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Abstract

We introduce a new generalized numerical radius, wRe
h,g (A), which

is defined based on the generalized real and imaginary parts of an
operator, as defined by Kittaneh and Stojiljković in a recent paper.
We will demonstrate that this new quantity, wRe

h,g (A), is a norm on
the C ∗-algebra of bounded linear operators, B(H), and that it is
equivalent to the standard operator norm, ∥·∥. A key strength of
this new concept is its generality; it encompasses and refines
existing definitions and inequalities, including those previously
established by Sheikhhosseini et al. [23] and Kittaneh.
Furthermore, we will explore various new inequalities, including
those involving powers of operators and operator matrices,
providing extensions and refinements to previous results in the
field. The adaptability of wRe

h,g (A) through the functions h and g
suggests promising applications and significant contributions to the
ongoing refinement and extension of operator inequalities in
functional analysis. Results in this presentation are based on the
recent paper submitted by Kittaneh and Stojiljković [19].



Terminology

Let H denote a complex Hilbert space with an inner product ⟨.⟩.
Specifically, the numerical range is given by
W (A) = {⟨Ax , x⟩ : x ∈ H, ∥x∥ = 1}, while the numerical radius is
defined as:

w(A) = sup{|⟨Ax , x⟩| : ∥x∥ = 1}.

It is well known that w(.) forms a norm on the C ∗−algebra B(H)
of bounded linear operators. This numerical radius norm is
equivalent to the standard operator norm, ∥ · ∥, through a
relationship expressed by the sharp two-sided inequality

1

2
∥A∥ ≤ w(A) ≤ ∥A∥.

This inequality holds with equality under specific conditions, such
as A2 = 0 for the lower bound and A being a normal operator for
the upper bound.



Introduction to the topic

In addition to the investigation of inequalities of the numerical
radius, recently Sheikhhousseini et al. [23] introduced the
generalized real and imaginary part of an operator, given by

Rev (A) = vA+ (1− v)A∗

and

Imv (A) =
vT − (1− v)T ∗

i
,

where v ∈ [0, 1]. When v = 1
2 they reduce to the well-known real

and imaginary parts. Utilizing these generalized real and imaginary
parts, the authors defined the v−weighted numerical radius as:

wv (A) = sup
ϕ∈R

∥∥∥Rev (e iϕ)∥∥∥ .



In their work, Sheikhhosseini et al. [23] also explored several
properties of this weighted numerical radius, deriving various
inequalities, including the inequality

wv (A) ≤
√
∥v |A|2 + (1− v)2|A∗|2∥+ 2v(1− v)w(A2).

In this work we will generalize their concept, prove that our
generalization is indeed a norm on C ∗−algebra of all bounded
linear operators, that it is equivalent to the operator norm. We will
also obtain various inequalities that generalize the existing ones.



Auxiliary results

To achieve our results, we will need some lemmas, as follows. The
following result was given by Dragomir [8].

Lemma
Let A,B ∈ B(H) and r ≥ 1. Then

w r (B∗A) ≤ 1

2

∥∥|A|2r + |B|2r
∥∥ . (3.1)

The next result concerns with non-negative convex functions and
can be found in [4].

Lemma
Let f be a non-negative convex function on [0,+∞) and
A,B ∈ B(H) be positive operators. Then∥∥∥∥f (A+ B

2

)∥∥∥∥ ≤
∥∥∥∥ f (A) + f (B)

2

∥∥∥∥ . (3.2)



The direct sum of two copies of H is denoted by H⊕H. If

A,B,C ,D ∈ B(H), then the operator matrix

[
A B
C D

]
can be

considered as an operator on H⊕H, and is defined by[
A B
C D

]
x =

[
Ax1 + Bx2
Cx1 + Dx2

]
for all x =

[
x1
x2

]
∈ H ⊕H.

The following lemma is well known. See, e.g., [13].

