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Example

Let A2 =N x N, f(t) = t1tp, t € A°. Let tg € A? be arbitrarily chosen.
Here, T1 = T> = N and

O’1(t1)= t1 +1, t; €Ty, 0'2(t2)= tbh+1, teT,.

We will prove that f is completely delta differentiable at ty. Let § > 0 be
sufficiently small. For t € Us(t°), we have
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(1) = f(t) = 68 —tto=5(8 — t1) + (3 — 1)
—5( —t1) — (5 — ) + 515 — tit
= 5t — ) + (83 — ) — 0 + trty — 178
+80t + 919 — t11
= () — 1))+ 9(t2 — 1) — 28 + 1189 + %% — 11y

= 65(1) —t) + 58 — o) - 3() — t1) + ta(t — t1)

= (8 —t1) + 2t — &) + (2 — 9)(£) — 11).
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Here,
0 0 0
a=t, a=t], a=1tH-—1t, ap = 0.

We note that

lim a7 = 0.
t—10
For t € Us(t%), we have
()~ (1) = (£ +1)8 —tty

= g +1-t)+ {8 —t)—3() +1—t1)

—t(t — ) +(H + 1) — ity

= () +1—t1) + (8 — to) — 0t — £ + t13
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— 9t + 0 + 289 + 19 — 111y
= (0 +1—t)+ 29 — 1) — 942
+t:89 + 9% — 11ty

= BE A —a) - i@ = &) 4 (8= @ = @)

Here,
An=1t), An=t] =0 =t —t]
1n=t, An=t;, Pu , Ba=t—t].
We note that
Iim0 B21 = 0.

t—>t
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For t € Us(t%), we have

(%) —f(t) = (2 +1)—ut
= ot — 1) + (3 +1 - t2) — (1) — 1)
(B +1—t) + () +1) — t1t
= ala) = ) A M = = ) = el s e — i
9+ % + 22 + 0 — 111

= B —t)+H(E+1- )58

+t89 + 9 — 11ty
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Here,

Ap=1), Ap=t), Br=t—t, Pn=0.
We note that
lim 512 =0.
t—t0
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Every function defined on 7" is completely delta differentiable at every
point.

o

We may use

Aif:ﬂ[Ai(to), Ai=0, I#i, B;=0, I,i€{1,2,...,n}.

\
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Let f : A" — R be completely delta differentiable at t € N*". Then ftl.A" (1)
exists and
Ai = fRi(t) forall ie€{1,2,...,n}. (1)

From (?7), we get, for i € {1,2,...,n},

o 0 = ()

Si—t; O','(t,') — S;

= A,

which implies (1). O

.

Svetlin G. Georgiev Time Scales Analysis Lecture 25 December 3, 2025



Let T = [0,2] U {4}, where [0, 2] is the real number interval. Let
f: T — R be defined by f(t) = t3, t €[0,2], f(4) = 2. Then

Therefore, the function f is not completely delta differentiable at the point

t=2.

FA(t)
F2(2-)

F4(2)

= 3t2, tel0,2),
= 12,

f(o(2)) — £(2)
o(2) -2

f(4)—f(2) 2-8

4 -2 2
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Example

Let T = [2,3] U {5}, where [2, 3] is the real number interval. Let
f: T — R be defined by

f(t)=t2+t+1, te[23] and f(5)=c,
where ¢ € R. Then

fA>t) = 2t+1, tel2,3),

fA(3-) = 71,
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Hence, f2(3—) = f2(3) if
-1
¢ > 3:7, e, c=27.

Consequently, the function f is completely delta differentiable at t = 3 if
c = 27. If ¢ # 27, then the function f is not completely delta
differentiable at t = 3. )
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Example
Let T; = [0,1] U {3}, T2 = [0, 1], where [0, 1] is the real number interval.
Let f: T; x Ty — R be defined by f(t) = t2 + t3 for

(t1,t2) € [0,1] x [0,1] and f(3,t2) = a+ bty, tr € [0,1], where a and b
are real constants. We have

fA(t) = 2t, (ti, )€ [0,1)x[0,1],
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f22(t) = 2b, (t1,t)€[0,1) x [0,1],
ft‘lAl(l_th) - 27
f22(1—,t) = 2, t€l0,1],

f(al(l), t2) — f(]., t2)

ftlAl(lv t2) =

o1(1) -1
. f(3, tz) — f(l, tz)
B 3-1

atbty—1—1t3
2 )
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ftlAl(l?O) = )

f-tzAz(]-’ O) = ftzAz(l_’ 0)

Therefore, f is completely delta differentiable at (1,0) if

-1
a2 =2, e, a=>.
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Definition

For i € {1,2,...,n}, we say that a function
f:AN"—=R

is oj-completely delta differentiable at t° € A®" if it is completely delta
differentiable at that point in the sense of the conditions (??) and (7?)
and moreover, along with the numbers Aj;, there exist numbers Bj;
independent of t € A" (but in general, dependent on t%), / # i,

I €{1,2,...,n}, such that
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Definition

(%) — £(t) = Aiioi(t?) — Z Bii(oi(t?) — 1 +Zw(cr/ t?) — 1)

I=1,1i
(2)
for all t € V9 (%), where Vi(t%) is a union of some neighbourhoods of t°
and
0 0 0y ;0 0
(tl, ey ti—l? Ui(ti ), ti-i-l’ Ceey tn),
and v; = vi(t%t), v = (% t1, ..., tic1, tig1, .., tn), | # i, are equal to
zero for t = t° and
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Definition

. 0 - 0 [
lim ~;i(t°,t) =0, lim ~(t°, t1,...,ti—1,tiz1,-.-,tn) =0, [Fi,
t—t0 t—t?

where [ € {1,2,...,n}.

