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History and background

N.H.Abel, Sur I'intégration la formule différentielle @ Retp
étant des fonctions entieres, J.Reine u. Angewand. I\/Iath 1, pp.

105-144., 1826.
The reincarnation of diophantine Pell equation for polynomials

P?(x) = D(x)@*(x) = 1 (PA)

with the given D(x) := [].cg(x — e) monic complex polynomial of
degree degD = |E| := 2g + 2 without multiple roots.



Neighbours and Friends

Approximation theory (Least deviation problems)
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Figure: Four-band degree 29 Chebyshev polynomial (top).
Rescaled optimal stability polynomial of degree 31 and touching number
3 at zero (bottom)



Neighbours and Friends

Electrical engineering (multiband fil-
ters): optimization of gain-frequency
characteristic for multiband electrical
filters of various implementation
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Figure: Optimal magnitude response of a filter with 99 bands



Other Neighbours and Friends

(N.H.Abel, V.Enolskii,
E.Belokolos, D.Masser, U.Zannier)

Spaces of differentials stratified by multiplicities of zeros
(M.Kontsevich, A.Zorich, Q.Gendron..),
Betti maps (U.Zannier, F.Barroero, L.Capuano,..),
Frobenuis homomorphisms (J.-P.Serre)

: Elliptic billiards, Poncelet porism
(V.Dragovic, M.Radnovic, ..)

(N.I.Achiezer,

P.Yuditskii, M.Sodin, A.Aptekarev, A. Poltoratski, C. Remling, ..)

(G.Shabat, E.Kreines, N.Adrianov, .. )



Enumeration problem statement

(P, Q) = (£1,0).
Nontrivial (P, Q) with minimal degP =: n is called
It generates all the other solutions via the group structure:

(P, Q)+ (P, Q) = (PP'+ DQQ', PQ" + QF')
(= special case of Brahmagupta's identity, VI century AD)

Find the number of connected components in the space
of PA equations with given degree coefficient degD(x) =: 2g + 2
admitting primitive solution of fixed degree n := mindegP.

n < g + 1, no nontrivial solutions
g=0,eg D(x)=x?—1,then (P,Q) = (x,1),
primitive solution with degree n = 1.



Main theorem
AB + QG :

PA equation has no primitive solutions of degree n < g + 1 or
n> 1 when g = 0. Otherwise, the sought for number of
components is equal to [m/2] + 1 if n+ g is odd and [(m + 1) /2]
if n+ g is even. Here m = min(g,n — g — 1) and [-] denotes the
integer part.

1) Given degree g-extremal polynomials (U.Zannier:

), number of components.
2) Topological Hurwitz numbers for special branching passport
3) Space of genus g hyperelliptic curves with a pair of points in
involution mapped to n-torsion points of Jacobian.
4) Moduli space of primitive k-differentials with a unique zero of
order 2k on curves of genus 2.



Solvability criterion

Consider the affine hyperelliptic curve

M = {(x,w) € C?: w? = D(x) = [J(x - e)}
ecE
and its two-point compactification M. := M U {oo4 },
w/xE 1 (coy) = £1.
M. bears the unique
dnm = (X +...)w tdx
with purely imaginary periods and Res dnp|ec, = F1.

PA equation admits a nontrivial solution with deg P = n iff
of dny lie in the same 2miZ/ n.
If the latter holds the solution has the representation:

P(x) = +cos (I_n/(x,w) i >
— fo—1 M
Q(x) = =Liw™*sin (.0)



Criterion proof sketch

1) Once PA holds, (P(x) + wQ(x)) = n(co— — ooy ) and

dn = %dlog(P + wQ)

2) Conversely, if the lattice condition holds, P(x) and Q(x) are
polynomials and Pythagoras Theorem sin’z + cos?z = 1 for
complex z reads as PA equation.

Now we need a tool for the effective control of the periods map
Jcdnm, C € Hi(M,Z), during the deformation of the curve M.
Graph calculus can be used in a number of problems. In our case it
gives the upper bound for the number of components.



