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Let f,g : \" — R be partial delta differentiable with respect to t; at
t € N, Assume g7'(t)g(t) # 0. Then g is partial delta differentiable
with respect to t; at t and

(£>Af _ i (D)a(t) — (D) ()

e). V=T e
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Since f,g : A> = R are partial delta differentiable with respect to t; at t,
for every € > 0, there exists 0 > 0 such that for every s; € (t; — 4, t; + 9),
s; € T;, we have

|£79(8) = F(ts) = £/ (B)(0i(t) — s)| < €"loi(8) — sil,

87 (1) — g(ts) — g5 (D(oi(t) =)l < e*loi(t) = sil,

IN
(T)*

f(t)g(ts) — f(ts)g(t)|
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where

g7 (1)llg(ts)l18 (1)l _
L+ [g(8)llg(ts)] + F(ts)lg(0)] + lgr (2)

O<e*<e

Hence,

g); g (t)g(t)
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i) f(t)  f(08(t) — f(teh (1)
g'(t) glts) g/ (t)g(t)
1

&7 (1)llg(ts)1& (1)l

— (1) (t)g(ts)(oi(8) — i) + F()g(ts)gs, (1) (oi(t) — s,-)‘

(oi(ti) — si)

£7(t)g(t)g(ts) — f(ts)g(t)g" (t)

1
&7 (1)l (ts)l1g(2)]

£7(t)g(t)g(ts) — f(ts)g(t)g(ts;)
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+f(ts,)g(t)g(ts) — f(ts)g(t)g! (t)

—£2(0)g(t)g(ts)(0i(t) — 5i) + F(£)g (ts)ge () (0i(ti) — s,-)‘

B |g-”"(r>r|gtts-)||g(r>| g(0)g(ts)(F7(2) = F(t5) — 2 (B)(oi(8) — 1))

+(ts)g(t)g(ts) — f(ts)g(t)g? (t) + F(ts)g(t)gs (t)(oi(t:) — si)

Ol

Time Scales Analysis Lecture 23

November 26, 2025 6/40



—f(ts)g(t)gr (t)(oi(t;) — s1) + F(t)g(ts)ge (t)(oi(t) — 5i)‘

- |g-""(r)r|g%ts.)||g(t)| l(0)g () (F77(2) — £(25) = £ (E)(oi() — 57)

—f(ts)8(t)(g]"(t) — &(ts) — &7, ()(0i(t)) — )

+gr (1)(F(t)g(ts) — F(t5)8(t))(0i(t:) — si)
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(\g(t)!\g(ts,-)!\ﬂ”’(t) — f(ts) = £ (£)(0i(8) — si)

1
= & 0Na(t)]&()

+f(ts) gDl (t) — g(ts) — g () (oi(t;) — s7)|

+lge (0)]I(F(£)g(ts) — f(ts)e(t)|oi(t) — Sil)

= g (Oat)g(o] €Ol =
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+e*|f(ts)llg ()l oi(tr) — sil + "lgs (Dlloi(8:) — sil)

1
= T (0le(t)le(e

)|6*(Ig(t)llg(ts,-)||0i(ti) = sil

+F(ts)lg(D)lloi(t:) = sil + g ()l oi(tr) — sil)

1
&7 (t)lle(ts)lle(t

)|6*(1+ l&(t)llg(ts)]
+f(ts)llg(£)] + gt (£))|oi(t:) — i

< E‘U,‘(i‘,‘) — S,'|.

This completes the proof. O
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Example
Let A2 =N x N and define h: A> — R by

_ t2 + 2t1ty + t5

t = (t1, ) € N2
t1+t2 P (1> 2)

h(t)
We will find b8 (t) for t € A§*2 and h52(t) for tr € A5?2. Let
flt)=6+20t+1, g(t)=t+t, t=(t,0)e.

Here,
T{=T,=N

and
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O'1(t1): t1 +1, t; €Ty, O'z(tz): tbb+1, teTsH.
We have

ftlAl(t) = oi1(t1) + t1+ 2tk
= 2t +2b 41, teNP?
f22(t) = 20+ (02(t2))? + 2oa(t2) + 83
= 2614+ (b + 1)+ ta(ta+ 1) + 13

= 2+t 420+ 14+ 34+t +t3

= 21 +3t83 436 +1, teA?

