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Abstract: In this paper, we introduce a modified class of Baskakov—Kantorovich operators
constructed using the u integral and investigate their approximation properties in the framework of
exponential weights. The proposed operators are expressed through a composition of modified
Baskakov operators with suitable differential and integral operators. We derive explicit expressions
for the moments and evaluate the operators on exponential test functions to establish the
fundamental properties of the proposed construction. Furthermore, we investigate their pointwise
convergence and establish a Voronovskaya-type asymptotic formula describing the limiting
behaviour of the approximation error. Quantitative estimates for the rate of convergence are
obtained by employing an appropriate exponentially weighted modulus of continuity. Finally,
numerical experiments and graphical illustrations are presented to demonstrate the approximation
behaviour of the proposed operators and to support the theoretical findings. The results contribute
to the study of modified positive linear operators and their convergence properties in exponentially
weighted function spaces.
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1. Introduction

The study of approximation properties and convergence rates for positive linear operators remains
a vibrant field of research. Some comprehensive convergence estimates have been compiled in
[10]. In the last decade, the construction of positive linear operators preserving exponential
functions has received significant attention, with its advantages documented extensively in the
literature (see, e.g., [2, 4, 11-14]. In this paper, we extend these investigations to a modified class
of Baskakov-Kantorovich operators designed to preserve exponential functions. We begin by
recalling the classical Baskakov operators B,,, which for any f € C[0, c0) are defined as:

(Baf)(x) = Eio bnu(f (3), (1



where

_ (nt+v-1 x?
bn,v(x)—( v )W' x=0,n€N.
The Baskakov-Kantorovich operators are defined by:
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A similar representation was investigated by Abel et al. [ 1] in the context of estimating convergence
rates for bounded variation functions via the Bézier variant of Baskakov-Kantorovich operators.
Subsequently, Zhang and Zhu [16] introduced an alternative Kantorovich-type modification of the
Baskakov operators, defined as:

(v+1)/n
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E,(x) :f fa(D)dt, fa(®) = f<@>

In [16], the authors observed the following structural relationship connecting P, with the classical
Baskakov operators B,;:

(Bf)(x) = (D 0 By o F,) (%)

To preserve the exponential test functions e#* and e?#*, Ozsarac (Firat) and Acar [8] introduced a
modification of the classical Baskakov operators B,,, defined as:

[ee)
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where
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The connection between these operators and the standard Baskakov operators B, is given by the
relation:

f

et

(Gn)f(x) = eﬂx(anu)(an(x)): fu =

The concepts of u-differential and p-integral were formulated by Paltanea [9] on [0, 1]as
D,:C'[0,1] = C[0,1] and 1,: C[0,1] = C*[0,1], respectively, in the study of modified Bernstein-
Kantorovich operators. These mappings extend to the domain [0, o) as follows:

Dy(f,x) = f'(x) — uf (x), f € C'[0,),x € [0, )



and I.(f,x) = et [ e f(t)dt, f € C[0,),x € [0, ).

Motivated by the results in Aral et al. [5], we introduce the following modification of the standard
Baskakov—Kantorovich operators (2) for f € L,[0, 00):

(Bf) () = @h(xIme™ B2y brysn(@n(0) [ " e Hef (B, @)

here b, ,, denotes the Baskakov basis from (1) and a, (x) is defined in (3). These operators map to
the operators G,, via the relation:

(Puf)(x) = Dy © Gy © L, (f) ().

To establish the above relation, we consider I, = e**F,, F, = fox e M f(t)dt and apply the
identity

(bn,v(an(x))), = na;l(x) [bn+1,v—1(an(x)) - bn+1,v(an(x))]-

We have:

DH oGy o I#(f)(x) = eﬂxz b;l,v(an(x))Fﬂ (g)
v=0
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= eM*nal, (x) i b 11,000 (x) <E¢ (v : 1) —Hy (%))
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2. Moment Analysis:

This section presents the fundamental moment calculations and auxiliary evaluations required for
establishing the main convergence theorems.

