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Abstract. In this conversation, examines the long-term existence of solutions for a system

of weakly coupled equations involving fractional evolution and various nonlinearities. The

main focus is on analyzing the relationship between the regularity of initial data, memory

terms, and the allowable range of exponents in a specific equation. Using Lp–Lq estimates

for solutions of associated linear fractional -evolution equations with vanishing right-hand

sides, along with a fixed-point method, the study establishes the existence of small-data

solutions with in certain admissible exponent ranges.
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1. Introduction

we consider the following the Cauchy problems for weakly coupled systems of semi-linear

Fractional σ-evolution equations with nonlinear memory:



∂1+α1
t v1 + (−∆)σ1v1 + S2

1v1 = Zµ1,p1(vk),

∂1+α2
t v2 + (−∆)σ2v2 + S2

2v2 = Zµ2,p2(v1),
...

∂1+αk
t vk + (−∆)σkvk + S2

kvk = Zµk,pk(vk−1),

vℓ(0, x) = v0ℓ(x) ∂tvℓ(0, x) = 0, ℓ = 1, 2, . . . , k

(1.1)

where for k ≥ 2, for ℓ = 1, 2, . . . , k ,αℓ ∈ (0, 1), σℓ ≥ 1,Sℓ > 0, pℓ > 1, (t, x) ∈ [0,∞)×Rn,with

Zµ,p(v)(t, x) =

∫ t

0
(t− s)µ|v(s, x)|pds
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2. Main Results

Theorem 2.1. ( Loss of decay) Let us assume 0 < αℓ < 1, αℓ < µℓ < 1, σℓ ≥ 1, ml ≥ 1 and

Sℓ > 0 for all ℓ = 1, ..., k. Assume that for all δ > 0

max
{
1,

α1 − µ1 + 1

µk − αk
,
mk

m1
− δ

}
< p1 <

1

µk − αk
,

,

max
{
1,

α2 − µ2 + 1

µ1 − α1 − γ
(µk)
(αk)

(p1)
,
m1

m2
− δ

}
< p2 <

1

µ1 − α1 − γ
(µk)
(αk)

(p1)

and for l = 3, · · · , k − 1

pℓ <
1

µℓ−1 − αℓ−1 − γ
(µk,...,µℓ−2)
(αk,...,αℓ−2)

(p1, ..., pℓ−1)
,

pl >max
{
1,

αℓ − µℓ + 1

µℓ−1 − αℓ−1 − γ
(µk,...,µℓ−2)
(αk,...,αℓ−2)

(p1, ..., pℓ−1)
,
ml−1

ml
− δ

}
and

pk > max
{ mk

mk−1
− δ,

1

µk−1 − αk−1 − γ
(µk,...,µk−2)
(αk,...,αk−2)

(p1, ..., pk−1)

}
,

where, for l = 3, · · · , k − 1
γ
(µk)
(αk)

(p1) = 1− p1(µk − αk)

γ
(µk,µ1)
(αk,α1)

(p1, p2) = 1− p2(µ1 − α1) + p2γ
(µk)
(αk)

(p1)

γ
(µk,...,µℓ−1)
(αk,...,αℓ−1)

(p1, ..., pℓ) = 1− pℓ(µℓ − αℓ) + pℓγ
(µk,...,µℓ−2)
(αk,...,αℓ−2)

(p1, ..., pℓ−1).

(2.2)

Then there exists a positive constant ε such that for any data

(v01, .., v0k) ∈ Ak :=

k∏
ℓ=1

(
Lml(Rd) ∩ L∞(Rd)

)
with ∥(v01, .., v0k)∥Ak

≤ ε

, we have a uniquely determined global (in time) Sobolev solution

v ∈
k∏

ℓ=1

C
(
[0,∞), Lml(Rd) ∩ L∞(Rd)

)
to the Cauchy problem (1.1). Moreover, the solution satisfies for all s ≥ 0 and l = 2, · · · , k−1,

the decay estimate

∥v1(s, ·)∥Lq ≲ (1 + s)α1−µ1+γ
µk
αk

(p1)∥v01∥Lm1∩L∞ for all q ∈ [m1,∞],

∥vℓ(s, ·)∥Lq ≲ (1 + s)
αℓ−µℓ+γ

(µk,...,µℓ−1)

(αk,...,αℓ−1)
(p1,...,pℓ)∥v0l∥Lml∩L∞ for all q ∈ [ml,∞],

∥vk(s, ·)∥Lq ≲ (1 + s)αk−µk∥v0k∥Lmk∩L∞ for all q ∈ [mk,∞].
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Lemma 2.1. Suppose that θ ∈ [0, 1), a ≥ 0 and b ≥ 0. Then there exists a constant C =

C(a, b, θ) > 0 such that for all t > 0 the following estimate holds:∫ t
0 (t− τ)−θ(1 + t− τ)−a(1 + τ)−b dτ

≤


C(1 + t)−min{a+θ,b} if max{a+ θ, b} > 1,

C(1 + t)−min{a+θ,b} ln(2 + t) if max{a+ θ, b} = 1,

C(1 + t)1−a−θ−b if max{a+ θ, b} < 1.

