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Let T be a time scale with forward jump operator ¢ and delta operator A.
Let X € T, w = (wg, wa, ..., w,) € R" be a unit vector, and
t0 = (9, t3,...,t%) be a fixed point in R". We set

T,-:{ti:t?+(§*X0)Wi:£€T}v ie{L,2,...,n}.

We note that T;, i € {1,2,...,n}, are time scales and t,Q e T;,
i€{1,2,...,n}. Denote the forward jump operator of T; by o; and the
delta operator by A;.
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Definition
Let a function f : Ty x Ty x --- x T, — R be given. The directional delta
derivative of the function f at the point t° in the direction of the vector w
is defined as the number
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If f is o;-completely delta differentiable at t°, then, using Theorem ??, we
have

FAXY) = F2(t%w
A
(), o (8) g, ) Wiy

+f;f1Al(tI(l)> 0-2(18)’ S 7Ui(t?)v tlp—i-b ) tg)Wl
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A;
CER oy (), 03(89), L i

‘|‘ftnA"(0'1(t?)a sy Un—l(tg—l)’ t,(,))Wn-
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Example

Let T=N, x® =1, w = (1,0) € R?. We note that w is a unit vector in
R2. Let t% = (1,1). We set

n = {l’1:1+(§—1)12 §€T}:N,

T, = {b=1+(€—-1)0: £€T}={1}.
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Example
We consider f(t) = tf + t22, t € T1 x To. We have that f is o1-completely
delta differentiable in Ty x T, and

FAL) = o)

= £, 1)1

= (o1(t1) + t1) -

=3.

t1=1

= (2t +1)
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Let']I‘:Z,xozo,W:(

vector in R?. Let t0 = (¢,

T, =

|
w -

so that
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2 3
Jl(tl): t1 + — t; € Ty, O'2(t2): th + — tr € Ty.

V13’ V13’

We consider
f(t) =6 +38t+ 13, t=(t1,t2) €Ty x Ty
We note that f is o1-completely delta differentiable in T1 x T>. Hence,

2
V13

0f(0,0) A
Aw fe. 1(0,0)

3
+ £22(01(0),0) —,
tr (01() )\/1—3
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2Nt = (01(t))? + tioa(t) + £

+3(o1(t1) + t1)t2

2 \? 2 )
= |a+—=) +talbt+t— )+t

2
+3 (261 + — ) b,
(1 _13)2
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A 2 \?
f-1(0) = —
0 - (7)
R— .4
- '3

fo2(t) 3t + o2(t2) + t2

3
= 3tf+2t2+\/—1_3,
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Hence,
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of(0,00 4 2 N 3 <E+ 3)
Aw 13 13 V13 \13 13
8 36 9
13v/13  13v/13 13
44 9
= — L —
13v/13 13
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Let T=2,x° =0, w= (-2,
vector in R?. Let t° = (0,0).

T, = {tlz—%: 5611‘}:
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We consider
f(t) = t§ +2t1ty, t €Ty x To.

We have that f is o1-completely delta differentiable in T; x T» and

1 2
oi(ti)=t1 + —=, t €Ty, ot)=tb+—, teTH

V3 V3

Hence,
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0f(0,0) A, s As 2
Aw - ftl (070) \/g +ft2 (01(0)70)\/§a
ftlAl(t) = o1(t1) + t1 + 2t

1
= 2tl+_+2t27

V3
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1
A

/:l“ll(O’O) = %7
ftzAz(t) = 2,

0.0 = 2 (0)
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0f(0,0)
Aw

Wl = §|"‘
ah
Niks
N————
_l_
I~
Sl

I
=
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Let T;, 1 <i < n—1, be time scales. We consider the equation
f(tl,tg,...,t,,,l,x):O (1)
for (t1,t2,...,th—1,x) € Ty x T2 x Tp_1 x R.

Suppose an equation (1) satisfies the following conditions.
i The function f is defined in a neighbourhood U of the point

(9,69, t9 |, x) €Tf xT§ x--- x Tk | x R and is continuous in U
together with its partial derivatives ftiA"(tl, 2y ..y tne1,X),
ie{l,...,n—1}, and %(tl,...,tn_l,x).
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iif(t{’,tg,...,tn 1, x%) =0.
i 9L (9, 13,...,t9_1,x%) # 0. Then the following statements are true.
a There is a “rectangle”

N:{(t?,tg,...,t,?_l,x)e']I"fx’]I‘gx---x’]I‘ﬁ_l X R:
(2)

It~ % <o, i=1,2...,n—1, \x—x°\<5’}
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belonging to U such that M NN is described by a uniquely determined
single-valued function

x = p(t1, to, ..., toe1) for (£2,9,...,t% ;,x) e N,

where
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M = {(tl,tg,...,tn_l,x)eTl><’]1‘2><...><’]I‘,,_1 xR:
f(tl,tg,...,t,,_l,x) :0},