Lemma
Let A,B ∈ B(H). Then∥∥∥∥[A 0

0 B

]∥∥∥∥ =

∥∥∥∥[0 A
B 0

]∥∥∥∥ = max{∥A∥ , ∥B∥}. (3.3)

We define the following class of functions, which will be used
throughout the paper. We say that h, g belong to the class of Q if
h, g : K ⊂ R → R.



We utilize the following generalized definitions of the real and
imaginary parts given by Kittaneh and Stojiljković [20].

Definition
Let A ∈ B(H), and let h, g ∈ Q. We define the generalized h, g
real and imaginary parts of an operator,

Reh,g (A)
def
= Ah(t) + g(t)A∗ (3.4)

and

Imh,g (A)
def
=

g(t)A− h(t)A∗

i
.

Remark
Setting g(t) = h(1− t),K = [0, 1], and letting h(t) = t, we
recover the generalized real and imaginary parts of an operator
defined by Sheikhhosseini et al. [23].
Setting f = g = 1

2 , we recover the original real and imaginary parts
of an operator, which indeed shows that our definition encaptures
the previously defined ones.



Main results

Definition
Let A ∈ B(H), and let f , g ∈ Q. The generalized numerical radius
of A denoted by wRe

h,g (A) is defined as

wRe
h,g (A)

def
= sup

ϕ∈R

∥∥∥Reh,g (e iϕA)∥∥∥ . (4.1)

Theorem
Let A ∈ B(H), and let h, g ∈ Q be such that h, g ̸= 0 and
h ̸= −g . Then the function wRe

h,g (.) : B(H) → [0,+∞) is a norm.

The nonnegativity follows from the fact that wRe
h,g (A) is

non-negative by definition. Let us first assume the simple case that
A = 0. Then clearly we have that wRe

h,g (A) = 0 by definition.



Now assume that wRe
h,g (A) = 0. We then have

e iϕ(h + g)A+ (g − t)A∗e−iϕ = 0 for all ϕ ∈ R. Setting ϕ = 0, we
obtain (h + g)A+ (g − h)A∗ = 0. Further setting ϕ = π

2 , we have
(h + g)A− (g − h)A∗ = 0. Adding these two equations, we obtain
2(g + h)A = 0. Here we use the fact that h ̸= −g and that
h, g ̸= 0 and divide both sides by 2(g + h) from which we obtain
A = 0.
Let α ∈ C. Then we have

wRe
h,g (αA) = sup

ϕ∈R

∥∥∥Reh,g (αe iϕA)∥∥∥
= sup

ϕ∈R

∥∥∥αe iϕ(g + h)A+ αe−iϕ(g − h)A∗
∥∥∥ .

For every non-zero complex number α, there exists β ∈ R such
that α = |α|e iβ.



Utilizing this fact, we have

sup
ϕ∈R

∥∥∥αe iϕ(g + h)A+ αe−iϕ(g − h)A∗
∥∥∥

= sup
ϕ∈R

∥∥∥|α|e i(ϕ+β)(g + h)A+ |α|e−iϕ−iβ(g − h)A∗
∥∥∥

= |α| sup
ϕ∈R

∥∥∥e i(ϕ+β)(g + h)A+ e−i(ϕ+β)(g − h)A∗
∥∥∥ .

Introducing a substitution ϕ+ β = β
′
, we have

|α| sup
ϕ∈R

∥∥∥e i(ϕ+β)(g + h)A+ e−i(ϕ+β)(g − h)A∗
∥∥∥

= |α| sup
β′−β∈R

∥∥∥e iβ′
(g + h)A+ e−iβ

′
(g − h)A∗

∥∥∥ .
Since ϕ ranges over all real numbers, and β is a fixed real number,
then β

′
also ranges over all real numbers. Therefore, β′ − β can be

replaced with just β′ as the set remains the same.



Finally, we have the following:

|α| sup
β′−β∈R

∥∥∥e iβ′
(g + h)A+ e−iβ

′
(g − h)A∗

∥∥∥
= |α| sup

β′∈R

∥∥∥e iβ′
(g + h)A+ e−iβ

′
(g − h)A∗

∥∥∥
= |α| sup

ϕ∈R

∥∥∥Reh,g (e iϕA)∥∥∥ = |α|wRe
h,g (A).

