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Theorem (Mean Value Theorem)

Let f: A" > R, x,y € N", a =minjc(1 . ny Xi, B=mMaXjc(1,..n} Yi-
Assume f is continuous on

[a,ﬁ] X [a76] X X [OJ,B] CA”

and £2i(x) exists for all x € N{". Then there exist numbers
&y,mi € o, B), i €{1,2,...,n}, such that

Khaled Zennir Time Scales Analysis Lecture 26 December 9, 2025



fxel(glvxb s 7XI7)(X1 - }/1) + fX§2(Y1,52, s 7Xn)(X2 - }/2)
+oet f;ﬁ"(yhy% s 76”)(Xﬂ - yn) < f(X) - f(y)
(1)

S X?I(T]]_,X2, IO 7Xn)(X1 - }/1) T &?2()@77727 ... 7Xn)(X2 - }/2)

db oo b fxe”(yl,yz, . .. ,TIn)(Xn - yn)'
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We have

f(x)—f(y) =f(x1,x2, .-, xn) — F(y1, %2, ..., Xn) + F(y1, %2, ..., Xn)
- f(y17y2ax37”’ 7Xn) + f(yl,yg,X3,... 7Xn)

-t f(Yl,Y2;---a}’n—17Xn) - f()’1a)’27---a)/n—1;yn)-

(2)
Using the mean value theorem, Theorem ??, there exist numbers
&ymi € o, B), i €{1,2,...,n}, such that O
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fxel(é.lyXQ’"'?Xn)(Xl_.yl) S f(X17X27---,Xn)—f(Y1;X27---,Xn)
< Xy x)(a — 1),

fXSQ(yl,fz,...,x,,)(xz —y) < flyi,x2,...,%xn) — F(y1,y2,- -, Xn)

Ol

v
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< fx§2(ylvn2a 0o ’Xn)(XZ - )’2)a

fxf"(yl,yg,...,x,,)(x,,—y,,) < f(ylay27"'axn)_f(y17y27"')yn)

< Ry, v, 10) (X — Yi)-

Thus, using (2), we get (1). O
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Suppose f : A" — R is a continuous function and fXI,A"(x) exists for every
x € N i€ {1,2,...,n}. If these derivatives are identically zero, then f
is a constant function on \".
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Suppose the function f : A" — R is continuous and has first-order partial
delta derivatives ftlA"(t) in some neighbourhood Us(t°) of the point

t € A""_ If these derivatives are continuous at the point t°, then f is
completely delta differentiable at t°.

We have

F(£%) — F(t) = (%) —Ft, 2, ..., t0) + F(tr,80,...,t0) — .

+F(t1, toy . ta1, 1) — (b1, to, ..., tn).
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By the one-variable case, we have
F(t%) =t 83, ., 1) = 22 (0)(8 — 01) + aa (8] — 1)
for (t1,t9,...,t9) € Us(t°), where
a1 =a(t%t1), a1 =0 as (t;,t9,...,t9) = (£2,83,...,t%).

Further, applying the one-variable mean value result, we get [
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FE2(t, €1, tO) (89 — to) <F(t1, 83, ..., t0) — F(t1, o, ..., t0)

Sft‘QAZ(tla§2a 000y tr?)(tg - tz),

where 1,6 € [o, 8) and o = min{t9, t2}, B = max{td, tr}. O
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Since &1,& — tg as ty — tg and ftzAQ(-) is continuous at t0, we get
Jim £22(t1, €0, 1) = lim £ (81, 6o, 1) = £2(29).
Thus, using (3), we find
ftr, 89, ... t0) — F(tr, ta, ..., t0) = FE2(t°)(£2 — o) + ca(t2 — 1),
where ap = a(t0, t1, t2), ap — 0 as t — t%, and so on,

ftr, o,y t0) — Ftr, tay .oy ) = FEP(E0)(E0 — t5) 4 (2 — tn),

where o, = a, (0, t1, to, ..., tn), ap — 0 as t — t0, O
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Consequently,

F(t%) — f(t) = zn: fi (£°)(tf
i=1

Now, we consider the difference

0 .0 0 0 0
f(ty ty, s tiig, 0i(t7), tigs - - -

=

= f(t], 83, ..., tt 1, 0i(t)), 201, - .

