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Definition

We set

Λκn = Tκ
1 × Tκ

2 × . . .× Tκ
n ,

Λκin
i = T1 × . . .× Ti−1 × Tκ

i × Ti+1 × . . .× Tn, i = 1, 2, . . . , n,

Λ
κi1

κi2
...κil

n

i1i2...il
= . . .× Tκ

i1 × . . .× Tκ
i2 × . . .× Tκ

il
× . . . ,

where 1 ≤ i1 < i2 < . . . < il ≤ n, im ∈ N, m = 1, 2, . . . , l .

Remark

If (i1, i2, . . . , il) = (1, 2, . . . , n), then

Λκ1κ2...κln
i1i2...il

= Λκn.
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Definition

Assume that f : Λn → R is a function and let t ∈ Λκin
i . We define

∂f (t1, t2, . . . , tn)

∆i ti
=

∂f (t)

∆i ti
=

∂f

∆i ti
(t) = f ∆i

ti (t)

to be the number, provided it exists, with the property that for any εi > 0,
there exists a neighbourhood

Ui = (ti − δi , ti + δi ) ∩ Ti ,

for some δi > 0, such that∣∣∣f (t1, . . . , ti−1, σi (ti ), ti+1, . . . , tn)− f (t1, . . . , ti−1, si , ti+1, . . . , tn)

− f ∆i
ti (t)(σi (ti )− si )

∣∣∣ ≤ εi |σi (ti )− si | for all si ∈ Ui . (1)
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Definition

We call f ∆i
ti (t) the partial delta derivative (or partial Hilger derivative of f

with respect to ti at t. We say that f is partial delta differentiable (or
partial Hilger differentiable with respect to ti in Λκin

i if f ∆i
ti (t) exists for all

t ∈ Λκin
i . The function f ∆i

ti : Λκin
i → R is said to be the partial delta

derivative (or partial Hilger derivative with respect to ti of f in Λκin
i .
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Theorem

The partial delta derivative is well defined.

Proof.

Let t ∈ Λκin for some i ∈ {1, 2, . . . , n}. We assume that the partial
derivative f ∆i

ti (t) exists and

f1(t) = f ∆i
ti (t), f2(t) = f ∆i

ti (t).

Let εi > 0 be arbitrarily chosen. Then there exists δi > 0 such that for
every

si ∈ (ti − δi , ti + δi ) ∩ Ti ,

we have
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Proof.

∣∣∣f (t1, t2, . . . , ti−1, σi (ti ), ti+1, . . . , tn)− f (t1, t2, . . . , ti1 , si , ti+1, . . . , tn)

− f1(t)(σi (ti )− si )
∣∣∣ ≤ εi

2
|σi (ti )− si | (2)

and∣∣∣f (t1, t2, . . . , ti−1, σi (ti ), ti+1, . . . , tn)− f (t1, t2, . . . , ti−1, si , ti+1, . . . , tn)

− f2(t)(σi (ti )− si )
∣∣∣ ≤ εi

2
|σi (ti )− si |. (3)

From (2) and (3), for

si ∈ (ti − δi , ti + δi ) ∩ Ti , si ̸= σi (ti ),

we obtain
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Proof.

|f1(t)− f2(t)| =
∣∣∣f1(t)− f (t1, t2, . . . , ti−1, σi (ti ), ti+1, . . . , tn)

σi (ti )− si

+
f (t1, t2, . . . , ti−1, si , ti+1, . . . , tn)

σi (ti )− si
+

f (t1, t2, . . . , ti−1, σi (ti ), ti+1, . . . , tn)

σi (ti )− si

− f (t1, t2, . . . , ti−1, si , ti+1, . . . , tn)

σi (ti )− si
− f2(t)

∣∣∣
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Proof.

≤
∣∣∣∣f1(t)− f (t1, t2, . . . , ti−1, σi (ti ), ti+1, . . . , tn)− f (t1, t2, . . . , ti−1, si , ti+1, . . . , tn)

σi (ti )− si

∣∣∣∣
+

∣∣∣∣f2(t)− f (t1, t2, . . . , ti−1, σi (ti ), ti+1, . . . , tn)− f (t1, t2, . . . , ti−1, si , ti+1, . . . , tn)

σi (ti )− si

∣∣∣∣
≤ εi

2
+

εi
2

= εi .

