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Introduction

Let H be a complex Hilbert space, and let B(H) denote to the algebra of
all bounded linear operators on H. For every T € B(H), we denote by T*
the adjoint of T. Throughout this paper N denotes the set of strictly
positive integer numbers i.e., N={1,2,3,---}.
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Introduction

Let H be a complex Hilbert space, and let B(H) denote to the algebra of
all bounded linear operators on H. For every T € B(H), we denote by T*
the adjoint of T. Throughout this paper N denotes the set of strictly
positive integer numbers i.e., N={1,2,3,---}.

An operator T € B(H) is said to be m—symmetric for some m € N if

Z(_l)m—k ( Z‘l > T*(m—k) Tk _ 07

k=0

where ( Zq > is the binomial coefficient.

Djaballah Souhaib  (UEL) 01-02 November 2025



Introduction

Let H be a complex Hilbert space, and let B(H) denote to the algebra of
all bounded linear operators on H. For every T € B(H), we denote by T*
the adjoint of T. Throughout this paper N denotes the set of strictly
positive integer numbers i.e., N={1,2,3,---}.

An operator T € B(H) is said to be m—symmetric for some m € N if

Z(_l)m—k ( Z‘l > T*(m—k) Tk _ 07

k=0

where < Zq > is the binomial coefficient. The authors in [3] showed the if

T,S € B(H) are double commuting operators i.e., TS = ST and
T*S = 5T* such that T is m—symmetric and S is n—symmetric, then TS
and T + S are (m+ n — 1)—symmetric.
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T € B(H) is said to be skew m—symmetric for some m € N if it satisfies

- m *(m—k) Tk _
Z(k >T( )Tk = 0.

k=0
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T € B(H) is said to be skew m—symmetric for some m € N if it satisfies

- m *(m—k) Tk _
Z(k >T( )Tk = 0.

k=0

It is proved in [1] that if T,S € B(*) are double commuting operators
such that T is skew m—symmetric and S is skew n—symmetric, then TS
is (m+ n—1)—symmetric and T + S is skew (m + n — 1)—symmetric.
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T € B(H) is said to be skew m—symmetric for some m € N if it satisfies

- m *(m—k) Tk _
Z(k >T( )Tk = 0.

k=0

It is proved in [1] that if T,S € B(*) are double commuting operators
such that T is skew m—symmetric and S is skew n—symmetric, then TS
is (m+ n—1)—symmetric and T + S is skew (m + n — 1)—symmetric.
For T € B(H), set

am(T) = Zm:(—1)'"*k < Zq > TH(m—k) Tk

And
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For T,S € B(#), consider the operators L1, Rs € B(B(H)) given by
L7:X— TX, Rs:X— XS,

i.e., LT is the left multiplication by T on B(#) and Rs is the right
multiplication by S on B(#). Note that Lt and Rs commute even though
it may be the case that T and S do not commute. Moreover, for any
k € N, we have

X =L+, RE=Rs.
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For T,S € B(#), consider the operators L1, Rs € B(B(H)) given by
L7:X— TX, Rs:X— XS,

i.e., LT is the left multiplication by T on B(#) and Rs is the right
multiplication by S on B(#). Note that Lt and Rs commute even though
it may be the case that T and S do not commute. Moreover, for any
k € N, we have

X =L+, RE=Rs.

Let T,X € B(#H). Then for any m € N, we obtain

(Ly- — R)™(X) :Z(—l)k< . ) LTORE(X)
:Z(,]_)k < :{n > LT*(m*k)RT"(X)

:i(—l)k < :(n > Lrum—t(XT)
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m
_ k[ M #(m—k) yTk
=5"(-1) (k )T XTk.
k=0
Therefore,
T is an m—symmetric operator <= (Lt- — R7)™(/) = 0.
Similarly,

T is an skew m—symmetric operator <= (L1« + R7)™(l) = 0.
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Main results

Let T,S € B(#H) be commuting operators. Then for every m € N, we have

< rkn ) ( f( ) (_1)iT*ks*(k—i)am_k(-,-)sm—k-i-i

=Zm3r_n_k( k ) ( . ) (=) T Dy (§)TIS™ K.
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Main results

Let T,S € B(H) be commuting operators. Then for every m € N, we have

k=0 i=0 )
Note that

(e —x)" =( (1 —x)x +yi(y2 —x) )"

= m m— m—
=3 () sm =)o n -
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Since T and S are commuting, we obtain
Rts = RsRt = RTRs

Lirsys = Ly+Lse = LgsLr-.