= = = >yt
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gal(t) = 1, teNny?,
g2(t) = 1, teA??
gi(t) = g?(t)

= t+t+1, t e N

Hence, for t € A2, we have
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fi(t)g(t) — F(t)gn (t)
g1 (t)g(t)
(2t1 + 2ty + 1)(t1 + t2) — (2 + 2t1t0 + £3)
(t1 + to + 1) (11 + t2)

fol(t) =

2t2 + 2t1ty + 21ty + 2t5 + t1 + tp — t2 — 2t1t) — t3
(t1 + 2+ 1)(t1 + t2)

t2 4+ 2t1t) +2t3 — t5 + t1 + to
(tl + it + 1)(t1 ol tg)
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Example

For t € A5?%, we have
fia 2(D)g(t) — F(t)gn(t)
8" (t)g(t)

(2t1 +3t2 + 3t + 1)(t1 + o) — (2 + 2t1t2 + £3)
(t1+ 2+ 1)(t1 + t2)

h(e)

2t2 + 21ty + 3t1t2 + 383 + 3ty +3t3 + t1 + th — t2 — 21t |-
(t1 + 2+ 1)(t1 + t2)

t2 4+ 3tity + 3t1t3 + 265 + 3t + 1 + b
(t1 + 2+ 1)(t1 + t2)
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Let A = 2 x Ng and define h: A> — R by

_t1—t2
B+t

t e A2

h(t)

We will find h&(t) for t € Af*2 and hg2(t) for t € A5?. Let
ft)=t1—ts, g(t)=t+0, teA
Here,

T, =2, T,=N.

oi(ti) =2t;, t €Ty, oot)=t+1, tecTy,

A1) =1, gh'(t) =ou(t) +t1 =2t +t1 =3t1, teA,
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fo2(t) = -1, go2(t)=1, ten??,

gl (t) =4t +t, gt)=ti+t+1, tch
Hence, for t € AJ*?, we have
o (t)g(t) — F(t)gy (1)
g1 (t)g(t)

(£ + 1) — (t1 — t2)3t
(42 + 6)(t2 + o)

he'(t) =
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t12 + tr — 31'12 +3titp
(487 + ©2)(8 + t2)

—2t2 4+ 3t1tr + tp
(42 + ) (2 + 1)

For t € A5?%, we get
fi2(t)g(t) — F(t)g*(t)
8" (t)g(t)

—(+ 1) — (t1 — o)
(2 +t+1)(+t)

h(e)

t2 4+t
(B+b+1)(2+ 1)
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Example
Let A2 = Z x Ng and define h: A> = R by

. t1 + 2t + 3

h(t) = t e A2,
(t) R

We will find

hel(t), teA® (-t +1)(t1—to+2)#0

and
hax(t), te N2, (t—to+1)(t — ) #0.
Here,
T:=7%, Ty,=Ny
and
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0'1(t1)= t1+1, t; €Ty, 0’2(1.'2) =th+1, tpeT,.

Let
ft)y=t1+26+3, g(t)=t1—tr+1, te N

We have

ful(t) =gn' (1) =1, te A,

A A 2
f;.“22:2a gt22:_17 te/\g2 )

git)=t1—t+2, gl(t)=t1—t, teh’
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For t € Aj*2 with (t; — tp + 1)(t; — t2 4+ 2) # 0, we have

fa(1)g(t) — f()gn™ (1)
81 (t)a(1)
t1 —th+1—(t1 + 2t + 3)
(1 — 4+ 2)(t1 — )
—3t, — 2
(tl — i + 2)(t1 = tg).

hy'(t) =

For t € A5?% with (t; — ta + 1)(t1 — t2) # 0, we have
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fo2(t)g(t) — f(t)gn ()
85 (t)g(t)
2(t1 —to+ 1)+ (1 + 22+ 3)
(h —w)(t1—t2+1)
3t1 +5
(1 —t)(t1 —ta+1)

hi?(t) =
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Definition

For a function f : A" — R, we shall talk about the second-order partial
delta derivative with respect to t; and t;, i,j € {1,2,...,n}, ftﬁ;A",
provided fA" is partial delta differentiable with respect to t; on

A5 i — (A“ ”) " with partial delta derivative

DA j ik
R = () R
ity t: y
J
For i = j, we will write
AA; A2
fo, - =o'

i
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Definition
Similarly, we define higher-order partial delta derivatives

AjAj A KiK. KD
ft,‘tj...t/ : A,‘j,,,/ — R

For t € A", we define
a%(t) = o(o(t)) = (01(01(t1)), 02(02(2)); - - -, Tn(0n(tn)))
and

p°(t) = p(p(t)) = (p1(p1(t1)), p2(p2(t2)); - - - palpn(ta))),

and 0™ (t) and p™(t) for m € N are defined accordingly.
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Definition

Finally, we put
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Let A3 = N x Ny x Z. Here
T:=N, T=Nyg, T3=7%
and

O'1(t1) =t+1, t €Ty, 0‘2(t2) =t+1,

U3(t3) =t3+1, t3€Ts.