+ (8,49, ...

0 0 ,0 0
st tig, e ty) —

n
—t;) + Zai(tlo — ti). (4)
i=1
tg) = f(tl, to,..., t—1,t, tiy1,..., tn)

FD, 80, eyt gt gy e, o

f(tl, 2 o 0 0 g Wi—ilg B Gdeilg oo o g tn).

(5)

]
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Using the definition of the partial delta derivative, we get

0 ,0 0 0 0 0 0 .0 0 0 .0 0
f(t].?t27'"7ti—170i(ti)7ti+17“‘7tn)_f(tl7t27“‘7ti—1’ti7ti+17""tn)

= £29(0)(0i(t°) — ) + Bir(oi(t?) — t7). (6)

Substituting (4) and (6) in (5), we obtain O

v
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f(t](.)? tga ) t?—l?af(tP)a tlo-i-lv ) tr?) - f(t)
= () (oi(t)) — 1) + Bi(oi(t?) — )

+ZfA )(t2 - t) —l—Za, ).

Therefore, the function f is completely delta differentiable at t°. Ol
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Assume f : A" — R is a continuous function that has partial derivatives

ftiA"(t), i€{1,2,...,n}, in a union of some neighbourhoods of the points
t0 and

(Ul(t](.))7 o 7Uf(tP—1)7 t?? 0’,‘+1(t,p+1), o 7Un(tr9)) o

If these derivatives are continuous at the point t% and, moreover,
A; 0 0 0 0
fio'(o1(t1), - - -, oi—a(tii1), ti, 0ia(tiya), - - -, on(tn))

is continuous at t; = t?, then f is oi-completely delta differentiable at t°.

v
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From Theorem 4, it follows that the function f is completely delta
differentiable at t°. Now, we consider the difference

f(o1(19), 02(83), .., on(t7)) — £(2°)

— R o i @ e e ) = P 18 e B 5 T e g T
— (e, 82, .t o ()t s t0) + F(01(2), 0a(2D), - . ., on(tD)).
(7)

]
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Using the definition of the partial delta derivative, we have

0 0 0 0y ;0 0 0 0 0 40 .0 0
f(t, by, tiig, oi(t7), tihgs s ty) = F(t, 80, oot 7 iy, s Ey)

= f2(0)(oi(t)) — ). (8)
Also,
f(o1(t2),02(82), ..., on(t) — F(9, 19, ..

Ol
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= flou(t]), 02(8), -, 0i1(t) 1), 0i(tD), oiga(tlin), - -, oa(tD))
_f(al(t?)aGQ(tg) s 70-i—1(t/p—1)a t?,a';+1(t?+1), ceey O‘n(t,?))
+f(01(t?)702(tg)a co0g O-I'*l(tlp—l)v tlpvo-iJrl(tP—i-l)’ 000 70"(t2))
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A;
ft,- (Jl(t?)a 02(tg)a oo ’O-l'—l(tlp—l)a ti07 O-H-l(t?—l—l)? <o, 0n(ty
Jrf(o-l(t?)a cee an—l(tO )7 t; ,O’,’+1(t,p+1), cee ,0‘,,(1.‘2))
_f(t?702(tg)7 <oy Oi— 1( = 1)’ i 7Ui+1(tl€)+1)7 <o 7Un(t2 )

+f(t10702(tg)7' y Oj— 1( fi— 1)7 :7Ui+1(t?+1)7"'70n(t2 )
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0 ,0 0 0 .0 0
HE(t], by, .ttt tp)

0 ,0 0 0 0 0
—f(tl,t2,...,t,'_1,0'i(t,'),t/+1,...,tn)

= fyat(o1(), 02(83), .-, 0ima (1), 10, 011 (t1), - on(E)) (0i(2]) +

Ol

v
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+ft1Al(t?7 02(1‘8), SO 0',',1(1',9_1), t?) O-i+1(tlp+1)7 °00 7Un(tr(1]))(01(t(1)) - t?
dloss

+i () (on(t7) — t9) = £ (£°)(0i(t0) — )

