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Definition

Let S be a set, F be a family of subsets of S and

{Ti1tees, - {Te,n}Fees be families of bounded linear operators on a
Banach space X. We say that {T;1}tes, .., {Tt,n}tes are disjoint
F-semi-transitive, or shortly dF-semi-transitive, if for every collection of
non-empty open subsets O, Vi, ..., Viy of X, there exists some F € F
such that for all t € F there exists some \; € RT satisfying that

ONAT (V)N N AT, j(Wn) # 2.



Let now A be a non-unital Banach algebra such that A is a left ideal in a
unital normed algebra A;. We do not assume that the norm on A
extends to Aj.

We will say that A satisfies the condition (E) with respect to A; if

[[ball < [[b]l1]lall

for all a € A and b € Ay, where || ||; denotes the norm on A;.

Let {pa}a be a set in A satisfying that given any open subset O of A
and x € O there exists some py, € {Pa}a such that piox € O as well.
This condition will be called the condition (P.)



Let
{®Pr1}tes, {Praties - {Pentees

be families of isometric algebra isomorphisms of A; such that
O =A  (teS, 1<j<N).

and such that ®, j 4 is an isometry for all j € {1,..., N}.



We will assume that the system

{®r1}tes, {Praties - {Penties

is disjoint aperiodic, that is for each fixed p, and every H € F there exist
some F C H with F € F such that

Pa®ee(Pa) =0, pa®j(pa) =0, and po P d®;}(pa)) =0

forall r,£e{l,...,N} with r #¢ and all t € F.



Further, we will assume that for each a and all t € S, r, 0 € {1,..., N},
and a € A, it holds that

lapall < llall,  lla®ee(pa)ll < llall,

la®zg(pa)ll < llall,  lla®e,e (@7 (pa))ll < lall-

This condition will be called the condition (R) throughout the
presentation.



We now set up new families {b;1}res, -+, {br,n}res of elements in A;,
and for each t € S and ¢ € {1,..., N}, we define the operator

Tng . A — A by Tt_’[(a) = bt,l q)t,[(a).

Due to the condition (E), it is not hard to check that T, is a bounded
linear operator on A.



Further, we will assume that for each « there exists so called "a-inverse”

for by ¢ denoted by bt_zla, that is for each « there exists an element

b;el,a € Aj; satisfying that bt7gbtf£17aapa = b;ll’abt,gapa = ap, for all
aec A
Also, we will assume that for each t € S and ¢ € {1,..., N} it holds that

b¢¢a =0 if and only if a = 0. Such condition will be called the condition

(©)



Theorem

Under the above notation and assumptions, the following statements are
equivalent.

(1) The families { T 1}tes, -+ ,{ Tt.n}tes are dF-semi-transitive.

(2) For each fixed p, and € > 0 there exists some F € F and families

{di}er, {gt,l}teF sy {guv}tep in A such that
Ide — p2ll <&, lges — P2l <&, and

b} o (g, AP, Y(be))d:|| < €* forallt€ Fandr,le{l,...,N}.

Moreover, for each distinct r,l € {1,... N} and t € F it holds that

1077 (be. )7} (br o 8e)| <.



Corollary

Let now F be the family of all infinite subsets of N. If there exist dense
subsets Ao, By, -+ , By of A and a strictly increasing sequence

{nk}x C N such that for each s, ¢ € {1,..., N}, every fixed o and all
x € Ag, ys € Bs we have

Jim b7 oyl @, (Ba )Xl = 0,
and, in addition, for each distinct s,¢ € {1,..., N} it holds that

llm ||¢nk [( nk7€)¢nk, (bnk sayS)H = 0’

then the families { Tp1}nen, -, { To,n}nen are dF-semi-transitive.



For a separable Hilbert space H we let B(H) be the space of all bounded
linear operators on H, and C be the C*-algebra of compact operators on
H. For an orthonormal basis {e;};cz for H, we let for each m € N, P, be
the orthogonal projection onto Span{e_p,...,en}. We will denote by
£5(C) the standard (right) Hilbert module over C. Notice that ¢3(C) is a
Banach algebra. Indeed, we can define multiplication on ¢»(C) as
pointwise multiplication, i.e., if {x;}jez, {y;}jez € £2(C), then

{xi}iez - {yitiez = {xy;}tjez.

