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Let t € A¥'" and t; = oi(t;). Then f is partial delta differentiable with
respect to t; at t if and only if the limit

Si—tj ti — S;

exists as a finite number. In this case,

. f(t) — f(ts
() = Jim (O =15)
it i—Si
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Let f be partial delta differentiable with respect to t; at t. Then, for every
e > 0, there exists 6 > 0 such that for every s; € (t — d;,t 4+ ¢;), s; € T},
we have (??). Hence, using that o;(t;) = t;, we get

e

<e.

|

Because € > 0 was arbitrarily chosen, we conclude (1).
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Suppose (1) holds. Then, for € > 0, there exists § > 0 such that for every
si € (ti—0,t; +0), s; € T}, we have

F(£) — f(ts;) — F20(t)(t — s7)| < elti — sil.

Hence, using t; = o(t;), we get the definition for partial delta derivatives.
The proof is complete. O

v
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Example

Let A2 = ()" x N and define f : A2 = R by
f(t) = t2tr, t=(t1,t) € A\

We will find f,_blAl (%, 1.'2), t» € N. We note that

1 N
’]I‘1:<§> , T,=N.

Hence, o> (%) = % Thus,

1 2
im f(3,t2) — f(s1, t2) _ iy A2t
si—1 L S1 s1—1 - S
2 2 1773 2 1
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_ m GG
- 1

51—>% 5 S1

im, (5431 ¢
= m = 51 2

51—>% 2

Consequently, 21 (1, 1) = to.
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Let A> = Z x (—2N) and define f : A> — R by
f(t)=tito +t3, t=(t1,t2) € N

We will find £22(t;,—2), t; € Z. We note that Ty = Z, T, = —2N.
Hence, 02(—2) = —2 and

f(ty, —2) — f(ty, t —2t;1 +4 — t1tp — t2
lim ( 1, ) ( 1, 2) lim 1+ 162 2
ty—>—2 22—t ty—>—2 —2—1t

lim 2+ )1+ (t2 —2)(t2 + 2)

th—>—2 2 + t2
= li t th — 2
t2|—>nlz( 1+ t2 )
= t —4.

Consequently, ftfz(tl, —-2)=1t; — 4.
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Let A2 = Z x (1)" and define f : A2 — R by
f(t)y=ti+ta+ 3, t=(t1,tr) €A%

We will find £22(t1,1), t; € Z. We note that
1\ Mo
Ty =2, Tp= <§> :
Hence, 02(1) =1 and

f(t1,1) — f(t t1+2—t] —sp— s2
lim ( 1, ) ( 1)52) _ it 1 + 1 S2 52

s—1 1—s s—1 1—s
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(]. = 52) + (1 = 52)(1 aF 52)

SQILnl 1-— S2
= Ilim((2+s)=3.
52—)1

Consequently, ftzAz(tl, 1) =3.
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Let t € A", Suppose f : A" — R is a function that is partial delta
differentiable with respect to t; at t. If & € R, then of is partial delta
differentiable with respect to t; at t and

(af )’ (1) = af(2).
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Without loss of generality, we may assume a # 0. Since f is partial delta
differentiable with respect to t; at t, for every € > 0, there exists § > 0
such that for every s; € (t; — d, t; + 9), s; € T;, we have

€

|F77(t) — F(ts;) — F2(8)(0i(tr) — s1)| < m|0'i(ti) - sil.

Hence, O]
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(Proof. ]
(@f)7() — (af)(ts) — afi(t)(oi(t;) — s7)]
= |allf7(t) - f(ts) — £2(t)(oi(t:) — 57)]

< rarﬁrm(n)—sf\

= égloi(ti) — sil,

which completes the proof. []
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Let t € AF". Assume f,g : N — R are partial delta differentiable with
respect to t; at t. Then f + g is partial delta differentiable with respect to
t; at t and

(f +8)5(6) = fi'(2) + g2 (0).
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Since f and g are partial delta differentiable with respect to t; at t, for
any € > 0, there exists § > 0 such that for any s; € (t; — 6, t; +0), s; € T},
we have

£74(8) = F(ts) = 2 (0)(o3(8) — )| < Sloi(ty) = si

and

67'(1) — &(ts) — g (1)(0i(t) = )| < 3 oi(t) sl

whereupon [
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(F +8)7(t) = (F + &)(ts) — (™ (1) + g (1)) (0i(8:) — )]