Hence, using (7) and (8), we conclude that f is gj-completely delta
differentiable at t°. O
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Suppose the function f : A" — R has mixed partial derivatives
AA; AA,;
() and (o)

in some neighbourhood of the point t° € /\Z."”j " If these derivatives are
continuous at the point t°, then

VANVAY] AN
f;.‘,'tj J(to) = frl’jt? (to)

Here, i,j € {1,2,...,n}, i #j.
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For convenience, we suppose that i < j. Let

O(t) = f(tr,..., tic1,0i(80), tivs - - tjio1, 05(E), 41, - - -, tn)
—f(t1, .-, tic1, by b, -5 51, 05(E)), 41, - En)

—f(tl, ceey t,'_l,O','(t,Q), tiv1, -5 ti—1, G, Gy, - - - tn) + f(t)

and ]

v
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¢(ti) = f(tl, oyt bty -, tj_l,UJ'(tJQ), tj+1, ce tn) — f(t)
Then
QS(O','(Z‘,Q)) = f(l'l, ooy b, O'i(tlp), il oo 0 g tjfl,O'j(l’Jp), tj+1, ceey t,,)
—f(tl, ce t,'_]_,U,'(t,Q), ilg o 00 g tn).
Therefore, O

Khaled Zennir Time Scales Analysis Lecture 26 December 9, 2025 24 /54



o(t) = ¢(oi(t])) — o(t:).
Hence, using the mean value theorem, there exist points 5,-1,61-2 € [ai, Bi),
where

o = min{t,-,a,'(f,p)}7 Bi = max{t,-,a,-(t,p)},

such that

¢2(EN)(ai(t)) — ti) < $(oi(t])) — o(tr) < ¢2(EF)(0i(]) — i),
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A; 1 0
(f;f,- (t]-’ 9009 ti—17£i N T P tj—laaj(tj )7 tj+17 2009 tn)

—f-tiAi(tl, ce t,',l,fil, tivi,..., t,,)) (O'i(t,(-)) = t,')

A
©
G

IA
/N

h

&P
>

—~

~
—

2 0
cooyg ti—l:fi % A P tj—lao-j(tj )7 tj+17 EED tn)

_ft,-Ai(tla 000g ti—laé.iz: ti+17 000y tn)) (O_I(tlo) - ti)a

whereupon [
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f

1
t; (t17 ) ti*17£i ) ti+17 R t:]'7170-j(tjp)7 tj+17 R tn)

A; 1
_ftl- (t].?’ LN tf—17§i ) ti+17 LRORO) tn)

. o
J,’(t,- ) — t;
A;
< Lt o1, & i, o1, 0 (), g, - - t)
_f;.*,-Ai(t]-? B tf—17§i27 ti-‘rlv ) tn)
if 0','(1.',9) > t;, and L]
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A 2
ft,- (t17 ) ti*17£i ) ti+17 R t:]'7170-j(tjp)7 tj+17 R tn)

A; 2
_ftl- (t].?’ LN tf—17§i ) ti+17 LRORO) tn)

. o
J,’(t,-)—t,'
A;
< Nt o1, & it o1, 0 (8), g, - - t)
A;
_ft,- (t]-?'"7tf—17§i27tl'+17"'7tn)
if 0','(1.',9) < tj. L]
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Without loss of generality, we assume that o;(t?) > t;. Again, we apply
the mean value theorem and find that there exist §},§j2 € [, B;), where

aj =min{o;(£)), t;}, Bj = max{o;(t}), t;},

such that
i (t tii1, &t ti_1,&5t tn)(o;(t2) — t;)
tjt,- - -5 Li-1,G/H Li+1ly .-+ _/—17 ) ) _]—l-].)"') n Uj J Ji

)
O','(tp) — t;

]

<

AGA;
< ftjtf (tl7 °cog ti—lagi2) tit1, .., tj—17£j27 tj—i—la LR tn)(gj(tjo) - tj)?

from where Ll
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NN
ftjt? (tla co0g ti—lvf}v Lig1ye- s tj—l7£}7 Gty 0y tn)
d(t)
(0j(£7) — ;) (oi(t) — ti)