To see that {xjy;};ez belongs to ¢»(C), it suffices to observe that

S yixixy <3yl <l Doez 1P v
J J



For each m,J € N, we let p, , € £2(C) be given by

. Prm, if —J<i<J,
(PJ,m)i =
0, else.

The set {BJ,m}(u,men forms a left approximate unit for £5(C).
put A = ¢(C), and

Ar = {{yj}jez | yj € B(H) Vj, 3M, > 0 such that ||y;|| < M, Vj}.

The multiplication on A; is defined similarly component-wise. We define

the norm H . Hl on A; as ||{yj}j€2||1 = supjeZHyjH for all {yj}jEZ e A It
is straightforward to check that the condition (E) is satisfied in this case.



For NeN,letnr,...,ry e Nwithrp <rn <---<ryandletls,...,Uy
are unitary operators on H. For each n€ N and s € {1,..., N}, we
define the map ¢, : A; — A; by

®ns ({yi}iez) = {Us ""yj—rold$"}jez,
for all {yj}jez e A;.

If F is a family of subsets of N which is finitely invariant, that is, for each
n€Nand F € F it holds that F\ {1,...,n} € F also, then, by some
calculations it can be checked that {®,1}nen, -, {Prn}een is a
disjoint aperiodic system with respect to the left approximate unit
{PJ,m}(s,myene and that the condition (R) is satisfied in this case.



Foreachne Nand ¢ € {1,..., N}, let {W,S?}jez be a family of

operators in B(H) which is uniformly bounded in norm and such that
each W,Sﬁ-) has a bounded inverse. Then, for each n € N and

tedl,. . , N}, we let b, , € Ay be given by
(bns)i = Wa U™,

for all i € Z. Since for each n € N and £ € {1,..., N}, the operator
W,S?Ué“” is invertible, it follows that the condition (C) is satisfied in this
case.



Then we let T, , be the operator on A given by
The(a) = bne®ne(a), for all a € A.

By some calculations one can check that for all
n,J,meN se{l ... N}it holds that

—rsn -1
(bni Jm)) (bn_:le) us ° IS,S:) ’

for all i € Z with —J < < J, and (b_ Jm),:(bn_sJ),:0for all
iEZwithi§—J—landalli€ZW|th/2J+1



Theorem
Under the above notation and assumptions, the following statements are
equivalent.
(1) The families of operators { Tp1}nens - -, { Ta,N}nen are
dF-semi-transitive.
(2) For every J,m € N and € > 0, there exists some F € F such that for
each j € Z with —J < j < J we can find families
{Dy}ner, {G,(LIJ.)},«,G,:7 e {G,gf}l)},,e;: of compact operators on H
satisfying

1Dy = Pall <&, 11G5) = Pall <,

and
W, Dagl IWS)T160)| < &2 foraline Fand s € {1,...,N},

and satisfying in addition that for each distinct s,£ € {1,..., N} and all
neF
w9 WG| < e
n,j :

nj—rsntren "Vn,j



From now on we will assume that F the family of all infinite subsets of N.

Corollary
Under the above notation and assumptions, if for each j € Z there exist
dense subsets HéJ), H§J), ceey Hg) of H and a strictly increasing sequence

{n}x € N such that for each s, £ € {1,..., N} and every xU) ¢ H(gj),
ys(J) e HY we have

. (s)—1 Ml

lim W IW, <] =0,

ng .I+fenk

and for each distinct s, ¢ € {1,..., N} and every y(j) € Hs(j),we have

lim ||W, w10 = o,
k—o00

”kJ rsn+reng NicsJ

then the sequences of operators { Tp1}nens - -, { To.n}nen are
d F-semi-transitive.