Lemma 2.1: For any n € N and x € [0, ), the operator P,satisfies the following equalities:
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(Be2#)(x) = e
~ 1 _ —(n+1)
(Be3*)(x) = Ee”anl (e% + 1) (e%_‘il_x + e_% - e%) i ,

~ 1 n—1 20 u
(B.e*)(x) = §e”xT( n 4 en+ 1) X
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Proof: Applying definition (4) of the operator P, together with relation (3), we obtain:
(v+1)/n

(Bueo) () = @ (enet™ > by (@n () et dt

v/n
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Again using (3), we have:
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Substituting the explicit expression for a,, (x) and its corresponding derivative into the formulation,
we obtain:

(v+1)/n
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1 E E —(TL+1)
= ;a;(x)ne“x (en - 1) [(1 - en) a,(x) + 1] = e?h*,
Following an identical approach, it follows that:
_ had (w+1)/n
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1 2# 2# —(n+1)
= Za;l(x)ne”x (eT - 1) (1 + a,(x) — eTan(x)>
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Hence,
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Lemma 2.2: We have:

—-(n+1)

(Be?t)(x) = ﬁa;(x)e“x(e(““”)/n — D1+ (1 - e /Mg, (x)] (5)



where a, (x) is defined by (3).
Proof: Following (4), we have:
(v+1)/n
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Lemma 2.3: Let ¢}, . (t): = (e#* — e**)¥,v = 0,1,2, ..., then:
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Hence, we find:

lim n ((ﬁneo)(x) — 1) = u(ux(x +1) — 2x — 1),



lim n ((ﬁne”)(x) - e”x) = —peh* (x + %)

lim n ((Pnezﬂ)(x) - 32“") = 0. (6)
By virtue of the limits derived above, we gain:
lim (B () () = limn ((Pe)(x) - e)

— lim ne#* ((Isneo)(x) - 1)

n—-oo

= ey [x + > — o (x + 1)] (7)
lim 7 (Bupf o (5) () = lim n ((Pre®)(x)
—2e#*(Bet)(x) + e (Pyeo) (%))
< () - )

—2lim ne#* ((ﬁne”)(x) - e”x)

n—-oo
+Tlli_r)£10ne2“x ((Isneo)(x) - 1)
=e?" u’x(x+1) (8)
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Lemma 2.4: (Higher-order moments). Let P, be the modified Baskakov—Kantorovich operator
defined by equation (4), and let E,(4,x) = P,(e4t, x) be its exponential generating function.

Suppose that F, is sufficiently differentiable with respect to A in a neighbourhood of A = 0. Then,
forr=0,1,2..

aT
AT

P,(t",x) = —FE,(4,x) at A = 0.

In particular, the fourth raw moment is given by

B.(t%, x) = E,(A, x)(If + 6111, + 312 + 41,15 + L,).

where [; = %loan(A, x) at A = 0, provided the logarithm is defined near A = 0.



Proof. The result follows by differentiating the exponential generating function with respect to A,
and evaluating the resulting expressions at A = 0. The fourth-order formula follows from repeated

differentiation of F, = e"?9F)The corresponding central moments are obtained by expanding
(t — x)"and applying the linearity of B,.

3. Quantitative Estimates and Voronovskaya-Type Theorems

In this section, we analyze the rate of uniform convergence for the operators B, on [0, ). We

employ the unweighted Chebyshev norm on C*[0, %), defined as the subspace of continuous

functions C[0, o) for which lim f(x) exists and is finite. Holhos [7] established a quantitative
X—00

estimate on the space C*[0, o0), extending the work of Boyanov and Veselinov [6] regarding the
uniform convergence of sequences of positive linear operators. Subsequently, this framework was
applied to Baskakov operators in [15]. The following theorem provides the pointwise convergence
rate for P,:

Theorem 3.1: Let B,: C*[0, ) — C*[0, ) be a sequence of positive linear operators. Then, for
every x € [0, ), the following conditions hold:

lim (B,e™*)(x) = e,k = 0,1,2 at the point x € [0, ), precisely when
n—->oo
lim (P,f)(®) = f(x), V f € C'[0,00).