(2.3)

Proof. We introduce for all T > 0 the space Xk(T ) as follows:

Xk(T ) :=
k∏

ℓ=1

C
(
[0, T ], Lrℓ(Rn) ∩ L∞(Rn)

)
with the norm

∥v∥Xk(T ) := sup
0⩽t⩽T

{
(1 + t)

−γ
(µk)

(αk)
(p1)M1(t, v1) +

k−1∑
l=2

(1 + t)
−γ

(µk,...,µℓ−1)

(αk,...,αℓ−1)
(p1,...,pℓ)

Mℓ(t, vl)

+Mk(t, vk)
}
,

we offer the operator N by

N : v ∈ Xk(T ) → N(v) = N(v)(t, x) := vln(t, x) + vnl(t, x).

We will prove that the operator N satisfies the following two inequalities:

∥N(v)∥Xk(T ) ≲ ∥(v01, v02, ...v0k)∥Ak
+

ℓ=k∑
ℓ=1

∥v∥pℓ
Xk(T )

, (2.4)

∥N(v)−N(v)∥Xk(T ) ≲ ∥u− v∥Xk(T )

ℓ=k∑
ℓ=1

(
∥v∥pℓ−1

Xk(T )
+ ∥v∥pl−1

Xk(T )

)
(2.5)

Using the definition of the norm in Xk(T ) , we may conclude:

∥vln∥Xk(T ) ≲ ∥(v01, v02, ..., v0k)∥Ak
.
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Hence, in order to complete the proof of (2.4) it is reasonable to we shall show the following

inequality

∥vnl∥Xk(T ) ≲
ℓ=k∑
ℓ=1

∥v∥pℓ
Xk(T )

.

If v ∈ Xk(T ), firstly we apply interpolation we derive on all items plus Ona q ∈ [r1,∞], we

have

∥vnl1 (t, ·)∥Lq ≲ ∥v∥p1X(T )I1(t) for all t ∈ [0, T ] and p1q ∈ [rk,∞],

We are interested to estimate I1(t) the right-hand . For this we need the Lemma 2.1. if we

assume that p1 <
1

µk−αk
.

to obtain

I1(t) ≲ (1 + t)α1−µ1+γ
µk
αk

(p1).

On other hands, the conditions q ∈ [r1,∞] and p1q ∈ [rk,∞] implies that p1 ≥ rk
r1
.

For l = 2, · · · , k − 1 and q ∈ [rl,∞], we have

∥vnlℓ (t, ·)∥Lq ≲
∫ t

0
(1 + t− τ)−(1+αℓ)

∫ τ

0
(τ − s)αℓ−1∥|vℓ−1(s, ·)|pℓ∥Lq ds dτ

≲ ∥v∥pℓX(T )Iℓ(t) for all t ∈ [0, T ] and pℓq ∈ [rℓ−1,∞],

we estimat Iℓ(t), we use the Lemma2.1 if we assume that

pℓ <
1

(µℓ−1 − αℓ−1)− γ
(µk,...,µℓ−2)
(αk,...,αℓ−2)

(p1, ..., pℓ−1)

and

pl−1 >
1 + αl−1 − µl−1

µℓ−2 − αℓ−2 − γ
(µk,...,µℓ−3)
(αk,...,αℓ−3)

(p1, ..., pℓ−2)

On other hands, the conditions q ∈ [rℓ,∞] and pℓq ∈ [rℓ−1,∞] implies that pℓ ≥ rℓ−1
rℓ

.

Once more we apply Lemma 2.1 to obtain

Iℓ(t) ≲ (1 + t)
αℓ−µℓ+γ

(µk,...,µℓ−1)

(αk,...,αℓ−1)
(p1,...,pℓ)

Finally, for q ∈ [rk,∞], we have

∥vnlk (t, ·)∥Lq ≲ ∥v∥pkX(T )Ik(t) for all t ∈ [0, T ] and pkq ∈ [rk−1,∞],
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We are interested to estimate Ik(t) the right-hand . For this we need the Lemma 2.1. we

obtain Ik(t) ≲ (1 + t)αk−µk ,if we assume that

pk−1 >
αk−1 − µk−1 + 1

(µk−2 − αk−2)− γ
(µk,...,µk−3)
(αk,...,αk−3)

(p1, ..., pk−2)
.

it remains for us to prove(2.5)Since the number of pages is limited , if I am accepted into

this global event , I will end this proof in a private meeting. This completes the proof.
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