Next we let Q be a locally compact Hausdorff space, ag,...,ay be
homeomorphisms of Q, {Wj(l)}jez, e {WJ-(N)}jeZ C Cp(2), where Cp(Q2)
denotes the space of all bounded continuous functions on . We will
assume that WJ-(Z) >0forall jeZand fe€{1,...,N} and that

HWJ‘(Z)HDO <MforalljeZ, te{l,...,N} and some M > 0. Now we
consider A = £5(Co(2)), and

Ar = {yj}tjez | v € Co(Q) Vj, AM,, > 0 such that | yj|lcc < M, Vj}.

The multiplication and the norm on A; are defined in the same way as in
the previous case.



For each pair of compact subset K; and K5 of Q with K1 C K5 , we let
U(ky,ky) € Co(2) such that UKy, k) |k, = 1o SUPP U(k; k) = Ko and
0 <y, k) < 1. For J €N, we let Pk, k,,s) € A be given by

Uk k), 1If = <)<,

(Bika ko)) = {

0, else.

Then it is easily checked that {,T)?KMKZ’J)}KIQKQQQ, K1,K> compact ,JEN
satisfies the condition (P.)



For each £ € {1,...,N} and k € N, we let &, : A — A be given by
S ({f)jez) = {fi— 0 af Yjez,

for all {f;}jez C A. Letnow rp,....,ry e Nwithn <r <--- < ry. For
eachneNand ¢ e {1,..., N}, set

q)n,é = q)rgn,f-

Clearly, the system of isometric isomorphisms {® 1 }ken, - - - s {Pu.n}ren
is disjoint aperiodic with respect to

{P(Ki,K2,0) } K CK2CQ, Ky K2 compact ,JEN-

Also, the condition (R) is satisfied in this case.



Foreach ne Nand ¢ € {1,..., N}, let b,, € Ay be given by

ren
¢ n— .
(bn,e)jtren = H (WJ-(+),( Sye k) for all j € Z.
k=1

Since for each n € N and ¢ € {1,..., N}, the function Wj(e) >0, it
follows that the condition (C) is satisfied in this case. Then, for all n € N
and £ € {1,..., N}, we let Tp,: A— A be given by

The(a) = bne®pe(a) forall ae A



Now, for each K C Q compact, we can find some vk, € Go(Q2) with

0 < vk, <1 such that VKo, = 1. Recalling that the approximate unit for
A in this case is indexed over all triples (K7, K>, J) with

Ki C K, CQ, K1, Ky compact, J € N, for each n € N and
¢e{1,...,N}, and every fixed triple (K1, K2, J) we let b~ (K17K2 ) €A1
be given by

(B, s Vit =
ren —
PG T (w00 )

forall j € Z with —J —rp;n < j < J—ren and (bM (KoK, J))J+,,,, =0 else.



Corollary

Under the above notation and assumptions, the following statements are
equivalent:
(1) The sequences of operators

{Tnﬁl}neNa ceey {TmN}neN

are d F-semi-transitive on A.
(2) For every J € N and each compact subset K of , there exists a
strictly increasing sequence {ny}x C N such that

1 reng
klim sup —— — sup I I J+,oaé ()] =0
— 00 sk sMk—
reK [T ( H_I rom © Q€ ) tek ]

for all j € Z with —J < j < J and every I,s € {1,..., N}. Moreover, for
each distinct s, ¢ € {1,...,N} and all j € Z with —J < j < J, it holds

that o '
( [T (% i © 0 oaw)(t)> B

lim
k— o0

sup

ek I (W, 0 al ) (2)



In sequel, we assume that Q = R. and C = Gy(R). For 7 € Cp(R), we put
Cro={feC:> [Ifr"]o < oo}
k=0
For each f € C, we define

1]l = leffklloo

Then, C; is a Banach algebra. We will call this algebra Segal algebra
corresponding to T.



For a homeomorphism « of R, we consider corresponding Segal algebra
Croak for all k € Z. Clearly, f - (7 0 a¥) € C for all k € Z whenever

f € Go(R) since 7o ak € Cp(R) for all k € Z. By definition,

Ifllco < ||fllroar Whenever £ € C k.

