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Strongly (quasi)convex functions

» h:R"™ — R with a convex domain? is

e strongly convex: 3y €]0,400[ s.t. Vz,y € dom h VA € [0,1]
AW + (1= M) < Mh(y) + (1 = Nh(2)=M1 = N7l — y?

e strongly quasiconvex?: Fy €0, +o0| s.t. Va,y € dom h
YA € 0,1]

h(xy + (1 = A)z) < max{h(y), h(z)}-A(1 — /\)%II:L' —y?

» both properties can be considered on a set U C dom h, too
P strongly convex = strongly quasiconvex

v

|| - || is strongly quasiconvex on any bounded convex U C R"

but not strongly convex

» /||l is strongly quasiconvex on any bounded convex U C R"™
but not convex

»> any constant function is convex but not strongly quasiconvex

'domh = {x € R™ : h(z) < 400}
Zintroduced by Polyak, 1966
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» the composition of a strongly quasiconvex function with a
linear operator is strongly quasiconvex

P the maximum of finitely many strongly quasiconvex functions
is strongly quasiconvex

» a strongly quasiconvex function cannot be bounded from
above on an unbounded set3

> K C R™ solid convex cone, h : K — R quadratic: h strongly
quasiconvex < h strongly convex*

» () # K C R" convex, h : K — R: h strongly quasiconvex <
t
tGRHh(aH—(x—y))
lz =yl

strongly quasiconvex on [0, ||z — y||] Vo # y € K°
3 Jovanovié, 1996
* Jovanovi¢, 1993
® Jovanovi¢, 1996
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> a strongly quasiconvex function is 2-supercoercive®

» a proper strongly quasiconvex function has at most one
minimizer on a convex set that touches its domain

P a proper Isc strongly quasiconvex function has one minimizer
on a closed convex set’

» () # K C R" closed convex, h : K — R Isc strongly
quasiconvex, 3 > 0 = Proxgps, (-) # 08 (but not necessarily
singleton)

» K C R" closed convex, h : R" — R proper Isc strongly
quasiconvex, K C dom h, >0 =

Fix (Proxgpis, ) = arg min h°
K

5h:R" — @, liminf‘|zuﬁ>+oo ‘ﬁ,ﬁ% >0
"Lara, 2022
8Lara, 2022

9Korablev, 1980: Kabgani & Lara, 2022
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» () # K C R" convex, h : K — R strongly quasiconvex,
argming h = {7} =

h(z) — h(z) > %Hm — TP vz e K

» h:R"™ — R proper with dom h convex - t.f.a.e.0

(a) hconvex

(b) h+ 25 |z — -||* strongly convex ¥z € R™ V3 > 0

(c) h 2[3 L ||z — -||? quasiconvex ¥z € R™ ¥ > 0

(d) R+ 551z —||? strongly quasiconvex ¥z € R™ V3 > 0

P> some properties also hold in Hilbert spaces

0L ara, 2022
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Strong subdifferential

» () £ K CR" h:R" — R proper, 3> 0
» the (B,~, K)-strong subdifferential of h at T € K Ndom h is*!
_ n . ot _
oK n@) = {z € R™ : max{h(y), h(z)} > h(z) + Bz—r(y —7)
t

t 2
+ 2(7—ﬁ—t7>||y—x|| Yy € K VtG[O,l]}

_ Sha (), o
> when K = Sy (h), 95,h(T) = 837}”7( "Yh(T) is the
(B,7y)-strong sublevel subdifferential of h at T

» K closed convex & h strongly quasiconvex = 8§7h(m) £ 0
closed convex Vx € K

Kabgani & Lara, 2022
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» ()£ K CR" convex, h: K—R C': h strongly quasiconvex <

W) < hly) = Vh(y)(y—2) > Tz —y|? Va,y € K2

> () 4 K CR” convex, h : K — R C': h strongly quasiconvex
& Vh(z) € 81 4h(z) Vo € K Ndom A3

» () # K C R" convex, h : K — R C! & strongly quasiconvex,
Vh L-Lipschitz-continuous, arg ming h = {T} =

IVB@I? > 2 (ha) - h(a), Vo € K

12\/ladimirov & Nesterov & Chekanov, 1978
13| ara & Marcavillaca & Vuong, 2024
14 Polyak-t ojasiewicz-Kurdyka property, Korablev, 1980
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» t € R |t +al (a € R) is convex, and strongly quasiconvex
with modulus v > 0 on [0, 1/+] but not strongly convex