Therefore,
RS(LT* RT) (LT* RT)RS
LT*(LS* — RS) = (LS* — RS)LT*.
Hence
am(TS) =(L(7sy- — R7s)™(I)

—(Ly+Ls — RrRs)™(/)

-3 ( Z” > L%, (Ls- — Rs)*RI=K(Lr+ — RT)™ (1)

m
m _
=3 ( P > L% (Lss — Rs)*(am—«(T)S™5).




Observe that

k K _ _ _
(Ls» — Rs)*(am—«(T)S™ ) =) ( 1 ) (—1)'$*%*Day,_(T)S™ S
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On the other hand, we have

k

k i cx(k—i m— i
Z( i >(_1)IS ;=) 0y (T)S™HF
i=0

5*(k ( < ) 1)] T*(mfkfj) T‘/> Sm*kﬂLi
Jj=0

( e > (—1)/(—1y S k=D r(m=k=i) 7 gm—kti
J

X‘

m—k k k K

_ < m - > (_1)j T*(mfkfj) (Z ( i ) (_l)iS*(ki)5i> Tigm—k
j=0 J i=0 !
m—k

- < m-k > (1Y Tk =Dy (S) TIS™ K,
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Therefore,

J
Hence
m m—k m m— k ) ) )
=> ( k ) ( : )(—1)JT*(m_J)ak(S)TJSm_k.
k=0 j=0 J
As desired.

é( >( 1)'S* ¢ Nap i (T) ST+

1

m—k
<m
=0 J

") (—1) Tk (S) TIS™*.
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Suppose that T,S € B(#) are commuting operators. If T is
m—symmetric and S is n—symmetric, thus TS is an
(m+ n — 1)—symmetric operator.
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Suppose that T,S € B(H) are commuting operators. If T is
m—symmetric and S is n—symmetric, thus TS is an
(m+ n — 1)—symmetric operator.

Set r = m+4 n—1. It follows from the last Lemma that

o, (TS) = :Z_::z:( 2 ) ( f‘ ) (—1) TS kg, (T)STk+i

l

r r—k
+ ( p ) ( ok ) (~1) TNy (5) TP k.
k=n i=0
e Since T is m—symmetric, then for every 0 < k < n — 1, we have

am—i—n—l—k( T) =0.

V.
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Hence

n—1

ii( K > < : > (1) T*s* ¢ Da,_(T)S™++ = 0.

k=0 i=0

e Since S is n—symmetric, thus for any n < k < m+ n— 1, we have

ak(S) =0,
then
r r—k r r— k ) ) ]
k=n i=0
Therefore,
Oéernfl(TS) =0.
As required.

v
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Lemma

Let T,S € B(#H) be commuting operators. Then for every m € N, we have

m(T+5) zm:k( )( )( 1)/ s k=N (T)S'

=0

I

m

k
kzz;) ,:( > ( . ‘ ) (—1) THm=k=Na, (S) T,

3
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Lemma

Let T,S € B(#H) be commuting operators. Then for every m € N, we have

am(T+S) :izk:( Z’ > ( f‘ > (1) k=D (T)S'

k=0 i=0

m m—k m m— k ) ; )
EB(5)( o e

k=0 i=0

Since TS = ST, we get

(L7+ — R7)(Ls- — Rs) = (Ls- — Rs)(L= — Rr).

\
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Therefore,

am(T+S) =(L+4s+ — Rr45)"(])
=(L7+ — Rt + Ls- — Rs)™(/)
=) ( T ) (Ls+ — Rs)*(L7+ — Rr)™ (1)
k=0

Ms IV

(%) s - R (an-s(T)

i( ) (1) s eian (st

0=

x
Il
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On the other hand

zk:< f() 1) (T)S

i=0

I

(.

J=

- K/ k
JT*(ITI k—j) < . > 1 iS*(k—i)Si T
(J ) (2_; “) (-1

(J’” ") 1Y Tk, (5) T,

k
.