Global width function

One immediately checks that the normalization conditions of dn
imply that the width function

(,w)

W(x) := |Re/ dnml, x € C, (3)
(e,0)

obeys the following easily checked properties:
» W is single valued on the plane,
» W is harmonic outside its zero set [ := {x € C: W(x) = 0},
» W has a logarithmic pole at infinity,
» W vanishes at each branch point e € E



Graph calculus

To each hyperelliptic curve M we associate a weighted planar

graph with edges of two types: 'horizontal’ and 'vertical’. Typical
graphs for g =1,2,3.
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Combinatorial formula for order of (dn)? at vertex V:

ord(V) := d(V) + 2din(V) — 2,



Formal construction of a Graph

» Vertical edges are arcs of the zero set of W(x); they are
segments of the vertical foliation dnf/, < 0 and are not
oriented.

» Horizontal edges are all segments of the horizontal foliation
(dnm)? > 0 (or steepest descent lines for W(x)) connecting
saddle points of function W to the zero level set of W
oriented by the growth of W(x).

» Each edge is equipped with its length in the metric |dny| of
quadratic differential.

» Vertexes of the graph I': all finite points of the divisor of
(dnam)? considered on the plane as well as points in [N T_ —
projections of the saddle points of W to its zero set along the
horizontal leaves.



Axiomatic description of Graphs

(T1) The graph I is a tree.

(T2) Horizontal edges leaving the same vertex are separated by a
vertical or an incoming edge.

(T3) Iford(V) =0then Vel_nT,.

(W1) Width function increases along oriented edges and W(V) =0
if V lies on the vertical part of the graph.

(W2) The weights of vertical edges are positive and their total sum
is .

Theorem

Each planar graph satisfying 5 axioms stems from a unique
element M(E) € H.

The branching divisor E real analytically depends on positive
weights of the graph

NB: Number of graphs of fixed genus = Good enumeration
problem!



Reconstruction of a curve from its graph: sketch

Draw all horizontal leaves through vertexes of the graph. Abelian
integral n(x) maps each component of the complement to the
extended graph to a horizontal of known height. To
reconstruct the curve, we glue half-stripes in a way dictated by
combinatorics and weights of the graph Extl .



Graphs, periods map and isoperiodic deformation

Periods of dny are integer combinations of weights of vertical
edges:
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dny = 2i(h1 + hz), dny = 2i(h3 + h4).
C1 C2

Local isoperiodic deformation of a typical graph:

W — W+6W;  hy— he+(=1)%h, s=1,...,4.



Isoperiodic deformation to standard forms

Several standard forms of graphs may be used. E.g. one can take
the graphs embedded to a line. They correspond to curves
associated to multiband Chebyshev polynomials.

Lemma

1. Any graph corresponding to PA equation admitting degree n
primitive solution, may be transformed by isoperiodical
transformations to a linear graph (g, n,s) with
0<s<min(g—1,n—g—1).

2. Linear graphs (see Fig. below) ['(g,n,s) and (g, n,s — 1) are
in the same component if n — g — s is odd.

3. Their total number is exactly as in the Main theorem.
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The theorem gives the upper bound for the sought number of
connected components in the space of PA's



Lower bound: invariants of isoperiodic deformation

Solution P(x) at a zero of the polynomial D may be either +1 or
—1. Hence, the set E of zeros of D(x) splits into two subsets E*.
The of solvable PA equation is the
unordered pair (|[E~|,|E"|) computed for the primitive solution
+P(x). This invariant may be extracted from the graph I of
solvable equation and takes different values at all nonequivalent
standard graphs.

The degree partition invariant (|E™|,|ET|) of (PA) a degree n
primitive solution satisfies: n > |E*| > 0, |E*| and n have the
same parity.

The number of admissible degree partitions is equal to the number
of components in the main theorem. This invariant may be also
expressed as the number of orbits of reduced mod 2 Burau
representation of braids on strands acting on binary arrays
of length



References

Abel, N., Ueber die integration der differential-formel % wenn R

und p ganze functionen sind, J. Reine Angew. Math. 1 (1826),
185221, French translation in OEuvres complétes de Niels Henrik
Abel, tome 1 (1881), pp. 104-144.

