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Example
Let/\3:N><N><N% and f : A3 = R be defined by

f(t) = tito + t3,
We will find

o), A7), K2(0), B7(8), (),

and
g(t) = f7(t) + £,%(¢t) — 3637(¢),

t = (t1, to, t3) € A>.

fi3 % (t),

t e A3

757 (1)
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Example
We have

oi(ti))=ti+1, teTi, oot)=t+1, tecTy,

o3(t3) = (Vs + 1)2, t3 € Ts.

Hence,

f7(t) = foi(t),02(t2),03(t3))
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= o1(t1)o2(t2) + o3(t3)

= (a+)(L+1)+ (VE+1)°

= hb+ti+t+14+t3+2/tz3+1
= hh+t+t+t3+2VE5+2,

fri(t) = f(oi(t1), t2, t3)

= oi(ti)tr + t3
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= (h+1)tr+t3

= tit+t+t3,
f2(t) = f(t1,02(t2), t3)

= tioa(tr) + t3

= t(b+1)+t3

= tftr+t1 + t3,
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f2(t) = f(t1,t2,03(t3))
= titr + 03(t3)

= tb+ (Vizs+ 1)2

= hb+t3+2/tz3+1,
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a7 (t) = f(o1(tr), 02(t2), t3)
= O’1(t1)0’2(t2)+t3

= (+1)(+1)+1t3

= tb+ti+tr+t3+1,
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f37(t) = f(o1(t), t2, 03(t3))
= o1(t1)tr + o3(t3)

= (+Di+ (VB+1)°

= tbh+b+ti3+2y/5+1,
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32 (t) = f(t1,02(t2), 03(t3))
= t02(t2) + 03(t3)

= t(k+1)+ (Vs + 1)2

= tbh+h+ti3+2y/5+1,
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g(t) = Fo(8)+£2(e) - 3657 (1)
= tht+t1+b+1t3

12/t + 2+ tity + t1 + t3 — 3tyty — 3t — 3t3 — 6/t3 — 3

= —thith—t1 +tp—t3 —4/t3 — 1.
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Definition
Let f : A" — R. We introduce the following notations.

fp(t) = f(pl(tl),pz(tz),...,p,,(t,,)),
fPi(t) = f(t1,...,ti—1, pi(ti), tit1,--- s tn),

pl Pin ---Pi
11:21 ?, /(t) = f("'aph(th)a"'7pi2(ti2)a"'vpi/(tf/)v"')v

where 1<i<ih<...<i<n in€eN me{l,2,...,n}
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Let A3 =Z x Z x R and consider the function f : A3 — R defined by
fty=t1 —ta —2t3 + 12, t=(t1,t2,t3) € A.
Then

Ty =7, Ty=2 T;=R,

pi(ti)=t1 =1, t1 €T, po(t) =tr—1, tr €Ty,

p3(ts) =t3, t3€Ts.
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We will find
e, /(). 20, 20, 570, 370, £57()

and
g(t) = fP(t) — f{*(t).
We have

fP(t) f(p1(t), p2(t), p3(t))

= pi(t) — pa(t2) — 2p3(ts) + p3(t3)
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= t1-1-(b—1)—2t3+ 1t
=t —ty — 2t3+ t2,

P (t) = flpi(tr), to, t3)
= p(t) —to—2t3+ 13

= ) —th—2t3+ 3 -1,
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R2(t) = f(t,p2(t2), t3)
= t1—po(tr) — 23+ £3
= t1—th—2t3Ft3 41,
() = f(t, t2, p3(t3))

= t1— ty — 2p3(t3) + p5(t3)

= t)—ty—2t3+ 13,
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f72(t) = f(p1(t1), p2(t2), t3)
= pi(t) — pa(t2) —2t3 + 15

= t1—1—(tb—1)—2t3+ t2

=t —ty — 2t3+ t3,
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fi372(t) = f(pi(t1), t2, p3(t3))

= p1(t1) — t2 — 2p3(ts) + p3(ts)

= t—1—th—2t3+ 13,
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fys2(t) = f(t1, pa(t2), p3(t3))

= t1 — pa(t2) — 2p3(ts) + p3(t3)