In fact, in (2), we have

A .
B/i = ft, I(Ul(t?)’ o ¢ "0/—1(t/()—1)7 t})’o'/-i-l(t?-i-l)?‘ . .,O’n(t,?)), /7é I,

where | € {1,2,...,n}.
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Example

Let T; = [0,1] x {2}, T2 = [0, 1], where [0, 1] is the real interval. Let
f: Ty x To — R be defined by

f(t, o) = t2+t2 for (t1,t) €[0,1] x [0,1]

and
f(2,2) =3+t for t€l0,1].

Thus,

ftlAl(tl, t2) = 0'1(t1) +t

= 2t, t€][0,1), te][0,1],
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ftlAl(l—,tz) = 2, t2€[0,1],
ftlAl(]__,O) = 2

f(al(l), t2) — f(l, t2)

A1, 1) =

t1 (72) 0_1(1)_1
(2, ) — (1, 1)
B 2—1
= 3+vVH-1-12
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ftlAl(lvo) = 2,
ft2A2(t1,t2) = 0'2(t2)+ tr
= 2t27

f52(t,0) = O.

Therefore, f is completely delta differentiable. Also,
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A1 (t,00(t2)) = 2t1, t€[0,1),
A1 (1, 00(t2)) = 2,

f(o1(1), o2(t2)) — f(1, 02(t2))

211, 02(t2)) =

o1(1) -1
_ F(2,02(12)) — f(1, 02(t2))
2-1
= 3+ o) — 1 - 03(t2)
= 2+t —t3,
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f-tlAl(]-’ O) = 2,

f(o1(1),s) = f(01(1),0)

7AV o .
fio(01(1),0) = lim 50
F(2,5) - £(2
28— F(20)

s—0 S

dD
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Example

Now assume that

f(2,t) =3+t for te][0,1]

so that

A1, ) = 2+t —t3,
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ﬂQAQ(laO) = 0,
o (Loa(t) = 2n,

fo2(1-,0) = 2,

fA11,00(k) = 2+t — t3,
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ftlAl(l? 0) = 2,

f(01(1), s) — f(01(1), 0)

VAV _ .
22(01(1).0) = lim -
— |im f(2a 5) — f(27 0)
s—0 S
SENTEE as bt gy}
s—0 S

Therefore, f is both o1-completely delta differentiable and o2-completely
delta differentiable.
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Example
Let Ty = [1,2] U {3}, T2 = [1,2], where [1,2] is the real interval. Let
f: Ty x To — R be defined by

f(ti, ) =t1 +t2, (t1,t2) €[1,2] x[1,2]

and
f(3,)=a+t, tell,?2],

where a is a real constant. We will find a constant a such that the function

f is o1-completely delta differentiable at the point (2,1). We have

Aty t) = 1, (f,t)€[1,2) x[1,2],

28 /35
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f22(t,t) = 1, (tit)€([1,2]x[1,2],
f(3,t2) — (2, t2
f—t1A1(27t2) _ ( )1 ( )
_ath—-2-1b
B 1

f212,1) = a-2,
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f22(2,) = 1, te[L,2]
fA12—,0) = 1, telL2)

Hence, f is o1-completely delta differentiable iff a —2 =1, i.e., a= 3.

Svetlin G. Georgiev Time Scales Analysis Lecture 25 December 3, 2025 30/35



Example
Let T; = [0,2] U {4}, T» = [0, 2], where [0, 2] is the real interval. Let
f: Ty x To — R be defined by

f(t1,t2) =2t1 + 3tp, (t1,t2) € [0,2] x [0,2]
and
fld, ) =a++vVt, te][0,2],

where a is a real constant. We will find a constant a so that the function f
is completely delta differentiable, o1-completely delta differentiable, and
op-completely delta differentiable at the point (2,2). We have
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ftlAl(tlv t2) = 2, (tla t2) € [072) X [0,2],

f-t1A1(2_a t2) = 25 tr € [072]7

fl’QAI(tla t2) = 37 (t17 t2) € [072] X [07 2]7
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f(01(2), t2) — f(2,t2)
Al _ 1 5 L2 )
ftl (27t2) — 0_1(2)_2
(4, 1) — (2, 1)
N 4—2
_atyVb—(4+3)
B 2
e N T
- 2 2 T
a—4 ﬁ
f81(2,2) = o+ 3
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Example
Therefore, the function f is completely delta differentiable, o1-completely
delta differentiable, and o>-completely delta differentiable at the point

(2,2) iff

S

+ 2 _-5=2 e, 4=a+V2-10, ie, a=14—+2

N o
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