Proof: Applying (5) and performing the necessary symbolic computations, we obtain:

~ 1
(Be4t)(x) = e?* + %eAx[A —2u + 2Ax + A*x — 4ux — 3Aux
+2u%x + A%x? — 3Aux? + 2u%x?*] + 0(n2).
Applying

~ 1
(Bieo)(x) =1+ ;(—u —2ux + p?x + p?x?) + 0(n7?),

~ 1
(Bie t)(x) =e ™ + > [e™(1+2u)(—1 — 2x + x + pux + x* + ux?)] + 0(n2),

(Be ) (x) = e + %e‘zx((l + @) (=1 + px + 2x% 4+ ux?)) + 0(n7?).

Hence, all requirements of the theorem are met, which completes the proof of the pointwise
convergence of P,.

Theorem 3.2 (Voronovskaya-type result):



Let u # 0,x > 0 and let f be twice differentiable at x € [0, o), with the required growth and

integrability conditions for the operator P,.Suppose that the asymptotic moment relations
established in Lemma 2.3 hold, then:

lim n ((Pf) () = £()) = wlpea + 1) = 2x = 11 ()

1 3Bux(x+1 x(x+1
plap i 3O Dl oy 2O Dy

2 2 2

Proof: Taking
(pu,x(t) = eht — eh*,
Using Taylor's formula in the variable e#, we obtain:
f'(x) ) —uf'(x)
fO=FO)+ o oux O+ = o Piix(O) + R (D@ (D).

where h,(t) > 0ast - x.

Applying the positive linear operator P,and evaluating at x € [0, ), we get:

(Pnf)(x) f(x) = (x)[(P 1)(x) - 1] + [ & (Mx) (Pn(p/,tx)( x)

o ()zc,)lz f[ = )(ﬁnfﬂﬁ.x)(x)Jr [Pl 1] (0.

Multiplying n and taking the limit, the first three terms are evaluated using the corrected moment
relations:

Alrg)n[(ﬁnl)(x) — 1] = pfux(x + 1) — 2x — 1].

7{i_l}rl(r)lon(ISn(pWC)(x) = ueh* [(x + %) — px(x + 1].

And
lim n(Pogf.) () = p2e?x(x + 1)
It remains to show that
lim (B, [hep? 1) () = 0.
Let € > 0. Since h,(t) —» 0 as t — x, there exist § > 0 such that:
|h,(t)| < €, whenever |(pu,x(t)| < 4.
Under the assumed global growth conditions, we choose a constant C5 > 0, such that
I O1|0x (D] < el @] + Csl0, )]

Positivity of P, , therefore gives:

nl(ﬁn[hx(p;zt,x])(x)l < gn(ﬁn(pﬁ’x)(x) + C6n(pn(pﬁ,x)(x)-



The second-central-moment limit shows that the first term on the right is bounded by Ce
(constant times €). Moreover, the fourth-central-moment estimate

n?(Pagpt ) (x) = 0(1),
this implies that
7li_lr)l(r)lon(ﬁn(pﬁ,x)(x) = 0.
Consequently,
lim supn| (B[R 2 ()] < Cre.
for a constant C, independent of €. Letting € = 0, we conclude that the remainder tends to zero.

Combining the limits of the first three terms yields:
lim n ((Pf) () = £()) = lpea + 1) = 2x = 11 ()

+[x+l—ux(x+ 1) —gx(x+ 1)]f’(x) +@

> £,

which simplifies to the asserted formula. This completes the proof.

4. Convergence Rate of the operators

For a fixed u > 0, let V, denotes the exponentially weighted space of all real-valued functions f
defined on R *satisfying |f (x)| < Ke**, x € R* for some constant K > 0. Let M, be the subspace

of V, consisting of continuous functions. Endowed with the norm

IfIl, = sup |f(x)|e .

x€=0

the space V,,becomes a normed linear space.

Let M;*(R*) denotes the subspace of M,,(R*) consisting of all functions f satisfying

lim If ()l

= m, where m is a positive constant.
x—o00 eHx

Our objective is to determine the rate of convergence by employing an appropriate weighted
modulus of continuity. To this end, we consider a weighted modulus of continuity for functions
f € M*(R™), which possesses properties analogous to those of the classical modulus of continuity
on compact intervals. The exponentially weighted modulus of continuity provides an effective tool
for estimating the rate of convergence of sequences of positive linear operators in exponential
weighted spaces. Accordingly, we employ the following weighted modulus of continuity:

FO-FN o

o=
lt-x|<sx20 €M+ eH*

o(f;0) =



for f € M*(R*). The weighted modulus of continuity @(f;-) satisfies the following basic
properties (see [3]).