Bainbridge, M., Chen, D., Gendron, Q., Grushevsky, S. and Moller,
M., Strata of k -differentials , Algebr. Geom. 6 (2019), 196-233.
Barroero, F., Capuano, L. and Zannier, U., Betti maps, Pell
equations in polynomials and almost-Belyi maps , Forum Math.
Sigma 10 (2022), e84

Belokolos, E. and Enolskii, V., Reduction of abelian functions and
algebraically integrable systems. |, J. Math. Sci. 106 (2001),
3395-3486.

Birman, J., Braids, links, and mapping class groups. Based on
lecture notes by James Cannon , Annals of Mathematics Studies,
vol. 82 (Princeton University Press, Princeton, NJ, 1975).



References 2

Bogatyrév, A., Effective computation of Chebyshev polynomials for
several intervals , Sb. Math. 190 (1999), 15-50, English
translation in Mat. Sb. 190 (1999), 1571-1605.

Bogatyrév, A., Effective approach to least deviation problems , Sb.
Math. 193 (2002), 1749-17609.

Bogatyrév, A., A combinatorial description of a moduli space of
curves and of extremal polynomials , Sb. Math. 194 (2003),
1451-1473.

Bogatyrév, A., Extremal polynomials and Riemann surfaces ,
Springer Monographs in Mathematics (Springer, Berlin, 2012),
translated from the Russian original (MTsNMO, Moskva, 2005)
Bogatyrév, A., Combinatorial analysis of the period mapping: the
topology of 2d fibres , Sb. Math. 210 (2019), 1531-1562.
Bogatyrév, A., Degeneration of a graph describing conformal
structure , Sb. Math. 214 (2023), 106-119.



References 3

Bogatyrév, A. and Gendron, Q., Number of components of
Pell-Abel equations with primitive solution of given degree ,
Uspekhi Mat. Nauk 78 (2023), 209-210, English translation in
Russian Math. Surveys 78 (2023), 208-210.

Burskii, V. and Zhedanov, A., On Dirichlet, Poncelet and Abel
problems , Commun. Pure Appl. Anal. 12 (2013), 1587-1633.
Chebotarév, N., Theory of algebraic functions (OGIZ,
Moscow—Leningrad, 1948).

Chen, D. and Gendron, Q., Towards a classification of connected
components of the strata of k— -differentials , Doc. Math. 27
(2022), 1031-1100.

Dragovi¢, V. and Radnovi¢, M., Periodic ellipsoidal billiard
trajectories and extremal polynomials , Commun. Math. Phys. 372
(2019), 183-211.

Gambaudo, J.-M. and Ghys, E Braids and signatures , Bull. Soc.
Math. France 133 (2006), 541-579.



References 4

Gendron, Q., Equation de Pell-Abel et applications , C. R. Math.
Acad. Sci. Paris 360 (2022), 975-992.

Grushevsky, S. and Krichever, I., The universal Whitham hierarchy
and the geometry of the moduli space of pointed Riemann
surfaces, in Geometry of Riemann surfaces and their moduli
spaces, Surveys in Differential Geometry, vol. 14 (International
Press, 2010), 111-129.

Khovanskij, A. and Zdravkovska, S., Branched covers of S2 and
braid groups , J. Knot Theory Ramifications 5 (1996), 55-75.
Kollr, J., Pell surfaces , Acta Math. Hung. 160 (2020), 478-518.
Kontsevich, M., Intersection theory on the moduli space of curves,
Funct. Anal. Appl. 25 (1991), 123-129.

Kontsevich, M., Intersection theory on the moduli space of curves
and the matrix Airy function , Commun. Math. Phys. 147 (1992),
1-23.



References 5

Kontsevich, M. and Zorich, A., Connected components of the
moduli spaces of Abelian differentials with prescribed singularities ,
Invent. Math. 153 (2003), 631-678.