Because εi > 0 was arbitrarily chosen, we conclude that f1(t) = f2(t).
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Example

Let f (t) = t1t2t3, t = (t1, t2, t3) ∈ Λ3. We will prove that

f ∆1
t1 (t) = t2t3.

Indeed, for every ε1 > 0, there exists δ1 > 0 such that for every
s1 ∈ (t1 − δ1, t1 + δ1), s1 ∈ T1, we have

|f (σ1(t1), t2, t3)− f (s1, t2, t3)− t2t3(σ1(t1)− s1)|

= |σ1(t1)t2t3 − s1t2t3 − t2t3(σ1(t1)− s1)|

= 0

≤ ε1|σ1(t1)− s1|.
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Example

Let f (t) = t22 + t1t3, t = (t1, t2, t3) ∈ Λ3. We will prove that

f ∆2
t2 (t) = σ2(t2) + t2.

Indeed, for every ε2 > 0, there exists

δ2 > 0, δ2 ≤ ε2,

such that for every

s2 ∈ (t − δ2, t + δ2), s2 ∈ T2,

we have
|s2 − t2| ≤ δ2 ≤ ε2

and
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Example

|f (t1, σ2(t2), t3)− f (t1, s2, t3)− f ∆2
t2 (t)(σ2(t2)− s2)|

= |(σ2(t2))2 + t1t3 − s22 − t1t3 − (σ2(t2) + t2)(σ2(t2)− s2)|

= |(σ2(t2))2 − s22 − (σ2(t2) + t2)(σ2(t2)− s2)|

= |(σ2(t2)− s2)(σ2(t2) + s2)− (σ2(t2) + t2)(σ2(t2)− s2)|

= |(σ2(t2)− s2)(σ2(t2) + s2 − σ2(t2)− t2)|

= |t2 − s2||σ2(t2)− s2| ≤ ε2|σ2(t2)− s2|.
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Example

Let f (t) = t1t2
√
t3, t = (t1, t2, t3) ∈ Λ3. We will prove that

f ∆3
t3 (t) =

t1t2√
σ3(t3) +

√
t3
.

Indeed, for every ε3 > 0, there exists δ3 > 0, δ3 ≤ ε3
σ3(t3)

√
t3

1+|t1t2| , such that

for every s3 ∈ (t3 − δ3, t3 + δ3), s3 ∈ T3, we have

|t3 − s3| ≤ δ3

and
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Example

∣∣∣f (t1, t2, σ3(t3))− f (t1, t2, s3)− f ∆3
t3 (t)(σ3(t3)− s3)

∣∣∣
=

∣∣∣∣∣t1t2√σ3(t3)− t1t2
√
s3 −

t1t2

(
√
σ3(t3) +

√
t3)

(σ3(t3)− s3)

∣∣∣∣∣
=

∣∣∣∣∣t1t2 (
√
σ3(t3)−

√
s3)(

√
σ3(t3) +

√
s3)√

σ3(t3) +
√
s3

− t1t2√
σ3(t3) +

√
t3
(σ3(t3)− s3)

∣∣∣∣∣
= |σ3(t3)− s3||t1t2|

∣∣∣∣∣ 1√
σ3(t3) +

√
s3

− 1√
σ3(t3) +

√
t3

∣∣∣∣∣
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Example

= |σ3(t3)− s3||t1t2|
|
√
t3 −

√
s3|

(
√
σ3(t3) +

√
t3)(

√
σ3(t3) +

√
s3)

= |σ3(t3)− s3||t1t2|
|t3 − s3|

(
√
σ3(t3) +

√
t3)(

√
σ3(t3) +

√
s3)(

√
t3 +

√
s3)

≤ |σ3(t3)− s3||t1t2|
|t3 − s3|
σ3(t3)

√
t3

≤ δ3|σ3(t3)− s3||t1t2|
1

σ3(t3)
√
t3

≤ δ3|σ3(t3)− s3|(1 + |t1t2|)
1

σ3(t3)
√
t3

≤ ε3|σ3(t3)− s3|.
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Remark

For t ∈ Λn and si ∈ Ti , we write

tsi = (t1, . . . , ti−1, si , ti+1, . . . , tn), i ∈ {1, 2, . . . , n}.

