22 + t1 + t2 + 1 + t21 + t22 + 2t2 + 1

= 2t21 + 2t22 + 4t2 + 2.
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Example

2. Let t = (0, t2) ∈ Λ2. Then ρ1(t1) = 0 and

g(t) = ρ1(t1) + t2 + ρ21(t1) + t22 + t1 + σ2(t2) + t21 + σ2
2(t2)

= t2 + t22 + t2 + 1 + (t2 + 1)2

= t22 + 2t2 + 1 + t22 + 2t2 + 1

= 2t22 + 4t2 + 2.
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