= t—ty—2t3+t2 +1,
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Fo(t) — (1)

ty—to— 23+t — (t; — tp — 2t3 4+ t5 — 1)
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Let A3 =2 x N x Z and f : A3 — R be defined by
f(t)=ti+tr+1t3, t=(t1,t,t3) €N
We will find
P, O, R0, R0, B8R, B, B

and
g(t) = f(t) — 1(t) — £223(¢), te A

We have
T:=2Y, T,=N, Tz3=Z

1. Let t = (t1,t,13) €A3, t1 #2, tp # 1. Then

t
pi(t1) = 51, t1 €Ty, pa(t) =t—1, tbeTy, p3(ts)=1t3—1, t3¢&

Hence,

y
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fP(t) = f(pa(tr), p2(t2), p3(t3))
= p1(t1) + pa(t2) + p3(t3)
= % +thh—-1+t3—-1

(©
= §1+t2+t3—2,
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f1(t) = f(pi(tr), to, t3)
= ph)+t+ts

= Bt
= 5 2 3
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f2p2(t) = f(th pZ(t2)7 t3)

= h+pt)+ts

= th+t+tz—1,
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f2(t) = f(t1,t2,p3(t3))

= th+ o+ p3(ts)

= tHi+t+t3—1,
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t72(t) = f(pi(tr), p2(t2), t3)

= p1(t1) + p2(t2) + t3

t
= §1+t2+t3—1,
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fi372(t) = f(p(tr), t2, p3(ts))

= pi(t1) + to + p3(t3)

t
= §+Q+Q—L
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fis2(t) = f(t1, pa(t2), p3(ts))

= t1 + pa(t2) + p3(t3)

= t1+tr+ t3 — 2,
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g(t) = f(t) =" (1) - 5" (1)

t
=] t1—|—t2+t3—<51+t2+t3>—(t1+t2+t3—2)

t1
= —— — o — 2.
5 2 3+
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2. Let t = (t1,to,t3) €A3, t1 =2, tp # 1. Then
Pl(tl) = 2, ,02(t2) =ty — 1, th € Tz, p3(t3) = g = 1, tz3 € T3.

Hence,

(1) = flp(tr), p2(t2), p3(t3))
= p1(t1) + pa(t2) + p3(t3)

= 24+th—-1+t3—-1

= b+ t3,
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f1(t) = f(pu(tr), ta, t3)

= p(h)+t+ts

= bhtiz3+2,
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fy2(t) = f(t1, pa(t2), t3)
= t1+p2(t2)+t3

= 2+tb—-1+1t3

= tHh+t3+1,
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fép3(t) = f(tla t27l73(t3))
= t1+t+ p3(t3)

= 24+b+t3-1

= tHh+t3+1,
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f372(t) = f(pa(t1), p2(t2), t3)
= pi(t1) + p2(t2) + t3

= 24+ th+t3—1

= thttz+1,
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372 () = f(pi(tr), ta, p3(t3))
= pi(t1) + t2 + p3(t3)

= 2+th—1+1t3

= thttz+1,
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fa’? = f(t1, p2(t2), p3(t3))
= t1 + p2(t2) + p3(t3)

= 24+th—1+t3—1

= b+t
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g(t)

F(t) = 77(8) = 57 (1)

2+t2+t3—(t2+t3+2)—(t2+t3)

—tr — t3.
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3. Let t = (t1,t2,t3) € A3, t #2, tp = 1. Then

t
pi(t1) = 5 € T1, p2(t2) =1, p3(tz)=t3—1, t3€Ts.
Hence,

fP(t) = f(pa(tr), p2(t2), p3(t3))
= p1(t1) + pa(t2) + p3(t3)
= %+1+t3—1

t
= —+t
5 T 3
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f1(t) = f(pi(tr), to, t3)
= ph)+t+ts

t1
S, Tt
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f2p2(t) = f(t17 p2(t2)7 t2)

= h+pt)+t

= t+iz3+1,
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fép3(t) = f(tla t27l73(t3))
= t1+t+ p3(t3)

= t+1l+t3—1

= bt +1t3,
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t72(t) = f(pi(tr), p2(t2), t3)

= p1(t1) + p2(t2) + t3

t1
= —+4+tz3+1
2+3+,

Khaled Zennir Time Scales Analysis Lecture 20 November 18, 2025 41/115



f;l.,?ilp3(t) = f(pl(t1)7t2ap3(t3))
= pi(t1) + t2 + p3(t3)
t1
= —+1+t3-—-1
5 +1+1t3

(51
= — t’
; s
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i3 (t) = f(t1, p2(t2), p3(t3))
= t1+p2(t2) + p3(ts)

= t1+1+t3-1

= b +t3,
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g(t) = f(t) = f"(1) - 15" (1)

t
— t1+t2+t3—(El+t3+1)—(t1+t3)

= ——
2 3
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4. Let t = (t1,tr,t3) €NA3, t1 =2, tp = 1. Then
p1(t) =2, pa(t) =1, p3(ts) =t3—1, t3€Ts.

