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Definition
Assume that f : A" — R is a function and let t € A7"". We define

|

of(t1, ta,...,t,)  Of(t)  Of
Ajt; A At

(t) = £ (t)

to be the number, provided it exists, with the property that for any ; > 0,
there exists a neighbourhood

U; = (t,' — 0, ti + (5,’) NT;,

for some §; > 0, such that

f(ty, ... ti1,0(t), tiz1, -y tn) — F(t1, ooy ti1, Siy tig1s vy tn)

— f2i(t)(0i(t;) — si)| < eiloi(ti) —si| forall s € Ui (1)
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Definition

We call ftl.A’ (t) the partial delta derivative (or partial Hilger derivative of f
with respect to t; at t. We say that f is partial delta differentiable (or
partial Hilger differentiable with respect to t; in A7 if ftiA" (t) exists for all
t € AF". The function ftl.A" : N7 — R is said to be the partial delta
derivative (or partial Hilger derivative with respect to t; of f in A"
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The partial delta derivative is well defined.

Let t € A" for some i € {1,2,...,n}. We assume that the partial
derivative ftiA"(t) exists and

A(t) = £2i(1),  h(t) = ().

Let &; > 0 be arbitrarily chosen. Then there exists d; > 0 such that for

every
Si € (t,' — (5,‘, ti + (5,) N T;,

we have OJ
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‘f(tlv t2a ey ti*lyo-i(ti)v ti+17’ ) tn) - f(tl7 t27 ceey ti175i7 tl'+17 ey tn)

— A(O)(0i(t) — )| < Flor(e) =i (2)

and

f(t, to, ..., tic1,0i(ti), tix1, ..., tn) — F(t1, toy ..., tic1, Si, tig1, - -, tn)

— A(t)(i(t) — )| < S loi(t) il (3)
From (2) and (3), for

si€(ti— 6, ti+6)NTi, s #oi(ti),

abi o []
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(t1,t2, ..., ti—1,0i(ti), tit1, ..., tn)

1A() — ()] =] |

O'i(t,') — 5
+f(t1,t2,...,ti—1,5i,ti+1,...,tn) + f(ty, 2, .. ., tim1, o), tigny - -
@il — S o) =

_f(tl,t2;---7ti—1=5iati+17'"7t”) — f(t)
U;(t,') — 5
D)
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< law- f(ti, to, ... tis1,0i(ti), tixt, .-, ta) — F(t1, to, ..., ti_1,5;, tils
oi(ti) — si
oi(ti) —si
g &
S E’ 5/ =é&;j.
Because &; > 0 was arbitrarily chosen, we conclude that fi(t) = f(t). [

v
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Example

Let f(t) = titats, t = (t1, to, t3) € A3. We will prove that
fA1(t) = tots.

Indeed, for every 1 > 0, there exists 61 > 0 such that for every
S € (tl — 01,11 +51), s1 € T1, we have

|f(o1(t1), to, t3) — f(s1, t2, t3) — tot3(01(t1) — s1)|

= |oi(t1)tats — sitats — totz(o1(t1) — s1)|

IA

€1|0'1(t1) = 51‘.
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Example

Let (t) = t3 + t1ts, t = (t1, to, t3) € A3. We will prove that
fi?(t) = o2(t2) + ta.
Indeed, for every e > 0, there exists
02 >0, 02 <ep,
such that for every
s € (t—02,t+02), s € Ty,

we have
|so — to| < d2 < e

and
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[f(t1, 02(t2), t3) — F(t1, 52, 13) — £ (1) (02(12) — 2)|
= |(02(2))* + tats — 53 — tat3 — (02(t2) + 2)(02(t2) — 52))|
= |(02(22))* = 53 = (02(t2) + t2)(02(t2) — 52|
= [(02(2) = 52)(02(t2) + %2) = (02(t2) + t2)(02(22) — %))
= |(02(t2) = 22)(02(t2) + 52 — 02(t2) — 1))