AjA; 2 2
< ftjt‘,, (tla"'7tf—17§i7tl'+17"'>tj—17‘£j7tj-‘rla"-7tn)

if 7;(t)) > t;, and

AjA; 2 2
ftjtj (tl7 OO tf—lafi ) ti+17 00 0% tj—lagj ) tj+17 0cog tn)
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o(1)
(0j(£) = )(oi(t?) — t)

AjA; 1 1
< f.tjt‘,-, (tla"'7tf*l)gi7ti+17"‘7tj717£j7tj+17"'7tn)

if aj(tjp) < tj. Without loss of generality, we assume that aj(tjo) >t

. DA . :
Since for  is continuous at t0, we get

. AjA; 1 1 AjA; ]
lim ftjtj (0 o g il 87 Bl < 0 Bimil oSty il 00 i) = tjd (1
t—t0
ti # oi(t?)

tj # oj(t})
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IA

IN

lim
0
e (67
t; # oj(t))
lim
t—s t0
t; # oi(t9)
tj # oj(t])

AN
ftjtj (to)a

o,

S8 (40) =

(t)
(0j(£) = t)(oi(t?) — 1)

DA

2 2
f;jt,- (tlﬂ 000 ti—l7§i I 7 P tj—lagjvtj—O—la 200y tn)

d(t)
(0;() — t;)(oi(?) — t;)°

lim
t—t0
ti # oi(t9)
t £ (10

(9)
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Let
Y(t;) = F(tr, - 61, 0i(8))s tits -, Bt B B, -« ) — F(2)-
Thus
(o)) = Ftr,oo s tim1, 0i(t0), tiva, - -1, 05(8)s b, -, )
—f(t1,..., tj— 1,Uj(t) tit oo tn).
Hence, -
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R
(1) = (o;(1))) —(t):

From the mean value theorem, it follows that there exist 77]-1,77]? € o, Bj)
such that

Y@} )(0j(8) — 1) < W(o5(1])) — v(t) < V() (05(8) — 1),

Aj 0 1
(ftj J(t17- cey t;_l,O'i(t; )7 Lit1ye-es tj—la'r/jvtj—l—la scog tn)

A
_f;.“j J(tlv 000 tj*lvn_/:'lv Git1,- oo tn))(aj(tjp) - tj)
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IN

o(t)
4; _ ($0Y +. _ 2 4
< (ftj (tlu'”7tl*l7al(ti)7tl+17'"7tj717nj7tj+17"'7tn)

A.
It o b)) (0(80) — 1),
whereupon

A 0 1
fe g 000 Bl @Gl il o 0 i U7 B 00 )
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Aj 1
_ftj J(t17 B tj—lvnj ) tj+17 SR tn)

(1)
(oi(t)) — 1)
A
< (ftj J(tlu ceey t,‘,l,O’,‘(t,p), tf+17 ) tj*hnjga tj+17 R tn)
A
_ftj J(t17 0oy tj—1777j27 tj+17 000y tn))

if aj(tjp) > tj, and

Aj 0 2
f;:j J(tla 00y t,'_l,O'i(t,' )7 Git1s .o, tj—lvnj7tj+1> 2009 tn)
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A; 2
7ft_,- J(tlv B tj*lvnj ) tj+17 SO tn)

o(t)
(a;(t) — t7)

Aj 0 1
< (f‘tjf(tl,...,t,-_l,a,-(t,-),t,-+1,...,tj_l,nj,tjﬂ,...,tn)

Aj 1
_ftj J(t’l7 e, tj71777_j o Gailgoaag tn))
if 7;(t)) < t;. Without loss of generality, we suppose that o;(?) > ;.
Again, we apply the mean value theorem and get O
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77,-1777,-2 € [, Bi) such that
DA
fogy (ty ooy il By 1,1 1, 8a) (03(2F) — )
e
(o;(t)) — t;)

NN
< fre (s e, M tig s - G151t - -5 t) (07(8)) — 1),

from where

IAV7AY; 1 1
ft;tj j(tla s b1, My iy - tj—la U tj+17 sy tn)
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o(t)
(i) — ti)(oy () — 1))

