SOME EXISTENCE RESULTS TO WEAKLY COUPLED SYSTEM
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ABSTRACT. In this conversation, examines the long-term existence of solutions for a system
of weakly coupled equations involving fractional evolution and various nonlinearities. The
main focus is on analyzing the relationship between the regularity of initial data, memory
terms, and the allowable range of exponents in a specific equation. Using LP—L? estimates
for solutions of associated linear fractional -evolution equations with vanishing right-hand
sides, along with a fixed-point method, the study establishes the existence of small-data
solutions with in certain admissible exponent ranges.
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1. INTRODUCTION

we consider the following the Cauchy problems for weakly coupled systems of semi-linear

Fractional o-evolution equations with nonlinear memory:

8,:1+alv1 + (—A)7 w1 + SFvr = Zyy p, (vi),
8t1+agv2 + (—A)UQUQ + S%’UZ = ZM27P2 (Ul)a

(1.1)
81;l+0¢kvk + (=A%, + S,%vk = Zuy. o (Vk—1),

1}@(0,1’) = U(M(Jf) 8151)4(0,3:) = 07 = 1727"'7k

where for k > 2, for £ =1,2,... ka0 € (0,1), 00 > 1,5, > 0, p; > 1, (t,x) € [0,00) x R, with
t
Z,p(0)(t, ) = / (t — ) Jo(s, z)Pds
0
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2. MAIN RESULTS

Theorem 2.1. ( Loss of decay) Let us assume 0 < ap < 1, oy < g <1, 04 > 1, m;y > 1 and

Sy >0 foralll=1,..., k. Assume that for all § >0

— 1
maX{l’w7% _5} <pr < —,
M — Qg My M — O
max{l @z —p2 + 1 @—5}<p2< L
= ar = A (pr) M2 i — o1 — 445 (1)
and forl =3,--- k—1
< 1
be ’
pet = ooy — 3T (L pe)
ap—pe+1 mi_1
pl - max {17 (.u‘k)'“:,u%72) ’ m B 5}
f—1 = Q1 = Vo, o, ) (01 per) T
and
my 1
P > mnax { Mp—1 B 6’ _ _ (Mk""nu'k72) }7
M1 = Qk—1 = Vi oy_g) (P15 - Pk—1)

where, forl =3,--- [k —1

7((2::;(171) =1—pi(px — ar)
A (1, p2) = 1= Pl — @) + 2 1) 1) 22)
(Mkv---vﬂ@—l) (Mkv---»ll/f—Z)

(P1, s pe) = 1 = pelpe — ) + pevio, oy oy (P s DE-1)-

(Qtseesore—1)
Then there exists a positive constant € such that for any data

k
(’U(]l, ey ’ng) S Ak = H (Lml (Rd) N LOO(Rd)) with H(Um, '-7UOk)”Ak S S
(=1

, we have a uniquely determined global (in time) Sobolev solution

k
ve [Te(0,00), L™ (RY) N L= (RY))
(=1

to the Cauchy problem (1.1)). Moreover, the solution satisfies for alls > 0 andl =2,--- [ k—1,

the decay estimate

lv1(s, )lre S (1 + s)a“‘“*'Ygﬁ(pl)vaHmeLoo for all q € [mq, 0],

(ffgseeesttp—1)
A=tV (g g y) (PLowPE

lve(s, ) lze S (1 +5) Nvaillzmnpe  for all g € [my, 00,

[or(s; e S (14 8) ¥ ook Lmenpes for all g € [my, o0].
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Lemma 2.1. Suppose that 0 € [0,1),a > 0 and b > 0. Then there exists a constant C' =
C(a,b,0) > 0 such that for all t > 0 the following estimate holds:

fot—T (14+t—7)"%(1+7)""dr

C(1 + )~ min{a+0,b} if max{a+6,b} > 1, (2.3)
<Q C(1 4 t)- min{at0bh1n(2 4 1) if max{a+0,b} =1,
C(1+¢)t-a0-b if max{a+6,b} <1.
Proof. We introduce for all T > 0 the space X*(T) as follows:
k
XHT) =[] C(l0,7],L7(R") N L>(R™))
(=1

with the norm

e

(hg) -1 - (Kpseens Ho—1)
vl xk(7y := sup {(1+t) <ak>(p1)M1(t,v1)+ (14 8) @m0 PPy

<t

N
[|
N

+ Mk(t,’[)k)},
we offer the operator N by
N : ve XKT) = N@w) = Nw)(t,z) == o™(t,z) + o™ (t,z).

We will prove that the operator N satisfies the following two inequalities:

l=k
[N ()] xxr) < [l(vor; vo2, ---vor) |4, +Z|Iv\\Xk(T (2.4)
(=1
l=k
IN@) = N@)lxery S e =0l 3 (100 + 1018 ) (2.5)
(=1

Using the definition of the norm in X*(T") , we may conclude:

10" xck(r) S [ (vo1, vo2, - vok) .4 -
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Hence, in order to complete the proof of (2.4)) it is reasonable to we shall show the following

inequality
=k

l
[v" ”Xk (T) S Z ||U Xk(T)"

If v € X¥(T), firstly we apply interpolation we derive on all items plus Ona ¢ € [r, 00|, we

have

i (8, Mze S 0I5y Ia(t) forall te[0,T] and pig € [y, od],

We are interested to estimate I;(¢) the right-hand . For this we need the Lemma if we

assume that p; <

1
M=o "

to obtain
L) < (1+ t)alfuﬁvﬁ’,j (p1)

On other hands, the conditions g € [r1,00] and p1q € [ry, oo] implies that p; > 7k

Forl=2,--- ,k—1 and g € [r, 00|, we have
t T
gt e < / (14— 7)) / (7 — 8)% o (s, -)|Pe|| o ds d
0 0
S ol Ze(®) forall te[0.T] and pag € [rer, ),

we estimat Iy(¢), we use the Lemma2.1] if we assume that

1
s (1e-1 = 1) = Y12 (py, i)
and
Pt > e
fe—2 = Q=2 = V(g o ) (P1s -y Pe—2)

On other hands, the conditions ¢ € [rg, o0] and peq € [rg—1,00] implies that p, > ™= 1.

Once more we apply Lemma [2.1] to obtain
L) < (14 )T ey 120
Finally, for g € [rg, o], we have

||vﬁl(t, MNre < ||v|§§(T)Ik(t) forall ¢€[0,7] and pgq € [rr—1,00],
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We are interested to estimate I () the right-hand . For this we need the Lemma we
obtain Ij(t) < (1 + ¢)*#* if we assume that
ag—1 — pgp—1+1

(Mr—2 — ag—2) — VéZ:::::ZZz:Z;(ph vy Dk—2)

Pk—1 >

it remains for us to prove(2.5)Since the number of pages is limited , if I am accepted into

this global event , I will end this proof in a private meeting. This completes the proof.
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