The triangle inequality is clear as follows:

wRe
h,g (A+ B) = sup

ϕ∈R

∥∥∥Reh,g (e iϕ(A+ B))
∥∥∥

= sup
ϕ∈R

∥∥∥(g + h)(A+ B)e iϕ + (g − h)(A∗ + B∗)e−iϕ
∥∥∥

≤ sup
ϕ∈R

[ ∥∥∥(g + h)Ae iϕ + (g − h)A∗e−iϕ
∥∥∥

+
∥∥∥(g + h)Be iϕ + (g − h)B∗e−iϕ

∥∥∥ ]



≤ sup
ϕ∈R

∥∥∥(g + h)Ae iϕ + (g − h)A∗e−iϕ
∥∥∥

+ sup
ϕ∈R

∥∥∥(g + h)Be iϕ + (g − h)B∗e−iϕ
∥∥∥

= sup
ϕ∈R

∥∥∥Reh,g (e iϕA)∥∥∥+ sup
ϕ∈R

∥∥∥Reh,g (e iϕB)∥∥∥ = wRe
h,g (A) + wRe

h,g (B).

Therefore, we have proven that wRe
h,g (A) is indeed a norm.

Remark
Setting h(t) = t, g(t) = 1− t,K = [0, 1] in (4.1), we recover the
numerical radius definition given by Sheikhhosseini et al. ([23],
Definition 1.5), that is,

wRe
t,1−t(A) = sup

ϕ∈R

∥∥∥Ret(e iϕA)∥∥∥ .



Theorem
Let A ∈ B(H), and let h, g ∈ Q. Then

(wRe
h,g (A))

2 ≤ 2|h(t)g(t)|w(A2) +
∥∥A∗Ah2(t) + AA∗g2(t)

∥∥ . (4.2)

Let us consider the following:∥∥∥Reh,g (e iϕA)∥∥∥2 = ∥∥∥(A∗h(t)e−iϕ + e iϕAg(t))(Ae iϕh(t) + e−iϕA∗g(t))
∥∥∥

=
∥∥∥A∗Ah2(t) + (A∗)2h(t)g(t)e−2iϕ + e2iϕA2g(t)h(t) + AA∗g2(t)

∥∥∥
≤

∥∥∥e2iϕA2h(t)g(t) + e−2iϕh(t)g(t)(A∗)2
∥∥∥+

∥∥A∗Ah2(t) + AA∗g2(t)
∥∥

= sup
∥x∥=1

|⟨(e2iϕA2h(t)g(t) + e−2iϕh(t)g(t)(A∗)2)x , x⟩|

+
∥∥A∗Ah2(t) + AA∗g2(t)

∥∥



≤ sup
∥x∥=1

|h(t)g(t)|⟨A2x , x⟩|+ |h(t)g(t)| sup
∥x∥=1

|⟨(A∗)2x , x⟩|

+
∥∥A∗Ah2(t) + AA∗g2(t)

∥∥
= |h(t)g(t)|w(A2) + |h(t)g(t)|w((A∗)2)

+
∥∥A∗Ah2(t) + AA∗g2(t)

∥∥ = 2|h(t)g(t)|w(A2)

+
∥∥A∗Ah2(t) + AA∗g2(t)

∥∥ .
Remark
Setting h(t) = t, g(t) = 1− t,K = [0, 1] in (4.2), we recover the
result given by Sheikhhosseini et al. ([23], eq. 3.4)

wRe
t,1−t(A) = wt(A) ≤

√
∥t2|A|2 + (1− t)2|A∗|2∥+ 2t(1− t)w(A2).



Remark
Setting h(t) = g(t) = 1

2 in (4.2), we recover the inequality given
by Abu-Omar and Kittaneh in [1], that is,

w2(A) ≤ 1

2
w(A2) +

1

4

∥∥|A|2 + |A∗|2
∥∥ . (4.3)

In the following corollary, we recover the inequality given by
El-Haddad and Kittaneh [10], in the case of l = 1.