= ‘t2 = SQHUQ(Q) = 52’ < 62|0’2(t2) = 52‘.
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Example
Let f(t) = tita/T3, t = (t1, t2, t3) € A3. We will prove that

A tito
fe, () =

N \/0'3(1'3) -+ \/E

Indeed, for every e3 > 0, there exists 3 > 0, d3 < 53%, such that
for every s3 € (t3 — d3, t3 + 03), s3 € T3, we have

|t3 — s3] < 03

and
v
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‘f(tl, tr, 03(t3)) — F(t1, ta, 53) — F52(t)(03(t3) — 53)’

tito

ortt) + o) ) =)

_ gy, Wo3(ts) — V) (Vos(ts) + vSs) tito
v 0'3(1'3)4'\/5 \/0‘3(t3)+\/t_3

= |titon/0o3(t3) — titay/S3 —

(03(t3) — s3.

W

1 1
loslt) = sl | s ~ Vonm) + v
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= Jos(ts) — sllate] Ve — vl
(Vos(ts) + vB) (v/o3(5) + v/53)
1 B |t3 — s3]
= sttt VR (Vorm) + vE)(VE + vE)
< |U3(t3)—53!|t1t2|m
< 53|U3(t3)_53”t1t2|0’3(1;)\/5
< dafoa(ts) —sl(1 + [atal) s
< e3|o3(t3) — s3].
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Fort € N" and s; € T;, we write
ts, = (t1,..., ti—1,Si, tix1,-.-,tn), 1€{1,2,...,n}.
Then we can rewrite (1) in the form

F7(t) — F(ts,) — £21(8)(0i(tr) — s1)| < eiloi(ti) — sil- (4)
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Let f : A" — R be a function and t € N'". If f is delta differentiable with
respect to t; at t, then

lim £(ts,) = £(2). (5)

S,

Because f is delta differentiable with respect to t; at t, we have that for
every € > 0, there exists § > 0, § < {1,&*}, such that for every
si € (ti —0,t; +6), s; € T}, we have

|£71(8) = F(ts) = fi (£)(0i(8) — )| < "|oi(&) — sil
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proof .|
|£7(8) = (1) = £ () (0(t) — )] < £¥Joi(t:) — il,

for
€

1+ 2ui() + | ()]
Hence, for every s; € (t; — 6, t; + ), s; € T;, we have

*

(1) = Fts)] = | £7(2) = F(ts5) = £ () (0i(t) = 51)
—(£7(8) = £(1) = i (D)(oi(t) — 1) + fi (2) (& — 1)

< JET(E) - f(ts) — £ (D) (oi(t) — si)]
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HET () = F(8) = £ ()t — 1) + (o)t — i

]

IA

e*loi(t) — sil + e*loi(8) — il + £ (D]t — sil

IN

e*loi(t) — sil + e pilts) + *|£ (2)]
= & (uilt) + los(t) — sil + |F2(2)))

= ¢* (,u;(t,-) + |oi(ti) — ti + ti — si| + ’Ft,-Ai(t)‘)
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e (u,’(t,') + pi(ti) + |[ti — si| + |f-t,Ai(t)’>

IA

< & (1 2ui() + £ (e)])

= E&.

Because ¢ > 0 was arbitrarily chosen, we obtain (5). O
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Let f : A" - R, t € AF", and

lim f(ts,) = f(t). (6)

Si—tj
If t; < oi(t;), then f is delta differentiable with respect to t; at t and

() = T, )

i

When s; — t;, using (1) and (6), we get (7).
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Example
Let A2 =N x 2" and define f : A> = R by

f(t) = tit, — 2y,

Then
O’1(t1) =t + ].7 t; € Tl, Uz(tz) = 2t2,
Hence,
1 < 0'1(t1), thHeN, < 0'2(t2),
Therefore,

t = (t1,t2) € A\°.