NO - {(t17t2a--';tn—1)ET1XTzX...XTn_l:

It — ] < o, i:1,2,...,n—1}.
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bx® =9, t9,...,t% ).
¢ The function (t1, ta, ..., t,_1) is continuous in N'°.

d The function {(t1, ta, ..., tn—1) has partial delta derivatives

A; .
Ve (t, b2, tp1), i=1,2,...,n—=1 on NO.
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a Without loss of generality, we can suppose that U is an open “rectangle”
of the form

U = {(tl,tg,...,t,,,l,x)erll‘l><T2><...><']I‘,,,1><]R:

it~ 0 <5, i=12...,n-1, |x—x°|<b},

and we can assume that

0
0 .0 0
af(tl,tz,...,t,,,l,x) > 0.
Because %f(tl, to, ..., th—1,X) is continuous on U, we also have []
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1o}
Lttt 0
8X(17 2 ) 1X)>

in a small neighbourhood U; C U of the point (£, 3, ...

0 0
,th_1,x") and

U, = {(tl,tz,...,tn_l,X)ETlXTQX...XTn_lxR:

it~ <a, i=12,....,n—1, |x—x°|<b1}.

(3)
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Since f is continuous in U, we have that f is continuous in U;. Also, the

function £(t9,t9,...,t% ;, x) of the single variable x is continuous on the
closed interval [x° — by, x% + by]. Hence, using (3), we have that
£(t2,t9,...,t% | x) is strongly increasing in [x® — by, x° + b;] and

F(E), 89, ...,t9_1,x°) = 0.
Therefore,

F(e0,69,...,t% 1 xo—b1) <0 and F(t2,82,...,t9 ;,x+b1) > 0. (4)

Ol
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By the continuity of f, there is a sufficiently small number § > 0 with
0 < min{ai, a2, ...,anp—1} such that (4) holds for all

(t1,t2,..., th1) €NO = {(tl,tg,...,t,,,l)eﬁl‘l X Ty X ...xX Thq:

It — 0] < &, i:1,2,...,n—1}.

Now, we choose an arbitrary (t1, to, ..., t,_1) € N9, fix it temporarily, and
consider the function f(t, t, ..., t,—1,x) on the real variable x in the
interval [x® — by, x% + by] C R. O
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This function is continuous, strictly increasing, and assumes values of the
opposite signs at the end points of this interval. Therefore, there is a
single value x € (x° — by, x° + by), denoted by

x=(t1, t2, ..., th—1),

for which
f(tla t27 ey tn—l)w(tla t27 ey tn—l)) =0.
Thus, letting &' = by, 0; = §, we see that in the neighbourhood N of the
point
(ti?7 tgv RN tg—lvxo)a
defined by (2), (1) determines x as a unique function of
t1,to, ..., th—1: ]
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X = ¢(t1, t,..., tn—l)-
b From the condition ii, it follows that
0 0 ,0 0
X = w(tlj ..., tn—l)'

¢ We will show that the function 1 is a continuous function in N°. To do
so, it is enough to prove that it is continuous at the point

(t9,¢9,...,t% |). Let &' € (0,68') be arbitrarily chosen. There exists

e € (0,0) such that for the rectangle O
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N, = {(tl,tg,...,t,,_l,x)e’]l‘l><’]I‘2><...><’]I‘,,_1><R:

|t =t <e, i=1,2,...,n—1, |x—Xx° <5'},
there exists a function x = ¢, (t1, t2,. .., th—1) for

(ti,to,...,th-1) ENJ = {(tl,tg,...,tn,l)eﬁl‘l X Ty x ...xThq:

It — 0] < e, i:1,2,...,n—1},
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which describes the set M N N,. Since N, C N, we have that

¢(t1, to,..., tn—l) = ¢*(t1, to,..., tn—l)

for (t1, ta, ..., ta—1) € NJ. Hence, for any sufficiently small &’ > 0, there
exists € > 0 such that

[t b2, tnm1) = (8, 83, )| < €

provided that |t; — t°| <&, i € {1,2,...,n—1}, i.e, the function 1 is
continuous at the point (¢2,¢,...,t% ,). O

v
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d We take (ti,to, ..., tn_1) € NO. Let i€ {1,2,...,n— 1} be arbitrarily
chosen.