Corollary

Let A ∈ B(H). Then

w2(A) ≤ 1

2
w(A2) +

1

4

∥∥|A|2 + |A∗|2
∥∥ ≤ 1

2

∥∥|A|2 + |A∗|2
∥∥ .



Starting from (4.3), we proceed as follows:

w2(A) ≤ 1

2
w(A2) +

1

4

∥∥|A|2 + |A∗|2
∥∥

≤ 1

4

∥∥|A|2 + |A∗|2
∥∥+

1

4

∥∥|A|2 + |A∗|2
∥∥ (by (3.1))

=
1

2

∥∥|A|2 + |A∗|2
∥∥ .

Theorem
Let A ∈ B(H), and let h, g ∈ Q be nonnegative and
m(A) = inf∥x∥=1 |⟨Ax , x⟩|. Then the following inequality holds:∥∥h2(t)|A|2 + g2(t)|A∗|2

∥∥+ 2h(t)g(t)m(A2) ≤ (wRe
h,g (A))

2

≤
∥∥h2(t)|A|2 + g2(t)|A∗|2

∥∥+ 2h(t)g(t)wRe
h,g (A

2).

Let x ∈ H be an arbitrary unit vector and let ϕ ∈ R be such that
e2iϕ⟨A2x , x⟩ = |⟨A2x , x⟩|.



Using
∥∥Reh,g (e iϕA)∥∥ ≤ wRe

h,g (A), we have the following:∥∥∥Reh,g (e iϕA)∥∥∥2
=

∥∥∥(A∗h(t)e−iϕ + e iϕAg(t))(Ae iϕh(t) + e−iϕA∗g(t))
∥∥∥

≥ |⟨(|A|2h2(t) + |A∗|2g2(t))x , x⟩+ 2h(t)g(t)⟨Re(e2iϕA2)x , x⟩|
= |⟨(|A|2h2(t) + |A∗|2g2(t))x , x⟩+ 2h(t)g(t)Re(⟨e2iϕA2)x , x⟩)|
= |⟨(|A|2h2(t) + |A∗|2g2(t))x , x⟩+ 2h(t)g(t)|⟨A2x , x⟩|
≥ ⟨(|A|2h2(t) + |A∗|2g2(t))x , x⟩+ 2h(t)g(t)m(A2).

Taking the supremum over all unit vectors, we obtain the desired
inequality.



Regarding the upper bound, consider the same expression but use
triangle inequality, that is

(wRe
h,g (A))

2 = sup
ϕ∈R

∥∥∥Reh,g (e iϕA)∥∥∥2
=

∥∥∥(A∗h(t)e−iϕ + e iϕAg(t))(Ae iϕh(t) + e−iϕA∗g(t))
∥∥∥

≤
∥∥|A|2h2(t) + |A∗|2g2(t)

∥∥+ sup
ϕ∈R

∥∥∥Re(e2iϕA2)
∥∥∥

=
∥∥|A|2h2(t) + |A∗|2g2(t)

∥∥+ 2h(t)g(t)wRe
h,g (A

2).

Theorem
Let A ∈ B(H), and let h, g ∈ Q. Then for α, β ∈ R, we have

wRe
h,g (A) = sup

α2+β2=1

∥αReh,g (A) + βImh,g (A
∗)∥ . (4.4)



Consider the generalized numerical radius given by (4.1), and
consider the following

Reh,g (e
iϕA) = (cosϕ+ i sinϕ)Ah(t) + A∗g(t)(cosϕ− i sinϕ)

= cosϕ(Ah(t) + A∗g(t)) + sinϕ

(
A∗g(t)− Ah(t)

i

)
= cosϕReh,g (A) + sinϕImh,g (A

∗).

Now letting α = cosϕ, β = sinϕ, we observe that since cosϕ, sinϕ
satisfy cos2 ϕ+ sin2 ϕ = 1 and α, β satisfy α2 + β2 = 1, the sets
are the same, and so, we obtain the desired expression.