Hence,

(1) = flp(tr), p2(t2), p3(t3))
= p1(t1) + pa(t2) + p3(t3)

= 24+1+4+t3 -1

- t3+27
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P (t) = f(pi(t), t2, t3)
= ph)+t+ts

= 2+1+t3

= t3+ 3,
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fy2(t) = f(t1, pa(t2), t3)
= t1+p2(t2)+t3

= 2+1+t3

= t3+ 3,
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fép3(t) = f(tla t27l73(t3))
= t1+t+ p3(t3)

= 2+4+1+t-1

= t3+2,
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f372(t) = f(pa(t1), p2(t2), t3)
= pi(t1) + p2(t2) + t3

= 2+1+1t3

= t3+3a
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372 () = f(pi(tr), ta, p3(t3))
= pi(t1) + t2 + p3(t3)

= 2+1+t3—-1

= 3+ 2,
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i3 (t) = f(t1, p2(t2), p3(t3))
= t1+p2(t2) + p3(ts)

= 24+1+4+t3—-1

= t3+2a
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g(t) = f(t)— (1) — H37(¢)
= th+t+it3—(3+3)—(t3+2)

= 24+14+t3—t3—3—1t3—2

= —t3—2.
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Let A3 = Ng x 2N x N and f : A3 — R be defined by
f(ty=t+t+t3, t=(t1,t,t3) €A’
We will find
), B, R, B, B, BR, 5

and
g(t) = (1) + £2(1) + (1), teA.

Here,

T; =Ny, T,=2N, Ts=N.
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1. Let (t1,to,t3) €3, t1 #0, to # 2, t3 # 1. Then

pi(ti) =t —1, t €Ty, paAte)=t—2, €Ty,

p3(t3) =t3—1, t3€Ts.

Hence,
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fP(t) = f(pi(tr), p2(t2), p3(t3))
= pi(t1) + p2(t2) + p3(ts)
= t1—1+t2—2+(t3—1)2

= ti+th—3+t-2t3+1

= b+t —23+12—2
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f1(t) = f(pu(tr), ta, t3)

= pi(t1) + 2+ t§

= t1—1+t2+t§,
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f72(t) = f(t1, p2(t2), t3)

= t+p(t)+15

= h4+bh+t2-2,
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fép?’(t) = f(t17t27l73(t3))
= t1+ b+ p3(ts)

= t+t+(t3—1)>

= ti+th—2t3+1+1,
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72 (t) = f(p1(t1), p2(t2), t3)
= pi(t1) + p2(t2) + 13

= -1+t -2+1t3

= ti+t+t5-3
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f5372(t) = f(p1(t1), t2, p3(t3))
= pl(t1)+t2+p§(t3)

= t1—1+t+(t3— 1)

= tit+t—23+13,
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fi372(t) = f(t1, p2(t2), p3(t3))
= t1+ pa(t2) + p3(ts)

= t1+tp—2+ (5 —1)

= ti+th—2t3+t5 -1,
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g(t) = f'(t)+ 72(t) + £7(t)
= ttb+ti-l+t+tr+t85 -2+t +t—2t3+85+1

= 3t; + 3ty — 2t3 + 3t3 — 2.
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2. Lett = (t1,to,t3) €N3, 1 =0, th #2, t3 # 1. Then
pi(t1) =0, pat)=t—2, €Ty ps(ts)=tz3—1, t3€T;3

and

fP(t) = f(p1(tr), p2(t2), p3(t3))

= pi(t1) + pa(t2) + p3(ts)

= 0+ty—2+4(t3—1)2
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= -2+t —2t+1

= bh-2t3+t5—1,
fi(t) = f(p(ta), to, t3)

= p(h)+0+8

=ty t3
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f2p2(t) = f(tlap2(t2)at3)

= t+p()+8

= bt+ts—2
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f3p3(t) = f(tl7t27p3(t3))
= t1+ b+ p3(ts)

= tr+ (5 — 1)

= th—2t3+t2 +1,
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fia72(t) = f(pi(t1), p2(t2), t3)

= pi(t1) + pa(t2) + 85

= b+t -2,
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372 () = f(pi(tr), tz, p3(t3))
= pi(t) + &2 + p5(ts)

= l’2—|—(t3—1)2

= bh—2t3+t3+1,
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fis(t) = f(ts, p2(t2), p3(ts))
= pa(t2) + p3(ts)

= th—2+(tz3—1)?