- 1

)
< k > < ) (1) (=1 §*k=0) TH(m=k=]) i gi

I

3

I
S‘HM

=0

*\

m—k k) I_
(—1)i5*(k= (O< ) (=1 7 k)T)S
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Hence

zk: < f< ) (—1)s*k=Na, (TS

_5 ( m =k ) (—1Y T*m—k= gy, (S) TV

=0
Thus
m m—k
am(T+8) =33 ( ’: ) ( I’."_ k ) (=1) THm—k=)g, ()T
k=0 i=0
As desired.
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Suppose that T,S € B(#) are commuting operators. If T is
m—symmetric and S is n—symmetric, thus T 4+ S is an
(m+ n — 1)—symmetric operator.
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Suppose that T,S € B(H) are commuting operators. If T is
m—symmetric and S is n—symmetric, thus T + S is an
(m+ n — 1)—symmetric operator.

Set r = m+ n— 1. By the last Lemma, we have
< r k
_ icx(k—i i
ar(T+5)=> ) < P > ( I. >(—1)5( Ja,_«(T)S

4 < ; ) ( :’— k )(—l)iT*(rki)Oék(S)Ti.
k=n i=0

e Since T is m—symmetric, then for every 0 < k < n — 1, we have

O4m—i—n—1—k( T) =0.

V.
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Hence

n—1

k=0 i=
e Since S is n—symmetric, thus for any n < k < m+ n— 1, we have
ak(S) = 0,

then

r r—

(1) (5 ) o

am+n—1(T + 5) =0.

k=n i=

Therefore,

This completes the proof.

Djaballah Souhaib  (UEL) 01-02 November 2025 19 /27



Let T,S € B(#H) be commuting operators. Then for every m € N, we have
m k m K ) )
5m(T5) :ZZ( « > ( i > (_1)m—kT*ks*(k—/)am_k(T)Sm—k+/
k=0 i=0
m m—k m m— k ) ) )
=y ( p ) <j )(—1)m—k+f TH(m=0)5, (S) TIS™=*.
k=0 j=0

v
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Lemma

Let T,S € B(H) be commuting operators. Then for every m € N, we have

m k
k m— *k ox(k—i m—k—+i
(1) =33 (1) () (o eTHs ta,_y(rysms
k=0 i=
m m—k
=y ( m ) < m—k )(—1)m—k+fT*(m—f)(sk(S)Tfsm—k.
k J
k=0 j=0

The following identities follows from the binomial theorem
e +x00)" = ( iz +x2) — (1 —x)xe )"

" m m— m— m—
=3 () 0T+ A )
k=0

Proceeding as the previous lemmas, we get the desired result.

V.
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Suppose that T,S € B(#H) are commuting operators. If T is
m—symmetric and S is skew n—symmetric, thus TS is a skew
(m 4+ n — 1)—symmetric operator.
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Let T,S € B(#H) be commuting operators. Then for every m € N, we have

am(TS) :éi( Z ) ( f< ) (—1)m Tk k)5 (T)Sm—kHi

0 /=0
m m—k K
=3 ( Z’ ) (jm_ )(—1)m—kT*(m—f)ak(S)Tfsm—k.
k=0 j=0
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Let T,S € B(H) be commuting operators. Then for every m € N, we have

() =35 (7Y (4 )t s, s

:f:m_k< i > (J’”_ : ) (—1)m kTIN5 (S) TIS™ K,

The following identities follows from the binomial theorem
e —x2)" = ( iz +x) — (1 +x)xe )"

m

m _ _ _
S () O™t r oo 4 )™
k=0

Proceeding as the previous lemmas, we get the desired result.

V.
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Suppose that T, S € B(#H) are commuting operators. If T is skew
m—symmetric and S is skew n—symmetric, thus TS is an
(m 4+ n — 1)—symmetric operator.
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Lemma

Let T,S € B(#) be commuting operators. Then for every m € N, we have

5m(T+5):§jzkj< Z’ ) ( f‘ ) s k=g (T)S'

0 /=0
m m—k m m— k } )
R (1) (7)o
k=0 i=0
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Lemma

Let T,S € B(#) be commuting operators. Then for every m € N, we have
k \ cx(k—i i
(2)(£) s ans
m m—k K . )
=y < m ) < m > THm—k=i)g,(S)T'.
. k i

Since TS = ST, we get

(LT* + RT)(LS* + Rs) = (Ls* + RS)(LT* + RT)

The following identities follows from the binomial theorem

m

m _
ri+y2+x1+x)"= (o + X2)k(y1 + x1)™ k.
k=0 &

v
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Proceeding as the previous lemmas, we get the desired result. J

Suppose that T,S € B(#) are commuting operators. If T is skew
m—symmetric and S is skew n—symmetric, thus T + S is a skew
(m+ n — 1)—symmetric operator.
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Thanks for your attention
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