Remark
Setting (α, β) = (1, 0), (α, β) = (0, 1), respectively in (4.4), we
obtain the following inequalities, respetively:

wRe
h,g (A) ≥ ∥Reh,g (A)∥ ,wRe

h,g (A) ≥ ∥Imh,g (A)∥ .



Corollary

Let A ∈ B(H), and let h, g ∈ Q. Then

wRe
h,g (A) ≤

√
∥Reh,g (A)∥2 + ∥Imh,g (A)∥2.

We start by utilizing the representation of wRe
h,g (A) given by (4.4).

Then we proceed as follows:

wRe
h,g (A) = sup

α2+β2=1

∥αReh,g (A) + βImh,g (A
∗)∥

≤ sup
α2+β2=1

(|α| ∥Reh,g (A)∥+ |β| ∥Imh,g (A
∗)∥)

≤ sup
α2+β2=1

√
(α2 + β2)(∥Reh,g (A)∥2 + ∥Imh,g (A∗)∥2)

(by the Cauchy-Schwarz inequality).



Theorem
Let A ∈ B(H), and let h, g ∈ Q be of the same sign. Then

∥A∥
2

(|h(t)+g(t)|−|g(t)−h(t)|) ≤ wRe
h,g (A) ≤ (|h(t)|+|g(t)|) ∥A∥ .

In particular, the norm wh,g (.) is equivalent to the usual operator
norm ∥.∥.
Consider the inequalities from the Remark 15, that is,

wRe
h,g (A) ≥ ∥Reh,g (A)∥ ,wRe

h,g (A) ≥ ∥Imh,g (A)∥ .

Utilizing these two inequalities, we obtain

2wRe
h,g (A) ≥ ∥Reh,g (A)∥+ ∥Imh,g (A)∥ ≥ ∥Reh,g (A) + i Imh,g (A)∥

= ∥A(h(t) + g(t))− A∗(h − g)∥
≥ ∥A(h(t) + g(t))∥ − ∥A∗(h − g)∥
= ∥A∥ (|h(t) + g(t)| − |h(t)− g(t)|),



which implies that wRe
h,g (A) ≥

∥A∥
2 (|h(t) + g(t)| − |h(t)− g(t)|).

For the upper bound, we use Definition 7. We proceed as follows:

wRe
h,g (A)

def
= sup

ϕ∈R

∥∥∥Reh,g (e iϕA)∥∥∥
= sup

ϕ∈R

∥∥∥e iϕAh(t) + e−iϕA∗g(t)
∥∥∥

≤ sup
ϕ∈R

(∥∥∥e iϕAh(t)∥∥∥+
∥∥∥e−iϕA∗g(t)

∥∥∥)
≤ sup

ϕ∈R
(|h(t)| ∥A∥+ |g(t)| ∥A∥)

= ∥A∥ (|h(t)|+ |g(t)|).

Combining the left and right-hand side inequality, we reach the
desired conclusion.



Theorem

Suppose that T =

[
A B
0 0

]
, where A,B ∈ B(H), and let

M = max{|h(t)|, |g(t)}. Then

wRe
h,g (T ) ≤

√
(wRe

h,g (A))
2 + |h(t)g(t)| ∥B∥2 + Q ∥B∥wRe

h,g (A).

(4.5)

Let ϕ ∈ R be arbitrary. Consider the following:

Reh,g (e
iϕT ) =

[
Reh,g (e

iϕA) 0
0 0

]
+

[
0 e iϕh(t)B

e−iϕg(t)B∗ 0

]
,

when squared we have the following:

(Reh,g (e
iϕT ))2 =

[
(Reh,g (e

iϕA))2 0
0 0

]
+ h(t)g(t)

[
BB∗ 0
0 B∗B

]
+

[
0 e iϕh(t)Reh,g (e

iϕA)B
e−iϕg(t)Reh,g (e

iϕA)B∗ 0

]
.