= bh+t2-2t3-1,
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g(t) = #1(t)+57(t) + 57(¢)
— 2 2 2
= btttz t+tthr+t3 -2+t —23+t3+1

= 3ty —2t3+3t2 — 1.
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2. Let t = (t1,to,t3) €A3, t1 #0, th =2, t3 # 1. Then

pi(t1) =t1—1, t €Ty, patr) =2, teTy p3(ts)=1t—1, t3€ll

and

fP(t) = f(p1(tr), p2(t2), p3(t3))
= pi(t1) + p2(t2) + p3(t3)
= t;—1+24(t3—1)2

= f+1+8-2t3+1

= t; — 23+ t2 +2,

v
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(1)

f(p1(t1), t2, t3)
= p(t)+t+ t32

= - 1r2+¢

= t1+t§+17
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fy2(t) = f(t, p2(t2), t3)

= t1+pa(t2) + 2

= h+t3+2,
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f2(t) = f(t, t2, p3(t3))
= t+t+ p3(ts)
= t+2+(t3 — 1)

= h+2+t-2t3+1

= t; —2t3+ t2 4+ 3,
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fl372(t) = f(pi(t1), p2(t2), t3)
= pl(t1)+p2(t2)+t32

= h-1+2+414

= t+1t+1,
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f'1031p3(t) = f(pl(t1)7 t27/)3(t3))
= pi(tr) + 2 + p5(ts)
= t1—1+2+(tz— 1)

= t+1+t-2t3+1

=t — 23+ t2 42,

Khaled Zennir Time Scales Analysis Lecture 20 November 18, 2025 76 /115



s (t) = f(t1, p2(t2), p3(t3))
= t1+ p2(t2) + p3(t3)
= 2+ (15— 1)

— @ bR g k]

= t—2t3+1+3,
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g(t) = (1) + £572(t) + £°(¢)
= h+ 414+t +tE 42+t —263+15+3

= 3t —2t3 +3t3 +6.
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3. Let t = (t1,to,t3) €A3, t1 #0, th #2, t3 = 1. Then
pr(tt) =t1—1, t1 €Ty, paAt)=t2—2, teTz p3(t3)=1.

Hence,

(1) = flp(tr), p2(t2), p3(t3))
= pi(t1) + p2(t2) + p3(t3)

= H—-1+tb—2+1

— t1+t2_27
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1 (t) = f(pa(tr), to, t3)
= pi(t1))+ 2+ t32

= t1—14+t+1

= i+ t,
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f2p2(t) - f(tlap2(t2)7 t3)
= t+ Pz(tz) + t32

= th+t—-2+1

= ti+t—1,
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f2(t) = f(t1,t2, p3(t3))

ti + 2 + p3(t3)

= t1+t+1,
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fi372(t) = f(pi(t1), p2(t2), t3)
= pi(t1) + po(t2) + 13

= th—1+t—-2+1

= t+tr—2,
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372 () = f(pi(tr), ta, p3(t3))
= pi(tr) + t2 + p3(ts)

= t1—14+t+1

= 1+ to,
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i3 (t) = f(t1, p2(t2), p3(t3))
= 1+ pa(t2) + p3(ts)

= ti+tth—-2+1

= ti+t—1,
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i1 (8) + 72(8) + 7(2)

g(t)
= tt+b+th+tr—14+t+tr+1

= 3t; + 3b.
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3. Let t = (t1,to,t3) €A3, 1 =0, th =2, t3 # 1. Then
pi(t1) =0, pat2) =2, p3(t3) =t3—1, t3e€Ts.

Hence,

fP(t) = f(pa(tr), p2(t2), p3(t3))
= pi(t1) + p2(t2) + p3(t3)

= 042+ (t3—1)?

= 23+ 2 +3,

Khaled Zennir Time Scales Analysis Lecture 20 November 18, 2025 87 /115



() = f(pu(tr), t2, t3)

= pi(t1) + o+ t32

= 2413,
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fy2(t) = f(t, p2(t2), t3)

= t1+pa(t2) + 2

= 2413,
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fép?’(t) = f(t17t27l73(t3))
= t1+ b+ p3(ts)

= 24 (t3—1)°

= DS
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fia72(t) = f(pi(t1), p2(t2), t3)

= pi(t1) + pa(t2) + 85

= Z--i
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372 () = f(pi(tr), tz, p3(t3))
= pi(t) + &2 + p5(ts)

= 2+ (t3 —1)?