Hence,

tr, € T,

Svetlin G. Georgiev Time Scales Analysis Lecture 23

November 26, 2025



o?(t) = (01(01(tr)), 02(02(t2)), o3(03(t3)))
= (Ul(tl) + 1,0’2(2?2) +1, 0’3(1’3) -+ 1)

= (h+1+1,b+1+1,t3+1+1)

— (tl+2at2+2at3+2)
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Let A2 = 2N x Ny. Here,
T; =2%, T, =No.
Then

t
pi(t) = 51, t1 #2, t €Ty, p1(2)=2,

pa(tr) =to—1, teTy t#0, p2(0)=0.

Therefore,

(%a tr — 1) if t > 47 tr > 17

(2, th — 1) if t1= 2, th>1,
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1. Let t; >4, tp > 1. Then

pP(t) = (p1(pa(tr)), p2(p2(t2)))

- (n(2) mte-)

((%71:2_2) if 5] 287 to 227
(%,0) if t1>8, th=1,
(2, t; — 2) if t1=4, t,>2,

k(2’0) if 1 =4, th=1.
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2. Letty =2, tp > 1. Then
p*(t) = (p1(2), p2(t2 — 1))

(2, th — 2) if th>2,

(2,0) if t=1.
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2. Let t; > 4, to =0. Then
21 = (n(2).20)

(%,0) if t; >8,

(2,00 if =4

3. p%(2,0) = (p1(2), p2(0)) = (2,0).
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Let A2 = Z x N. We will find (02(t)) - (p3(t)), t € A2, where - is the inner
product in R?. Here,
T:=2, T,=N

and
0‘1(t1)= t1 +1, t; €Ty, 0‘2(t2)= tbh+1, teT,.

Hence,
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o(t) = (01(t1),02(t2))
= (1+1,t+1),

o*(t) = (o1(01(t)), 02(02(t2)))
= (o1(t1 +1),00(t2 + 1))

= (h+2,+2), tehA

Also,
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p(t) = (pi(tr), pa(t2))
(tl—].,tz—].) it th>2,

(tl—].,].) if th=1,
pP(t) = (pr(pr(tr)), pa(p2(t2)))

(pr(tr = 1), p2(2 1)) if ©22>2,

(p1(t1 — 1), p2(1)) if =1
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(tl —2,t) — 2) if >3,
(tl -2, 1) if e {1,2},
pP(t) = (p(pi(tr)), p2(p5(t2)))

(p1(t1 —2),p2(t2 —2) if >3,

(p1(t1 = 2), p2(1)) if e {1,2}
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(t1—3,t2—3) if th, >4,

(t1 —3,1) if te{1,2,3}, teA’

Hence, for t € A%, we have
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(1 +2,00+2) - (t1 — 3, —3) if t>4,

(1 +2,t2+2) - (t1 —3,1) if te{1,2,3}

((t1+2,t0+2)- (1 —3,0—3) if >4,

(1 +2,3)-(t1 —3,1) if =1,
(t1 +2,4)-(t1 —3,1) if th=2,
L (t1 +2,5) - (t1 — 3,1) if =3,
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(1 +2)(t1 —3)+ (2 +2)(t2 — 3) if t>4,
(1 +2)(t1 —3)+3 if th=1,
) (t+2)(t1 —3)+4 if th=2,
(1 +2)(t1 —3)+5 if tp=3
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2+t —t1—tp—12 if t >4,
t2—t; — 3 if =1
1 1 | 2 — 4
t2—t1 —2 if th=2
1 1 | 2 )
t2—t1—1 if =3
\ “1 1 | 2 —
v
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Let A2 = 2N x Ny and define f : A> = R by
f(t) = titr + t1t3, te A%
Here, T; = 2V, T, = Ny, and
oi(t1) =2t1, t1 €T, o) =t+1, teT
Thus,

fol(t) = to(oi(t) + 1) + 2
= by +t)+t3

= 3t +t2, te A2
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f22(t) = 1+ ti(oa(t2) + 1)
= f+u(n+1)

= 42t + 1, tGAgz2,

FAL82(t) = 3ti+ ta+ oa(t2)
= 3t; + 2t + 1,
fE281(t) = oi(t) +ti+2t+1

= 3 +2tp+1, te /\'féfiﬂ_

- - = Tyt
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