Taking norms, and utilizing (3.3), we obtain the following:∥∥∥Reh,g (e iϕT )
∥∥∥2 ≤ ∥∥∥Reh,g (e iϕA)∥∥∥2 + |h(t)g(t)| ∥B∥2

+max{
∥∥∥Reh,g (Ae iϕ)h(t)e iϕB∥∥∥ ,∥∥∥e−iϕg(t)Reh,g (e

iϕA)B∗
∥∥∥}

≤ (wRe
h,g (A))

2 + |h(t)g(t)| ∥B∥2 +M ∥B∥wRe
h,g (A).

Taking the supremum over ϕ ∈ R, we obtain the desired inequality.



Remark
Setting h(t) = g(t) = 1

2 in (4.5), we recover the inequality given
by Bhunia et al. ([7], Theorem 9), that is,

w(T ) ≤
√

w2(A) +
1

4
∥B∥2 + 1

2
∥B∥w(A).

Corollary

Let A,B,C ,D ∈ B(H), and let h, g ∈ Q. Then

wRe
h,g

([
A B
C D

])
≤

√
(wRe

h,g (A))
2 + |h(t)g(t)| ∥B∥2 +M ∥B∥wRe

h,g (A)

+
√

(wRe
h,g (D))2 + |h(t)g(t)| ∥C∥2 +M ∥C∥wRe

h,g (D).

(4.6)



We observe that U =

[
0 I
I 0

]
is unitary. Utilizing the subaddtivity

of the numerical radius together with weak unitary invariance
property, that is, w(U∗AU) = w(A) for the unitary U, we obtain

wRe
h,g

([
A B
C D

])
≤ wRe

h,g

([
A B
0 0

])
+ wRe

h,g

([
0 0
C D

])
= wRe

h,g

([
A B
0 0

])
+ wRe

h,g

(
U∗

[
0 0
C D

]
U

)
= wRe

h,g

([
A B
0 0

])
+ wRe

h,g

([
D C
0 0

])
.

The desired inequality follows by using (4.5) on both operator
matrices on the right.



Theorem
Let A ∈ B(H), and let h, g be linear functions belonging to Q.
Then f (t) = wRe

h(t),g(t)(A) is a convex function on [0, 1], and we
also have the following inequality:

sup
ϕ∈R

∥∥∥Reh( 1
2
),g( 1

2
)(e

iϕA)
∥∥∥

≤
∫ 1

0
sup
ϕ∈R

∥∥∥Reh(t),g(t)(e iϕA)∥∥∥ dt
≤

supϕ∈R
∥∥Reh(1),g(1)(e iϕA)∥∥+ supϕ∈R

∥∥Reh(0),g(0)(e iϕA)∥∥
2

.

To see that f (t) is convex, one can check easily by definition.



For the proof of the inequality, we will utilize the famous
Hermite-Hadamard inequality [12], that is,

f

(
a+ b

2

)
≤ 1

b − a

∫ b

a
f (x) dx ≤ f (a) + f (b)

2
,

where f : [a, b] → R is convex.
To obtain the desired inequality, we set a = 0, b = 1 and apply the
said inequality to the convex function f (t) = wRe

h(t),g(t)(A).



Theorem
Let A ∈ B(H), and let h, g ∈ Q. Then

wRe
h,g (A) ≥

1

2
max{t1, t2},

where

t1 = ∥A(h(t) + g(t)) + A∗(g(t)− h(t))∥+ k ,

and
t2 = ∥h(t)(A+ A∗) + g(t)(A∗ − A)∥+ k,

where k =

∣∣∣∣∥Reh,g (A)∥ − ∥Imh,g (A)∥
∣∣∣∣.



Corollary

Let A ∈ B(H), and let h, g ∈ Q. If

wRe
h,g (A) =

∥h(t)(A+A∗)+g(t)(A∗−A)∥
2 or

wRe
h,g (A) =

∥(h(t)+g(t))A+A∗(g(t)−h(t))∥
2 , then

Reh,g (A) = Imh,g (A) =
∥h(t)(A+ A∗) + g(t)(A∗ − A)∥

2
,

or

Reh,g (A) = Imh,g (A) =
∥(h(t) + g(t))A+ A∗(g(t)− h(t))∥

2
.