= —2t3+15+3,
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i3 (t) = f(t1, p2(t2), p3(t3))
= t1+ pa(t2) + p3(ts)

= 24 (t3—1)°

= —2f3+ t32 + 3,
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g(t) = f1(t)+ 52(t) + £7(1)
= 2+t +2+ 13 +15 —2t3+3

= 3t2 - 2t3+7.
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4. Let t = (t1,to,t3) €N3, 1 =0, th #2, t3 = 1. Then
pi(t1) =0, pa(t2) =t2—2, tr €Ty, ps3(ts)=1.

Hence,

(1) = flp(tr), p2(t2), p3(t3))
= pi(t1) + p2(t2) + p3(t3)

= th—2+1

- t2_17
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() = f(pu(tr), t2, t3)

= pi(t1) + o+ t32

= tr+1,
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f2p2(t) - f(tlap2(t2)7 t3)
= t+ Pz(tz) + t32

= th—2+4+1

= t—1,
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f2(t) = f(t1,t2, p3(t3))

ti + 2 + p3(t3)

= tr+1,
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fi372(t) = f(pi(tr), p2(t2), t3)

= pi(t1) + pa(t2) + 85

= tr—1,
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f5372(t) = f(pi(t1), t2, p3(t3))

= pi(t1) + to + p3(t3)

= tr+1,

Khaled Zennir Time Scales Analysis Lecture 20 November 18, 2025 100 /115



i3 (t) = f(t1, p2(t2), p3(t3))
= 1+ pa(t2) + p3(ts)

= tHh—2+1

= th—1,
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g(t) = M)+ £7(t) + £7(1)
= bh+l+th-1+tH+1

= 3tr+ 1.
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5. Let t = (t1,to,t3) €A3, t1 #0, tp =2, t3 = 1. Then
pi(t) =t1 —1, t1 €Ty, pat) =2, p3(t3) =1

Hence,

(1) = flp(tr), p2(t2), p3(t3))
= pi(t1) + p2(t2) + p3(t3)

= 4 —1+2+1

— t1+27
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1 (t) = f(pa(tr), to, t3)
= pi(t1))+ 2+ t32

= tH1—-1+2+1

— t1+27
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f2p2(t) - f(tlap2(t2)7 t3)
= t+ Pz(tz) + t32

= t1+2+1

= t; + 3,
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f2(t) = f(t1,t2, p3(t3))

ti + 2 + p3(t3)

= t; + 3,
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fi372(t) = f(pi(t1), p2(t2), t3)
= pi(t1) + po(t2) + 13

= t1—-14+2+1

= t + 2,
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372 () = f(pi(tr), ta, p3(t3))
= pi(tr) + t2 + p3(ts)

= t—14+2+1

= t1+2,
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i3 (t) = f(t1, p2(t2), p3(t3))
= 1+ pa(t2) + p3(ts)

= t+2+1

= t; + 3,
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g(t) = M)+ £7(t) + £7(1)
= t1+2+t1+3+t1+3

= 3t; +8.
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6. Let t =(0,2,1). Then

pi(t1) =0, pa(t2) =2, p3(t3) =1
and

fFr(t) = fH(e) = ;%(t) = £°(ts)

= )= ) = 85
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Let A2 =Ng x N and f : A> = R be defined by
fty=ti+ta+t8+1t3, t=(t1,t2) €N’

We will find
g(t) = (o) + 2(t), teN

1. Let t = (t1,t2) € A2, t; #0. Then

pl(tl) =t —1, t1 €Ny, 0’2(t2) =th+1, theN.

Hence,
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(Exemple .|
g(t) = f1(t)+£7(t)

= f(p(tr), t2) + f(t1, 02(t2))

= pi(t1) + o+ p2(t1) + 13 + t1 4+ 0a(t2) + £ + 03(t2)

= t1—l+t+(t -1+ +t+b+1+8+ (2 +1)°

= h-1l+b+t2-204+1+8B4+t+b+1+8+t5+20+1

= 2024212 + 4t +2.
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2. Let t = (0,t2) € A2. Then p1(t1) = 0 and

g(t) = pi(t1) + o+ p3(t1) + 2 + t1 + 0a(t2) + £ + 03(t2)
= b+t +t+14(+1)°
= B2t +1+t3+26+1

= 2t2 44t + 2.

Khaled Zennir Time Scales Analysis Lecture 20 November 18, 2025 114 /115