Then we can rewrite (1) in the form

|f σi
i (t)− f (tsi )− f ∆i

ti (t)(σi (ti )− si )| ≤ εi |σi (ti )− si |. (4)
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Theorem

Let f : Λn → R be a function and t ∈ Λκin
i . If f is delta differentiable with

respect to ti at t, then
lim
si→ti

f (tsi ) = f (t). (5)

Proof.

Because f is delta differentiable with respect to ti at t, we have that for
every ε > 0, there exists δ > 0, δ < {1, ε∗}, such that for every
si ∈ (ti − δ, ti + δ), si ∈ Ti , we have

|f σi
i (t)− f (tsi )− f ∆i

ti (t)(σi (ti )− si )| ≤ ε∗|σi (ti )− si |

and
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Proof.

|f σi
i (t)− f (t)− f ∆i

ti (t)(σi (ti )− ti )| ≤ ε∗|σi (ti )− ti |,

for
ε∗ =

ε

1 + 2µi (ti ) + |f ∆i
ti (t)|

.

Hence, for every si ∈ (ti − δ, ti + δ), si ∈ Ti , we have

|f (t)− f (tsi )| =
∣∣∣f σi
i (t)− f (tsi )− f ∆i

ti (t)(σi (ti )− si )

−(f σi
i (t)− f (t)− f ∆i

ti (t)(σi (ti )− ti )) + f ∆i
ti (t)(ti − si )

∣∣∣
≤ |f σi

i (t)− f (tsi )− f ∆i
ti (t)(σi (ti )− si )|
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Proof.

+|f σi
i (t)− f (t)− f ∆i

ti (t)(σi (ti )− ti )|+ |f ∆i
ti (t)||ti − si |

≤ ε∗|σi (ti )− si |+ ε∗|σi (ti )− ti |+ |f ∆i
ti (t)||ti − si |

≤ ε∗|σi (ti )− si |+ ε∗µi (ti ) + ε∗|f ∆i
ti (t)|

= ε∗
(
µi (ti ) + |σi (ti )− si |+ |f ∆i

ti (t)|
)

= ε∗
(
µi (ti ) + |σi (ti )− ti + ti − si |+ |f ∆i

ti (t)|
)
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Proof.

≤ ε∗
(
µi (ti ) + µi (ti ) + |ti − si |+ |f ∆i

ti (t)|
)

≤ ε∗
(
1 + 2µi (ti ) + |f ∆i

ti (t)|
)

= ε.

Because ε > 0 was arbitrarily chosen, we obtain (5).
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Theorem

Let f : Λn → R, t ∈ Λκin
i , and

lim
si→ti

f (tsi ) = f (t). (6)

If ti < σi (ti ), then f is delta differentiable with respect to ti at t and

f ∆i
ti (t) =

f σi
i (t)− f (t)

µi (ti )
. (7)

Proof.

When si → ti , using (1) and (6), we get (7).
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Example

Let Λ2 = N× 2N and define f : Λ2 → R by

f (t) = t21 t2 − 2t1, t = (t1, t2) ∈ Λ2.

Then
σ1(t1) = t1 + 1, t1 ∈ T1, σ2(t2) = 2t2, t2 ∈ 2N.

Hence,
t1 < σ1(t1), t1 ∈ N, t2 < σ2(t2), t2 ∈ 2N.

Therefore,
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Example

f ∆1
t1 (t) =

f σ1
1 (t)− f (t)

σ1(t1)− t1

=
(σ1(t1))

2t2 − 2σ1(t1)− t21 t2 + 2t1
t1 + 1− t1

= (t1 + 1)2t2 − 2(t1 + 1)− t21 t2 + 2t1

= t21 t2 + 2t1t2 + t2 − 2t1 − 2− t21 t2 + 2t1

= 2t1t2 + t2 − 2, (t1, t2) ∈ Λκ12
1 ,
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Example

f ∆2
t2 (t) =

f σ2
2 (t)− f (t)

σ2(t2)− t2

=
t21σ2(t2)− 2t1 − (t21 t2 − 2t1)

2t2 − t2

=
2t21 t2 − 2t1 − t21 t2 + 2t1

t2

= t21 , (t1, t2) ∈ Λκ22
2 .
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Example

Let Λ2 = 3N × N2
0 and define f : Λ2 → R by

f (t) = t21 + 2t1t2 + t2, t = (t1, t2) ∈ Λ2.