» t € R+ —t? —t is strongly quasiconvex on [0, 1]

> VeeR&d>036>0:teB(0,8) — c—de® is strongly
quasiconvex on 5(0, 6)

» t € R t? + 3sin?t is strongly quasiconvex

0 t=0
> f:]0,1] = R, f(t) = ’ is strongly
oa-ms0={ % 150
quasiconvex on [0, 1]

» t i+ Vt2 + k2 (k € R) is strongly quasiconvex on any interval
[_Cv C] - R

> ||-||* (0 < « < 1) is strongly quasiconvex on nonempty
bounded convex sets in R"
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» 0 AKCR" h:R" - R, g:R* - R: KNdomh # 0,
g(K) CJ0, M|, h is strongly convex = h/g is strongly
quasiconvex on K when one of the following holds

(a) g is affine
(b) h is nonnegative on dom h and g is concave
(¢) h is nonpositive on dom h and ¢ is convex

» AL BeR"™™ AcSt,, a,beR" «o,fcR,
K={xcR":m<(1/2)2"Bx+b'z+B8 < M}
(0<m< M) =

LeTAz+az +a

rc K 2 eR
t2TBx+bTz+

is strongly quasiconvex on K if any of the following holds
(a) B=0¢eR™n
(b) (1/2)2" Az +a'z+a>0forallz € K and B € —S7
(¢) (1/2)zTAz+a"2+a <0forallz € K and B € 8"
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(Strongly) Quasiconvex problem

> K C R™ affine subspace
» h:R"™ — R proper Isc, strongly quasiconvex on K
> K Cdomh

g(éi% h(z) (COP)
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Step0. let 2 =271 € K, ac[0,1[,0<p <p" <2,
{ektken SRy, E=0
Step 1. choose ay, € [0, o], set

k k k—l)

Y=k +ap(aF - [inertial step]

and compute®®
PAl= Proxck(th(;K)(yk) [proximal step]
Step 2. if 2 = yF: sTOP = yF € argming h
Step 3. choose py € [p/, p”'] and update

k+1:(

x 1— pr)y" + pr2t [relaxation step]

Step 4. k=k+1 and go to Step 1
Bindicator fct of K: 0x : R® =R, §(z) =0,z € K; §(z) = 400, ¢ K
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» if a=08& p, =1, k> 0 the algorithm collapses to PPA1®

» K can be taken closed convex
e when 0 < p/ < p” < 1 with the alternate relaxation step

M= (1= pr)a® + pr2”

T

» by adding a projection on K in the relaxation step

2P = Pric((1 - pr)y" + pr2*)

» by removing the inertial steps (o« = 0) and taking
0<p <p'<1

» Bregman PPAYY

6 ara, 2022
7L ara & Marcavillaca, 2024
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Convergence: strongly quasiconvex case

> 0<p <p" <2 {p}r C[p,p"], @ €[0,1] {ar}x € [0,0]
» {a}r is nondecreasing satisfying

1
Ogakgak+1§a<§V/~c20
> Q:={xc K: h(z) < h(zF) Vk € N}

=

o Va* € Q Flimy o0 ||l2* — 2| and

lim |z**!

k : ko k
lim ||z 0
. y"|l b [ vl

e if, in addition, ¢, > ¢ >0VE >0

lim h(x*) = ming h

¥ — T =argming h
=
k—+o00
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Convergence rates

PECEY
1+ cpy
o ||zFtt — 7| <l —F|| VE >0

» a=0, pp€(0,1), rp=,/1— €(0,1), k>0=

o [l2F —af|? < s llat

—Z|?Vk >0

kY — minf < =Ly pk—1 _ =2 v >
o f(z") —minf < 20, &4 z||* VE >0
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Subgradient method for strongly quasiconvex functions

Step 0. let 8,7 >0, {a;}; C }0,%6[, e K k=0
Step 1. if 0, € @Ifﬂh(xk): STOP
Step 2. determine
¢k ¢ 8f§fvh(mk) [subgradient step]
Step 3. zF ! := Pry(aF — i) [projection step]

Step 4. k=k+1 and go to Step 1
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Convergence: strongly quasiconvex case