= |f7(t) + g7 (t) — £(ts) — £(ts) — fi (D)(oi(t) — 1) — " () (o) -

< |F7(8) — F(ts) — i (D)(oi(tr) — i) + 187 (t) — g(ts) — 86" (0i(t) +
€ €
< Zlg:it) — s g +:) — o
= 2|0',(t,) 51|+2|(7/(tl) il
= eloi(t;) — sil,
which completes the proof. O
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Let t € AT, Assume f,g : A" — R are partial delta differentiable with
respect to t; at t. Then fg is partial delta differentiable with respect to t;
at t and

(fe)g" () = ' (t)g(t) + £ (t)gs () = F(t)gs, ' (£) + fir ()" (2)-
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Since f and g are partial delta differentiable at t, for any € > 0, there
exists § > 0 such that for any s; € (t; — 0, t; + d), s; € T}, we have

|£7i(8) = F(t) = Fi(B)(oi(t) — s)| < €"loi(8) — sil,

87 (1) — g(ts) — g5 (D(oi(t) —s)| < *loi(t) = sil,

IN
(T)*

|f(ts) — £(2)]

IN
m*

& (ts:) — &(t)]
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where

e < min{ — c — — ° A
L+ [£7(8) + lg(ts)l + [F7 ()] 1+ [g7 (0) + [F(ts)] + lg " (¢

Hence,

(7)) — (f8)(ts)) — (Fi (D)g(2) + £ (t)gsy (1)) (oi(r) — i)

= |7 (t)g (1) — f(ts)g(ts) — (7 (0)g(t) + £7(t)gs, (8))(0i(t:) — 1))

O
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Proof
= [F7(1)(&7(t) — &(ts) — &5 (t)(oi(t;) — si))
+HI(D)g(ts) — f(ts)g(ts) — £ (1)g(t)(oi(t:) — si)l
= |F7()(g7 (1) — g(ts) — g2 (D(oi(t) — 1))

+g(ts)(F7 (1) = f(ts) = fi (£)(oi(tr) — s1)
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+g(ts) — (0)f ()(0i(ti) — )|

< e*oi(ti) — sillf7(t)] + €*|g(ts)l|oi(ti) — sil
+lg(ts) — g2 (8)]oi(t:) — sil
< efoity) — sil| ()] + el (ts)|oi(ts) — si| + ¥ |2 ()] |oi(t:) — sil

Ol
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= (57O + lg(ts)| + £ (D) loi() — i
< S+ ()] + lg(ts)] + 1 (2))]oi(t:) — sil

< eloi(ti) — si
and

()7 (t) — (fe)(ts) — (F(t)gs () + £ (t)g7 (1)) (oi(tr) — si)]

= |F71(0)g7 (1) — f(ts)e(ts) — (F(t)gn (t) + £ (1)l (1)) (ei(ti) — si)|

Ol
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Proof. ...
= g7 (O)(F7(t) = F(ts) — £ (0i(t:) — s1))
+7 (D)F () — F(t5)8(t5) — F(D)gs (8)(0i(t;) — )
= g7 (O(F7(t) — F(ts) — £ (1) (oi(t) — s1))

+1(ts) (87 () — g(ts) — g5 ()(oi(t7) — 51))
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R
(885" (£)(oi(t:) — 1) — F(2)eg (D)(oi(t) = 51|
< gl (I (1) = F(ts) = £ (B)(oi(t) = 50
() 167 (1) — &(ts) — £ (D)(0i(1) — )

+lge (D)1 (ts) = F(Dlloi(t:) - sil
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e*lg (t)lloi(tr) = sil + &¥|f (ts,)lloi(tr) — sil + &¥lge" (t)l|oi(t:) — sil

IA

IA

e*(1+ g7 ()] + |£(ts)] + lge (£)Dloi(tr) — i

< E‘U,‘(i‘,‘) — S,'|.

This completes the proof. Ol
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Let A> =N x Ng and define h: A> — R by
h(t) = (8 +2t1)(5 + t2), te N
Here, T; = N and T, = N3. Then
o)) =t1+1, H €T, oz(t)=HWt+1)? teT,.
We will find h2'(t), t € AJ*2. Let

f(t)=t2+2t;, g(t)=t+t, teA

Hence, h(t) = f(t)g(t), t € A2. Then, for t € A2, we have
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ha'(t) = fit(t)e(t) + 7 (t)gn (t)

—

= (o1(tr) + t1 +2)g(t) + ((01(t2))* + 201(12))((01(11))* + t101
= (+1+u+2)E+)+(h+1)2+26+2) (L +1)2+ 6
= (2t +3)(t + to) + (7 + 4t; +3)(3t7 +3t; + 1)

= 2t + 21ty -+ 385 + 3ty + 3¢F + 383 + t2 + 126 + 1262 + 411

= 5t] + 18t + 222 + 13ty + 2t1t2 + 3t2 + 3.
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Example
Let A2 = 2N x N and define h: A> — R by

h(t) = (8 + to)(f + ita + 13), te A’
We will find h5'(t) for t € Aj*? and h52(t) for t € A5?2. Let
ft)=t6+t, gt)=H+tut+13, t=(t,t)e

Here,
T:=2Y, T,=N.