We will find f ∆1
t1 and f ∆2

t2 . Here,

σ1(t1) = 3t1, t1 ∈ 3N, σ2(t2) =
(√

t2 + 1
)2

, t2 ∈ N2
0.

Then

σ1(t1) > t1 for all t1 ∈ 3N, σ2(t2) > t2 for all t2 ∈ N2
0.

Hence,
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Example

f ∆1
t1 (t) =

f (σ1(t1), t2)− f (t1, t2)

σ1(t1)− t1

=
(σ1(t1))

2 + 2σ1(t1)t2 + t2 − t21 − 2t1t2 − t2
σ1(t1)− t1

=
(σ1(t1)− t1)(σ1(t1) + t1) + 2(σ1(t1)− t1)t2

σ1(t1)− t1

= σ1(t1) + t1 + 2t2
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Example

= 3t1 + t1 + 2t2

= 4t1 + 2t2, (t1, t2) ∈ Λκ12
1 ,

f ∆2
t2 (t) =

f (t1, σ2(t2))− f (t1, t2)

σ2(t2)− t2

=
t21 + 2t1σ2(t2) + σ2(t2)− t21 − 2t1t2 − t2

σ2(t2)− t2

=
2t1(σ2(t2)− t2) + σ2(t2)− t2

σ2(t2)− t2

= 2t1 + 1, (t1, t2) ∈ Λ2, (t1, t2) ∈ Λκ22
2 .
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Example

Let Λ2 = N× 4N and define f : Λ2 → R by

f (t) = t31 + t32 + t21 t
2
2 + t42 , (t1, t2) ∈ Λ2.

We will find f ∆1
t1 and f ∆2

t2 . We have

σ1(t1) = t1 + 1, t1 ∈ N, σ2(t2) = 4t2, t2 ∈ 4N.

Therefore,

σ1(t1) > t1 for all t1 ∈ N, σ2(t2) > t2 for all t2 ∈ 4N.

Hence,
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Example

f ∆1
t1 (t) =

f (σ1(t1), t2)− f (t1, t2)

σ1(t1)− t1

=
(σ1(t1))

3 + t32 + (σ1(t1))
2t22 + t42 − t31 − t32 − t21 t

2
2 − t42

σ1(t1)− t1

=
(σ1(t1)− t1)((σ1(t1))

2 + t1σ1(t1) + t21 ) + t22 (σ1(t1)− t1)(σ1(t1) + t1)

σ1(t1)− t1

= (σ1(t1))
2 + σ1(t1)t1 + t21 + t22 (σ1(t1) + t1)

= (t1 + 1)2 + t1(t1 + 1) + t21 + t22 (2t1 + 1)
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Example

= t21 + 2t1 + 1 + t21 + t1 + t21 + 2t1t
2
2 + t22

= 3t21 + 3t1 + 2t1t
2
2 + t22 + 1, (t1, t2) ∈ Λκ12

1 ,

f ∆2
t2 (t) =

f (t1, σ2(t2))− f (t1, t2)

σ2(t2)− t2

=
t31 + (σ2(t2))

3 + t21σ
2
2(t2) + (σ2(t2))

4 − t31 − t32 − t21 t
2
2 − t42

σ2(t2)− t2

=
(σ2(t2)− t2)((σ2(t2))

2 + t2σ2(t2) + t22 ) + t21 (σ2(t2)− t2)(σ2(t2) + t2)

σ2(t2)− t2

Svetlin G. Georgiev Time Scales Analysis Lecture 21 November 19, 2025 29 / 160



Example

+
(σ2(t2)− t2)((σ2(t2))

3 + t2(σ2(t2))
2 + t22σ2(t2) + t32 )

σ2(t2)− t2

= (σ2(t2))
2 + t2σ2(t2) + t22 + t21 (σ2(t2) + t2) + (σ2(t2))

3

+t2(σ2(t2))
2 + t22σ2(t2) + t32

= 16t22 + 4t22 + t22 + 5t21 t2 + 64t32 + 16t32 + 4t32 + t32

= 5t21 t2 + 21t22 + 85t32 , (t1, t2) ∈ Λκ22
2 .
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