Lemma
Let 7 € Cp(R) and €1, ¢ € (0,1) with e; < €1. Then for every compact
subset Ke(;) C |7171([0, €2]), there exists a function () o, €Cr such
o
that the followings hold:
(1) [LK(T) o =1on Ke(;)
o

(2) MKé;),el € C(R),
(3) swpp py ., € I717([0, e1]))-



Lemma
For 7 € Cp(R) and each f € C,, there is a sequence (g,) in the set

{qu)’61 t0<e<e <, Kg) is compact} such that fg, — f in C;.

Lemma
For each k € Z, f o € Conqv1 if and only if f € C.oox. Moreover, in
this case, ||f © Oé”ﬂ'oozk“ = HfH-roak-



Let

ST = {s = (sk) € [ Croat = Jim [Isellrons = lim ||s_k||m_k:o}
ez k— o0 k— 00

and we equip ¢o©™ with the norm
Isllo == sup [|skl7oax-
kez

Since we have that C,.,« is Banach algebra for all k € Z, it is not hard
to check that cg’T is a non-unital Banach algebra. We will from now on
denote COC’T by A. Moreover, we let A; be the same as above in the
previous case when we considered A = ¢,(Co(2)). It is straightforward to

check that the condition (E) is satisfied also in this case when ¢,¢™ = A.



For e1,e, € (0,1) with €3 < €1,J € N, and any collection of compact

(roa™) (roa™It1) (roa”)
subsets K¢, , Ke, yooe, Ke, of R, we let
o _ - € A be given b
Pitzen) izea=) . iizoah) o, € 4 be given by
(N ) MK(TOQJ) 617 If _JSJSJy
P (roa=d) (roa—I+l) (road) i = 2
(K™ 7Kg s Key 7)) e1) 0, else.

The condition (P) is satisfied in this case.



Letnow o =3 =---=an. ForeachneNand £ € {1,..., N}, let d,,
be the same as above in the previous case when we considered

A = 0(CGo(R2)). It is not hard to check that the system

{Pr1tken, - {Pk n}ken is again a system of isometric isomorphisms
also in this case when ¢,®7 = A. Moreover, it is disjoint aperiodic and
satisfies the condition (R) with respect to

P, (roa—t) (roa—i+1 road .
{B(rizon= wipoo= . gizoahy oy}

Foreachne Nand ¢ € {1,..., N}, let
(W' ez . {w™ ez € Co(R), bre € Ap and Top: A — A be as
above in the previous case (when we considered A = £5((o(Q2))).



Corollary

Under the above notation and assumptions, the following statements are
equivalent:
(1) The sequences of operators

{Tn,l}nel\h ERE) {Tn,N}nGN

are d F-semi-transitive on A.
(2) For every J € N and finite collection

J+1)

{K Toa (-roa KT K(ToaJ)

EJ+1 €t ey }

of compact subsets of R, there exists a strictly increasing sequence
{nk}k C N such that

1 reng
lim sup sup I |
k— rs N (s) . J+l
00 teK] (road) H (Wj+i7r5nk o oufsNk ’)(t) teK(ToaJ

=0
for all j € Z with —J < j < J and every I,s € {1,...,N}.




Corollary

Moreover, for each distinct s,£ € {1,..., N} and all j € Z with
—J <j < J, it holds that

| [T (w9, i 0 0~ 0 amm™) (1)
lim sup ) — =0.
tek7o) | s (ij—rsnk—H o 'k ')(t)

k—o00



Example

Let N=1,r1 =1 and choose some {w;};jcz C L>°(R) such that w; > 0,
Wj_l € L°(R) and || w; ||< M for all j € Z and some M > 1. Let

a(t) =t —1 for all t € R. If there exists an € > 0 such that

WiX[0,00) < 1 — &, WjX(—00,0) = 1 forall j >0 and w; =1 for all j <0; or
if there exists an ¢ > 0 such that wjx[o,0c) = 1, WjX(—cc,0) = 1 + € for all
Jj <0and w; =1 for all j >0, then the conditions of Corollary 6 and
Corollary 10 are satisfied in this case.



Thank you for attention !
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