ty € 2N,

th € 2N,

November 19, 2025
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7 (t) — £(t)

Rt = 2

t1 ( ) Ul(tl) _ tl

(0’1(t1))2t2 = 20‘1(t1) = t12t2 + 2t
tt+1l1-t

= (h+1)2 -2t +1)— 2t +21
= i+ 2titr + b — 2t — 2 — tit) + 2t

= 2ita+ta—2, (ti,t2) € N2
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fy2(t) — f(t)

fRer) = 221

t ( ) O'2(t2) . t2

t205(ty) — 2t — (t2ty — 2t1)
2tr — 1o

2t2t) — 2ty — titr + 2ty
to

= 2, (t1,) € Aj?2.
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Example
Let A2 = 3N x N3 and define f : A2 — R by

f(t) =t +2t1tr + to, t=(t1,t2) € A°.
We will find £21 and £52. Here,
oi(t1) =30, ned, o(t)=(Va+1)?, ©eN.
Then

O’1(t1) >t forall t; € 3N, 0’2(1’2) >t forall te N(z)

Hence,
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f(o1(t1), t2) — f(t1, t2)
Ul(t]_) — 1

foi(t) =

(01(t1))? +201(t1)t2 + to — t2 — 2t1t — 1

o1(t1) — t1
_ (ou(t) = t1)(o1(ta) + t1) +2(01(t1) — ta)to
- o1(t1) — t1

= o1(t) + t1 + 2t
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fip(£)

3t + t1 + 2t

4t; +2ty,  (t1, ) € A2,

f(l’l, 02(1'2)) — f(tla t2)
Uz(tz) — bt

t12 -+ 2t10'2(t2) + 02(t2) = t12 —2t1tr — b

0'2(t2) — b
2t1(02(t2) — t2) + 02(t2) — 1o
O'Q(tz) — b

214+ 1, (t1,0) €N, (t1, t2) € AF22.

Svetlin G. Georgiev
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Let A2 =N x 4~ and define f : A2 — R by
fy=68+6+82+1t, (4,bt)c
We will find £~ and 2. We have
o)) =ti+1, tH €N, oo(t)=4t, tcda
Therefore,

Ul(tl) >t forall t; €N, O'z(tz) >t forall te 4N,

Hence,
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f((Tl(tl), t2) — f(tl, 1.‘2)
Ul(tl) —

fal(t) =

(01(1'1))3 + tg’ + (J1(t1))2t22 + tg = tf = tg = tft22 — tg

O’1(t1) —t
~ (o1(tr) = t)((01(01))* + 1o (1) + 8) + 5 (01(t1) — 1) (01 (
o 0'1(1.'1) —

= (0’1(1'1))2 + 0'1(t1)t1 + t% + t22(0'1(t1) + tl)

= (+1)2+t(t+1)+ 2 +t22t +1)

Svetlin G. Georgiev Time Scales Analysis Lecture 21 November 19, 2025 28 /160



= 2424 +1+8+0+t2 2612+ 62

= 38243 +2ut2+ 5 +1, (t,t) € A2

f(tl, O‘2(t2)) — f(tl, t2)

fo2(t) =
( ) Uz(tz) — b
- tf’ + (Uz(tz))3 ol tfa%(tz) 2 (Uz(tz))4 = tf = tg’ = tft22 — tg
0'2(t2) — b
_ (02(t2) — &2)((02(t2))? + t20a(t2) + 85) + 5 (02(t2) — to)(02(t2
0'2(1'2) — b
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(02(t2) — 12)((02(12))? + ta(02(12))* + t302(t2) + 13)
0'2(1'2) — b

+
= (02(t2))? + taoa(ta) + 13 + t2(02(t2) + 1) + (02(t2))3
+t2(02(t2))? + toa(t2) + t3

= 165 + 413 + t3 + 5t7tr + 645 + 165 + 43 + 5

= 5tfty + 21t + 853, (t1,t2) € A§?2.
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