Conclusion

This study successfully developes a novel and adaptable framework
for numerical radius inequalities by introducing the generalized
numerical radius wRe

h,g (A), derived from the generalized real and

imaginary parts of an operator. We have established that wRe
h,g (A)

functions as a norm on B(H) and demonstrated its equivalence to
the standard operator norm. A key strength of this framework lies
in its generality, as it not only recovers numerous existing
numerical radius inequalities as special cases, such as those
presented by Sheikhhosseini et al. [23] and Kittaneh, but also
provides new identities and sharper bounds. The inherent flexibility
offered by the functions h and g suggests promising paths for
future research, particularly in the analysis of dynamical systems in
which operator properties may evolve. This work significantly
contributes to the ongoing refinement and extension of operator
inequalities in functional analysis.



References I

A. Abu-Omar, F. Kittaneh, Upper and lower bounds for the
numerical radius with an application to involution operators,
Rocky Mountain J. Math. 45 (2015), 1055–1065.

M.W. Alomari, On Cauchy–Schwarz type inequalities and
applications to nu- merical radius inequalities, Ric. Mat. 73 (3)
(2024), 1493-1510.

M.W. Alomari, M.Bakherad, M. Hajmohamadi, C. Chesneau,
V. Leiva, C. Martin-Barreiro, Improvement of Furuta’s
inequality with applications to numerical radius, Mathematics
11 (2023), Paper No. 36, 11 pp.

J. Aujla, F. Silva, Weak majorization inequalities and convex
functions, Linear Algebra Appl. 369 (2003), 217–233.



References II

P. Bhunia , S. Bag , K. Paul, Numerical radius inequalities and
its applications in estimation of zeros of polynomials, Linear
Algebra Appl. 573 (2019), 166-177.

P. Bhunia , S. S. Dragomir , M. S. Moslehian , K. Paul,
Lectures on Numerical Radius Inequalities, Springer Cham,
2022. https://doi.org/10.1007/978-3-031-13670-2.

P. Bhunia, K. Paul, R.K. Nayak, Sharp inequalities for the
numerical radius of Hilbert space operators and operator
matrices, Math. Inequal. Appl. 24 (2021), 167-183.

S.S Dragomir, Power inequalities for the numerical radius of a
product of two operators in Hilbert spaces. Sarajevo J. Math.
5 (2009), 269-278.



References III

S.S Dragomir, Inequalities for the Numerical Radius of Linear
Operators in Hilbert Spaces, SpringerBriefs in Mathematics,
2013. https://doi.org/10.1007/978-3-319-01448-7.

M. El-Haddad, F.Kittaneh, Numerical radius inequalities for
Hilbert space operators II. Studia Math. 182 (2007), 133-140.

T. Furuta, An extension of the Heinz-Kato theorem. Proc.
Amer. Math. Soc. 120 (3) (1994), 785-787.

J. Hadamard, Étude sur les propriétés des fonctions entières et
en particulier d’une fonction considérée par Riemann, J. Math.
Pures Appl. 58 (1893), 171-215.

O. Hirzallah, F. Kittaneh, K. Shebrawi, Numerical radius
inequalities for certain 2× 2 operator matrices, Integr. Equ.
Oper. Theory 71 (2011), 129-147.



References IV

T. Kato, Notes on some inequalities for linear operators, Math.
Ann. 125 (1952), 208-212.

F. Kittaneh, A numerical radius inequality and an estimate for
the numerical radius of the Frobenius companion matrix,
Studia Math. 158 (2003), 11–17.

F. Kittaneh, Numerical radius inequalities for Hilbert space
operators, Studia Math. 168 (2005), 73-80.

F. Kittaneh, HR. Moradi, Cauchy-Schwarz type inequalities
and applications to numerical radius inequalities, Math.
Inequal. Appl. 23 (2020), 1117–1125.

F. Kittaneh, V. Stojiljković, Various numerical radius
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