Postulate 4.1: Given f € M*(R™), }Sin(l)&j(f; 5) =0.

Postulate 4.2: For any 1 > 0 and f € M;*(R*), we have:

@(f;A8) < 2(1 + Da(f; 6). (10)
Postulate 4.3: We have:
(Pn(pux(t))(x) 2_.“ 1 n e_%
renr e2Hx n o h_q '

Proof: By definition, we have:

TL—l
P t))(x 2ue® -1 ux —-(n+1)
(nfpuz(x))( ) R (1-e +en)
xER+ et XER* nq_en
ux
2ue n H* px p pxy—(n+1) 2u 1 u
=sup(1—-——; +ez‘“‘e“(en—1+enen) <1-—— e n
xERY noon_1 Men—1

Remark 4.4: On simplifying, we have:

. 2p 1 _K
lim(1—— 7 +e n|=0.
n—-oo nen—l

Theorem 4.5: For 0 < 2a < b and f € M (R™), we have:

2u 1 _K
en+7 +1+.e n|,

en—l

1(Bof) = £, < 88(f; Yun)

1 2 1 _K
whereunzﬁ(l——” — +e n).

en—1

Proof: Using the definition of the modulus of smoothness @ (f; &), together with property (10),
for any 4 > 0, we choose:

[t—x|

/1=6

6> 0.

Then, we obtain:

If(©) = FEl < (e +e")a(f; |t — x|)



[t — x|
5

< 2(ett + et®) <1+ >G(f;6).

By the mean value theorem, we obtain:

et — et

If (&) — F()| < 2(ekt + et <1 +T> a(f;6).

By the Cauchy—Schwarz inequality, for every x € R*, we have:

|(Paf) () = )| < P (O = F)]; %)

< 20(f;8) | Bi(e + ety 1+ et — el (x)
< ; ), 5

— ~ 1 ~ ~ -
= 20(f; 6) (( Fret)(x) + H—5\/ ( Pne2ﬂ)<x>J (Pupx(®) () + e (Breo) (x)

ux
+ 5 e [(Puoa)0)

< 20(f; 8) (e (Paeo) () + (Fre") () ()

ux
+ eg_u Il + \/(ﬁneo)(X)l \/(’Pnrpﬁ,x(t)) (x).
Applying Lemma 2.3 and postulate 4.3, we obtain:
(BN = FGO]

e3ux
(Bieo)(x) (B, e”)(x) n(pu x(t) (x) (P eo) (%)
2 (f 6)< Zoux + e3u ‘u(g e2ux ez;tx '
Hence,
|(Pnf)(x) £
x€R+ e3hnx
— u 2u 1 1 2u 1 K / K
< 2w(f;6)|e n+7e%_1+ﬁ\/<1_7e%_1+e Tl>(1+ e n)‘




u
Choosing, ué = \] (1 _ #1 + e_5>, we get the conclusion.

en—1

Theorem 4.6: If x7! (Fu(x + (%) - El(x)), is decreasing function on (0,00), then
(an () a, (x))_1 P ouf(x) is also decreasing on (0, ), where P, uf(x) = (%f) (x).

Proof: Applying (4), we have:

had (w+1)/n
Apn,e“f(x) = a;l(x)n bn+ ,v(an(x)) fe“ (t)dt
;é; ! J;ﬂl
1 1/n
= ap(x)n fer (H)dt

(1 +az ()™ )

oo v+1
, (@)’ [
+an<x>nUZ "+ ek |, fencod,

where, fou(t) = eL# (0).

Multiplying above equality by (a,(x)ay, (x))_l, on both the sides, we reach:

1 1/n
an(x)(1 + an ()™ Jy

(an()ay(x))” Ppenf(x) =n fou(t)dt

0 n + v (an(x))v—l :
z (1 + a, (x))ntv+l ]% fen(t)dt.

Upon differentiating both sides of the above equation with respect to x and invoking the hypothesis,
we arrive at:

1 ! a,' (x) %
n h Py en = - P er(t)d
(lnie) ™ Pranf0) = o T
ay'(x) yn
—n(n+ 1) 3 fer(t)dt
an(x)(l + an(x))
o) , -1 v+2 E
+otn) ("TI e ?1 ix)(z")(;ﬁm [ Ftode=ngo [ foncode
a, (x = =

<0.