First case. o;(t;) > t;. Since the function v is continuous at

(t1,t2, ..., th—1), it has a partial delta derivative wﬁ"(tl, to,...,th—1) with

v7i() = ()

A
(t1, b, ..., th—1) =
,(ibt, ( 1, L2, sy tn 1) O'l(tl) . tl
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Second case. tj = oj(t;). Let
(ti,to, ... tii1, thtipt, ... ta) ENO, i 4t
We have that

f(tl, to,...,ti—1,t, tir1,...,th—1, ¢(t1, 2 o 0 0 g W—=ilg &g Gideilg oo o g tn)) = 0

f(tl, to,...,ti—1, t,{, tiv1,---,th—1, ¢(t1, to,...,ti—1, t,{, Gilg o o0 g tn)) = 0.
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Thus,

f(ti,toy oo ticts ti vty ooy tno1, W(t1, b2y oy tim1y by tiddy e oo tne1))
— f(t1, b2,y tica, by tindy - ooy tne1, (1, 2y oo oy tim1, By Eipdy - o vy Ene1)

= f(t1, .o, tict, ty ity e ey b1, Y(B1, 2y Bty By B 1, oo oy En1))
(5)
]

v
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- f(tla t27 cooy ti—lv tllv ti-i—lv coog tn,]_, ¢(tl7 t27 coog tl'—la t/,7 ti+17 soog tnfl)

of
= a(tla to,..., ti—1, tl{a ti—|—17 oo Up=ilg 9)

X (d}(tl, 29 o o 0 g Gi—ilg &g Gdtilg oo g t,,,l) — 1/)(1‘1, to,...,ti—1, t,{, tig1,...,th—

where 6 is a real number between ]

v,
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¢(tl,t27...,t,',l,t,{,tH»l,...,tn_]_) and w(t17t27'"7tf717ti7ti+17"'

Also, by the mean value theorem for delta derivatives, we have

A
ft,- (t17 t,..., tl'*laé-/a bit1y o, tn,]_,dJ(tl, b, ..., ti—1, 8, tiy1,. . ., tnfl))

x(t — t7)

S f(tl7 t27 ey ti—17 tll7 ti-‘rla DRI} tn—hw(tla t27 DRI} ti—17 tia ti+17 o

y tht

) th—1 )

Ol
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—f(t1, t2, ooy tica, by tigds s tam1, (0, b2y i, i L, -t
A
< f;:,- (tl, to,..., t,‘_l,éw, ailg o 0 0 g tn_l,lﬁ(tl, to,..., t—1,t, tiy1,..., thL

X(t,{ = t,').
Hence, using (5), we get

Ay
ft,' (tla t27 ceey t,'_]_,fl, ti—|-17 ey tn—law(tlv t27 .

x(t; — t;)
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0
ff(tl, to,...,ti—1, t‘,{, Gy o o0 g t,,_1,9)

<
Ox
X ((ty, t2y ooy timy, by tig1, ooy i) — (b1, 2, oy b1, B i,
A;

< ff:i (tla ycaog ti*l?f//a ti+17 B tnflvw(tla ty, ..., ti—1, tj, ti+l7 ..t

x(t) — t;).

1
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Dividing the last inequality by
2f-(tl, to, ..., ti—1, t{, tivi,...,th—1, 9)(t,' = t{)
aX 1 1

and using (3) and the continuity of ftI.A" and %, we see that
A;
¢ti (t17 t27 MR} tn—l)

— lim ?,[}(tl, to, ..., ti—1, t,{, ailg e o o 5 tnfl) = ¢(t1, tr,...,t—1,t, tir1, .|

/
tl—t; t. —tj

0J
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A;
_ft (tla to,. ..., ti—1, ti, tit1,. .., tn—law(th to, ..., ti—1, 8, tit1, ... In

i

%(tl, 29 0 0 0 g Gi—1lg &g Gdtilg oo o g tn_l,w(tl, t,..., ti—1,t, tip1,..., th

The proof is complete. [
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Let T;, i € {1,2,...,n}, be time scales. For i € {1,2,...,n}, let o}, p;,
and A; denote the forward jump operator, the backward jump operator,
and the delta differentiation, respectively, on T;. Suppose a; < b; are
points in T; and [aj, b;) is the half-closed bounded interval in T},
i€{1,...,n}. Let us introduce a "rectangle” in A" =T x Ty x ... x T,

by
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R = [al, bl) X [32, b2) X oo, [a,,, bn)

= {(tl,t2,...,tn)i t,'G[a,',b,'), i:1,2,...,n}.

Let
a=tl<tl<.. <th=b.