» K closed convex, K C intdom h

> 5>0, M>0: || <M VEedf h(x) Vo e K

> ok YA T o= +o0 & T af < oc

=
e 7¥ — T =argming h

e lim h(2*) = ming h
k—+o00

e + h continuous = limy_, o h(2¥) = h(T) = mink h
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Gradient method for strongly quasiconvex functions
> heCt
> K =R"

Step 0. let @ >0, {a;}; C [o, +oof, {¢7}; € £, 2" € R" and k=0
Step 1. if Vh(z*) = 0,: sToP
Step 2. determine

21 = 2% 4 0, VR(zF) + o [gradient step]

Step 3. k=k+1 and go to Step 1

» Vh Lipschitz-continuous & {z*}; bounded =
¥ — T = argminy h'8

» ¥ =0 VEk >0, Vh locally Lipschitz-continuous, Jav, & > 0:
a <o <a<min{y/L?2/L} = 2¥ - T = argminy h'°

8Rouhani & Rahimi Piranfar, 2021

9 ara & Marcavillaca & Vuong, 2024
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> heCt
> K =R"
Step 0. let a,n >0,0=1—an, 2%, 2' eR"” k=1
Step 1. if Vh(z*) = 0,,: sTOP
Step 2. determine
Pt = oP 492k — 2P — P VR(2P) [inertial step]

Step 3. k=k+ 1 and go to Step 1

» Vh Lipschitz-continuous on bounded sets & {z*}; bounded

xF = T = argming h
= lim h(z*) = ming h
k—+o0
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> he(!
> K =R"
Step 0. let n >0, {a;}; C [, +ocf, 2% 2! e R, k=1
Step 1. if Vh(z*) = 0,,: sTOP
Step 2. determine
gt = 2% — P 4 V() [inertial step]

Step 3. k=k+ 1 and go to Step 1

» Vh Lipschitz-continuous & 6 €]0, 1|

xF = T = argming h
= lim h(z*) = ming h
k—+o0
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Dynamical systems involving strongly quasiconvex functions

» first-order [Rouhani & Rahimi Piranfar, 2021], [Lara &
Marcavillaca & Vuong, 2024]

» second-order [Rahimi Piranfar & Khatibzadeh, 2021], [Lara &
Marcavillaca & Vuong, 2024]
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Extension to equilibrium problems

findze K: f(z,y)>0,Vye K

solution set: S(K, f)

K C R" linear subspace

FiEKxK R

f(x,-) strongly quasiconvex Yz € K

f(,y) uscVy € K

f (jointly) Isc and pseudomonotone on K, i.e.

flz,y) >0 = f(y,2) <0Vr,ye K

> f satisfies the Lipschitz type condition dn > 0 s.t.
F@,2) = f(@,y) =, 2) <n (e =yl +lly — 2[%) Va,y,2 € K

» (f(x,z) =0Vz € K)

» the hypotheses guarantee that S(K, f) is a singleton?®
P[lusem & Lara, JOTA, 2022]
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Methods for solving equilibrium problems

» proximal point algorithm [lusem & Lara, 2022]
> regularized algorithm [lusem & Lara, 2022]
> extragradient algorithm [Muu & Yen, 2023]

» relaxed-inertial proximal point algorithm [G & Lara &
Marcavillaca, 2024]

» proximal point algorithm with extrapolation terms [lzuchukwu
& Ogwo & Shehu, 2024]

> two-step proximal point algorithm [lusem & Lara &
Marcavillaca & Yen, 2024]

> extragradient projection algorithm [Lara & Marcavillaca &
Yen, 2024]
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» S.-M. Grad, F. Lara, R. T. Marcavillaca: Relaxed-inertial
proximal point type algorithms for nonconvex pseudomonotone
equilibrium problems, JOTA 203:2233-2262, 2024

» S.-M. Grad, F. Lara, R. T. Marcavillaca: Relaxed-inertial
proximal point type algorithms for quasiconvex minimization,
JoGO 85:615-635, 2023

» S.-M. Grad, F. Lara, R. T. Marcavillaca: Strongly quasiconvex
functions: what we know (so far), JOTA 205:38, 2025

» A.N. lusem, F. Lara: Proximal point algorithms for
quasiconvex pseudomonotone equilibrium problems, JOTA
193:443-461, 2022

» F. Lara: On strongly quasiconvex functions: existence results
and proximal point algorithms, JOTA 192:891-911, 2022
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