Then
01(t1)22t1, t; € Ty, O’z(tz): tbb+1, teTs.

Then, for t € A’f12, we have
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hai(t) = f2U()g(t) + 7 (ten ()
= ((01(t1))? + tio1(tr) + ) (2 + t1tn + 13)
+((o1(t1))® + ) (o1(t1) + t1 + )

= (42 4282 4 2)(t2 + tity + t3)

+(88 + 1)(2t1 + t1 + 1)
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= T2t + tytp + t2)
+(88 + t2)(3t1 + 1)

= Tt} + 78t + Tt2t2 + 24t]
188ty + 3t1tp + t3

= 31 + 1565t + TH]t2 + 3ty + t3.

For t € /\522, we have
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(Example .. |
h2(t) = f2(0)e(t) + f2()gn (1)
= g(t) + (5 + 02())(t1 + 02(t2) + t2)
= H+tab+t+(B++)(t+b+1+b)
= 24t +t2+ (5 +t+1)(t+ 26+ 1)

= Bttt +tf 280+ 8+t + 28 + b+t + 2ty H1

= #4802+ 1)+ 2+ (2t +1)+32+ 36+ 1.
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Example

Let A3 =N x Z x R and define h: A* — R by
h(t) = tots(3titr + 8 + t3), te A’

We will find A5 (t) for t € AJ*3, hE2(t) for t € A3, and hp3(t) for
t € A% Let

f(t) = tats, g(t) =3t +t8+13, teN’.
Here,

01(t1)2t1+1, t1 €T =N, 0’2(t2): tb+1, teT,=27,

o3(t3) = t3, t3€T3=R.
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For t € Af*3, we have

hel(t) = 2N (t)g(t) + 77 (t)gn (t)
— (O’l(tl) + t1)t2t3(3t1t2 + t12 + t%) =4F (Ul(tl))2t2t3(3t2 + Ul(tl) -t

= (2t1 + Dtotz(Btitr + 2 4+ t3) + (t1 + 1)°tat3(3t2 + 2t + 1)

el

= (2t1 + 1)(Btatats + t2tats + tot3) + (12 + 2t + 1)(3t5t3 + 213
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= 6t{tats + 2t5tats + 2t1tat3 + 3t1tits + titats + tot3 + 3titots

—

+2t3tot3 + t2tots + Oty tats + At2tots + 2t tots + tots + 2ty tots + B
= ABtyt3 + 9t t3ts + 6titots + Oty tats + 2ty toty

4t tats + 3t5ts + totz + totS.

For t € A3, we have
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hp2(t) = f22(t)(g(t) + £72(t)gn(t)
= tt3(3titr + 7 + 13) + 3t2oa(tr) 3ty
= tt3(3tita + 7 + 13) + 3t (2 + 1) 13ty
= 3Bttt + tits + 713 + 3ttt + 36513

= 6ttats + 3313 + 2L + tit3.

For t € A5*3, we have
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A A A
hi,*(t) = 153 ()e(t) + 57 (t)es (1)
= t12t2(3t1t2 + t12 + tg) + t12t20'3(t3)(03(t3) + t3)
= 2t(3t1tp + 7 + t2) + 2t tot3t

= 388+t + ti0ts + 268t t3

= tity + 36313 + 3t tot2,
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Let f : A7 — R be partial delta differentiable with respect to t; at
t € A", Then

A .

() = (M
= AR
= £Y(F7+ 1),

(P = ()
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= P A7)
= fy 2 TR+ )

= FO(F2 4 T+ (F7)P).

We assume that

(fn fA ka(fd,)n 1—k

for some n € N.
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We now prove that

n A,‘ A,‘ agi\n—
(f +1)t,’ = ft,’ ka(f; ) k'
k=0

Indeed,

(F e = (")

_ ft,-Aifn‘i‘f,'Gi(fn)ﬁi

= FFT AT R
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_’_f(f}UI)H—Q + (f}ai)n—l)f}a;

_ ftAi (fn_i_fn—lfia,-+fn—2(fia,-)2+”_+(ﬁa,-)n)

i

= T
k=0
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