AjA; 2 2
< ft,—tj J(tlv R B/ P TS P tj717nj7t:['+17 a0y tn)

if 0;(t?) > t;, and

AjA; 2 2
ft,-tj J(tla coey bim1, M Ly ey tj—1777j7tj+17 ) tn)

®(t)
(oi(t?) — t)(o(t)) — 1))
YANYAY,
< f;“,-tj J(tlv 0o Bi=ilg 77117 tH—l; ceey tj—lan}v tj-i-la B tn)

if O'i(tlp) < tj. L]
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Without loss of generality, we assume that o;(t°) > t;. Then
: NN DA,
lim 0 f;_“,-tj j(tla 0oy ti—l?ﬁ%? tit1,.. ., t:/'—1777j1ﬂ t:j'+l7 °cog tn) = ft,tj J(to
t—t
t; # oi(t?)
t; # o(t7)
d(t
< [im 5 (t) 3
t— 0 (0i(t)) = t)(0;(t]) — )
t; # oi(t?)
t; # 0j(t))
c AjA; i
< lim f;‘itj J(t]_,...,t,',l,??,?,t,'+1,...,tjfl,njg,thrl,...,tn): ’t,-
t — t0
t; # oi(t?)
0
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AiAj 0 _ im CD(t)
g ()= M @ - )o@ - 5)
ti # oi(t?)

t; # oj(t7)
From the last equality and from (9), we find
DA, AjA,;
ft‘,‘tj J(to) = f;.'jtj (t0)7

completing the proof.
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Let A2 =N x Z and define f : A> = R by

f(t) = titr + t1t3, te A2

Here,
T:=N, T,=2%
and
oi(ti))=t1+1, €T, oot)=t+1 tecTs
Hence,

A1) = (ou(t1) + t1)to + £3
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= (2t + 1)t + 13,

ftlAtéAz(t) = 2t1 + 1+ o02(t2) +
= 2tl = 27:-2 aF 27
22(t) = 4+ (02(t2) + )t

= 24 (2t + 1)1y,
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FERR1(t) = o1(t) +t1+2t+1

= 2442642, tel’
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Consequently,

A A A A 2
o (1) = foe (L), teN
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Example
Let A2 = 2N x N and define f : A> — R by

f(t) = (log t)ty +sinty, te N

Here,
T, =2, T,=N
and
0'1(t1) =2t;, t; €Ty, Uz(tz) =th+1, t,eTs.
Hence,

in(Ul(t]_)) —sinf
O']_(tl) — 1t

S
foi(t) = logto+
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VANPAVL
ft1 t

sin(2t1) — sin(ty)

= logt
g2+ 2t1 —
R ] 3t
sin < cos >t
= logty+2—2—2
t
log(o2(t2)) — log(t2)
Uz(tz) — b
_ log(t2 +1) — log(t»)
B tb+1—1t
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th +1

= lo
g t

)

log(o2(t2)) ~ logtz

Uz(tg) — b
log(t> + 1) — log(t2)
=] t1
tb+1—1t
t; 1
= IOg 2t t1,
to
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ﬁ.“zé 1( ) = |Og ty ’ te .
Consequently,
FAIA FINY 2
fot, (t) =foh 1(t), teN
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Let
T, = [0,2] X {4}, Ty, = [0,2],

where [0, 2] is real number interval. Define f : T; x Ty — R by
f(t)y=t1+titp, t€]0,2] x][0,2]

and
f(4,t)=t2, tel0,2].

This yields
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f(0'1(2), 1.'2) — f(2, t2)
01(2) —2

f(4,t) — (2, t)
2

fal(2,t2) =
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t22—2—2t2
2

1 2
= —(t5 —2t) —1

1
R (2, 1) = 5(02(1‘2) 512}
1
= —(2tp —2
2( 2 —2)
= tp—1,

ftzAQ(zvt?) = 2,
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ft2A2(47 ) = 2,

f22(4, 1) — £22(2, )
2

ArA
fi‘zi‘i 1(27 t2) =

2tr — 2
2
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= th—-1, tel0,2.

Therefore,

ftﬁéAz(Z tg) = ftﬁiAI(z, tg), th € [072].
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