Theorem 4.7: Let f be a continuous, non-negative function. Assume that

()-8 () 2R () -8 6

holds for v € N. Then

((a;l(x))—lppn,e“f(x)> = (an(x))_l Fpn,e”f(x)-

Proof: According to theorem 4.6, we have:

o v+l
~ n
Pn,e“f(x) = a‘;l(x)nz bn+1,v(an(x))ﬁ fu(t)dt-
v=0 n
On simplifying, we get:

(an(x))”
(1 n an(x))n+v+2

((a%(x))—lﬁn,euf(x))’ =a,(x)n(n+1) Z (Tl + z + 1)

vt2 v+1
x{ fé fu(tdt — fz " fu(t)dt}.

Applying the hypothesis, we get:

o ) vl
(@) P f () = apom Y. (M 7)o f fu©)de

v=1 (1 + an( ))

o)

, ntvily (@@’ [
= an(x)n;( v+1 )(1+a (x ))n+v+2 v+1 fﬂ( )dt

[oe)

, 1 (@) [
= @)+ 1) 2 " (=) 0 - (;)nw L fu®de.

v=0

Hence, we obtain: ((a’n ()t T’n,euf(x))’ — (@ () T Ppenf(x)

(1 + an(x))

n

00 v+2 v+1
= aeomm+ )y (MUY L { o fu0de= [ fuor)dt}
v=0 n



o vi2
—a()n(n + 1) ; " v + 1) (v Jlr 1) ? :Z:((;C));Hm v_:: fou(D)dt

n

| S (an())"
= g, onm+ 1 Y (PTVY) s - (;)n+v+z
v=0 n

v+2 v+1

T hwa- [T ot 2o

v n

v+1 v+l
n

Hence the result.

5. Numerical Illustrations and Graphical Analysis
The theoretical results established in the preceding sections are complemented here by numerical

experiments for the operator defined in (4). All computations were performed with u = 1 on the
compact interval [0, 2]. The calculations use n = 10, 20, 40, 80, 160.

5.1: Approximation of a smooth test function:

As a first test, consider f(x) = e, Figure 1 compares f with the numerical approximants for
increasing values of n. The approximation improves systematically as n increases, and the curves
become progressively closer to the target function throughout [0, 2].

Function value

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
X

Figure 1. Approximation of f(x) = e, by the proposed Baskakov—Kantorovich operator for several
values of n.

5.2: Pointwise absolute error:

To quantify the visual behavior, we consider the pointwise error E,(x) = |[(B,f)(x) — f(x)|.
Figure 2 is plotted on a logarithmic vertical scale. The error decreases throughout the interval as n
increases, providing a direct numerical illustration of convergence.



10~ :
] — n=10 — n=40 — n=160
n=20 — n=280
0.00 0.25 0.50 0.75 1.00 1.25 1.50 L5 2.00

Figure 2. Pointwise absolute error for f(x) = e™*.

5.3: Numerical checks of exponential test functions:

The exponential test functions were also examined because the construction of the modified
operators is motivated by exponential-preservation properties. The maximum errors for 1, e#* and
e?* are listed in Table 1. The numerical calculation gives machine-level accuracy for e?#*,
whereas the errors for 1 and e**decay approximately at first order. These results should be read
together with the exact moment identities in Lemma 2.1 and should not be interpreted as exact
preservation of every exponential test function.

Table 1. Maximum errors for exponential test functions with u = 1.

Test Function n Maximum Error
0¥ = 1 10 1.17641485e-01
0¥ = 1 20 6.06052985e-02
e =1 40 3.07691285¢-02
efhr =1 80 1.55038626¢-02
e =1 160 7.78206557¢-03

ehx 10 1.63685047¢+00
ehx 20 8.68916181e-01
el 40 4.47861039¢-01
el 80 2.27383982e-01
ehx 160 1.14568537e-01
e2hx 10 6.24851282e-11
e2Hx 20 5.75539616¢-13
e2Hx 40 1.21502808e-12
e2Hx 80 2.88480351e-12
e2hx 160 3.16902060e-12
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