Svetlin G. Georgiev Time Scales Analysis Lecture 27 December 10, 2025 42 /59



Definition

We call the collection of intervals
Pi:{[t{i_lat{i):.ji:]-?""kl'}a i:1727"'7na

a Aj-partition of [aj, b;) and denote the set of all A;-partitions of [aj, b;)
by P;([a,-, b,))
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Let L L L
Ripjo = [0 0) X [, 5) x o x [t )

We call the collection

P:{lej}ujn: 1 SJI < kl'a 1'2172,...,”} (7)

a A-partition of R,

Svetlin G. Georgiev Time Scales Analysis Lecture 27 December 10, 2025 44 /59



Definition
generated by the Aj-partitions P; of [aj, b;), and we write

P=P; xPyx...xP,.

The set of all A-partitions of R is denoted by P(R). Moreover, for a
bounded function f : R — R, we set

M = sup{f(t1,to,...,tn): (t1,t2,...,tn) € R},

m = inf{f(tl,tg,...,tn)i (t17t2,...,tn) S R},
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I\/Ijljg,..jn - SUp{f(tlatb---atn) E (t17t27"’7tn) S RJUan}?

Mjjp.jn = inf{f(tl,tg,...,tn): (tl,t2,...,t',,) € RJ'JJ2---jn}'
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Definition
The upper Darboux A-sum U(f, P) and the lower Darboux A-sum L(f, P)

with respect to P are defined by

ki ko
U(F,P) =) .. Z oedn (= E ) (88 — 271 L (th — 67
A=1j=1 Jn=1
and

ki ko ' | |
(P =305 Mt — ) — ). (af— )

h=1=1 Jn=1
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We note that

ki ko kn

UF,P) < MY S (e — ey (e — Y (- e

aA=lp=1l  jp»=1

M(bl — 31)(1)2 — 32) ce (bn — a,,)

IA

and
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\Y]

M(b1 = al)(bg — 32) 50 0C (bn — a,,),

m(by — a1)(bx — a2)...(bn — an) <L(f,P)
<U(f,P)

SM(bl — 81)([)2 — 32) ce (bn — a,,).
(8)
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Definition
The upper Darboux A-integral U(f) of f over R and the lower Darboux
A-integral L(f) of f over R are defined by

U(f) =inf{U(f,P): P € P(R)} and L(f)=sup{L(f,P):P € P(R)}.
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From (8), it follows that U(f) and L(f) are finite real numbers.

Definition

We say that f is A-integrable over R provided L(f) = U(f). In this case,

we write
/ f(tl, to,..., tn)Al t1 st ... Apty
R

for this common value. We call this integral the Darboux A-integral.
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For a given rectangle

V = [c1,d1) X [e2,db) X ... X [cp,dn) C A",

the “area” of V, i.e., (di — c1)(d2 — c2)...(dn — cn), is denoted by m(V).
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Definition
Let P, @ € P(R) and

P=Pi1xPyyx...xP,, Q=@ X Q X...xXQp,

where P;, Q; € P([a;i, bj)). We say that Q is a refinement of P provided
Q; is a refinement of P; for all i € {1,2,...,n}.
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Let f be a bounded function on R. If P and Q are A-partitions of R and
Q is a refinement of P, then

L(f,P) < L(f,Q) < U(f,Q) < U(f, P),

i.e., refining of a partition increases the lower sum and decreases the upper
sum.

v,
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For every A-partition @ of R, we have
L(f,Q) < U(f, Q).
Now, we prove
L(f,P) < L(f,Q) and U(f,Q) < U(f,P).

To this end, let
P={Ri,Ro,...,Rn}.

Because Q is a refinement of P, there exists k € {1,2,..., N} such
that O
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Q = {Rlu R2,- B Rk—17 RI/<7 Rll(/a Rk+17 ey RN})

where
Ry = R,’< U R,’f.

Define

my = inf f(ty,to,..., ¢
k (tl,tz,...,tn)GRk ( ’ ’ ’ n)’

(1) i
‘ (t1,t2,...,tn)ERy, ( 1, %2, ) n),

2 .
mf() = inf f(ty, 2y, th),
(t1,t2,...,tn)ERY
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M, = sup f(ti, to,...,tn),
(t17t27'~-7tn)€Rk

1
M/E) = sup f(tl,tz,...,tn),
(t1,t2,..., tn)ERy,

2
I\//;E ) _ sup f(ty,to, ..., th)-
(t1,t2,..,tn)ERY

We note that
(2)

mye < my

and .
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M > MY, M > MO,
Thus,

L(F, Q) — L(F,P) = mBm(R,)+mP m(RY) — mem(Ry)

> mem(Ry) + mem(Ry)) — mem(Ry)

and ]
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U(F,P)— U(f,Q) = Mcm(Re)—MPm(R,) — MP m(R})

= Mem(Ry) + Mem(RY) — MP m(Ry) — MP m(R}!

> MO m(RL) + MP m(RY) — MY m(Ry) — MP m(R
= 0
which completes the proof. []
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