Lando, S. and Zvonkin, A., Graphs on surfaces and their
applications , Encyclopaedia of Mathematical Sciences, vol. 141
(Springer, Berlin, 2004).

Liu, F. and Osserman, B., The irreducibility of certain pure-cycle
Hurwitz spaces , Amer. J. Math. 130 (2008), 1687-1708.
Malyshev, V., The Abel equation , St. Petersburg Math. J. 13
(2002), 893-938.

McMullen, C., Teichmiiller curves in genus two: Torsion divisors
and ratios of sines , Invent. Math. 165 (2006), 651-672.
Moschetti, R. and Pirola, G. P., Hurwitz spaces and liftings to the
Valentiner group , J. Pure Appl. Algebra 222 (2018), 19-38.
Mullane, S., Strata of differentials of the second kind, positivity
and irreducibility of certain Hurwitz spaces , Ann. Inst. Fourier
(Grenoble) 72 (2022), 1379-1416.



References 6

Peherstorfer, F., Orthogonal and extremal polynomials on several
intervals , J. Comput. Appl. Math. 48 (1993), 187-205.

Platonov, V., Number-theoretic properties of hyperelliptic fields
and the torsion problem in Jacobians of hyperelliptic curves over
the rational number field , Russian Math. Surveys 69 (2014), 1-34.
Robinson, R., Conjugate algebraic integers in real point sets ,
Math. Z. 84 (1964), 415-427.

Serre, J.-P., Distribution asymptotique des valeurs propres des
endomorphismes de frobenius d'aprés Abel, Chebyshev,
Robinson,... , in Séminaire Bourbaki, vol. 2017/2018, exposés
1136-1150 (Société Mathématique de France, 2019), 379-426.
Sodin, M. and Yuditskij, P., Functions least deviating from zero on
closed subsets of the real axis , Algebra i Analiz 4 (1992), 1-61,
Engl. transl., St. Petersburg Math. J. 4 (1993), 201-249.

Strebel, K., Quadratic differentials , Ergebnisse der Mathematik
und ihrer Grenzgebiete. 3. Folge, vol. 5 (Springer, Berlin, 1984).



References 7

Thurston, W., The geometry and topology of three-manifolds,
Encyclopaedia of Mathematical Sciences
http://library.msri.org/books/gt3m/PDF /13.pdf (1979).
Vassiliev, V., Ramified integrals, singularities and lacunas ,
Mathematics and Its Applications, Dordrecht, vol. 315 (Kluwer
Academic Publishers, Dordrecht, 1995).

Wajnryb, B., Orbits of Hurwitz action for coverings of a sphere
with two special fibers , Indag. Math. (N.S.) 7 (1996), 549-558.
Zannier, U., Unlikely intersections and Pell's equations in
polynomials , in Trends in contemporary mathematics (Springer,
Cham, 2014), 151-169.

Zolotarev, E., On the application of elliptic functions to questions
of maxima and minima , Zapiski Imperatorskoi Akademii Nauk,
SPb 30 (1877), 1-71.



Thanks for the patience!



Bonus track: for the most stubborn
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Bonus track 2: Reduced Burau representation

Let 7 be an isoperiodic path connecting surfaces My and M, C €
Hi(Mi,Z) then we have the equality of the periods

/dm:/ dn
C C-r

where d7); is the differential associated to the curve M;, j = 1,2,
and C - 7 is the cycle C transported from M; by GM connection.
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Loops in the moduli space are braids on 2g + 2 strands and they
act on the homologies of curves by Burau representation

(C17 R Csflv C57 CS+17 s )BS = (Cls R CS*1+C57 CS: CSJr].*CS: cee



Bonus track 2: Reduced Burau representation

Lemma
If two linear graphs I are connected by an isoperiodic
transformation, then two binary strings

n

{bs := — dn mod 2}

2ri

live in the same orbit of Burau representation reduced modulo 2.
Straight calculation shows that all above graphs live in different
orbits of braid group action, hence lower bound = upper bound.
Main theorem holds.



