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Notations

Let X be a Banach space over scalar field K. We will use the following notations throughout the
talk.

(1) X1 = {x ∈ X : ∥x∥ ≤ 1} & S(X ) = {x ∈ X : ∥x∥ = 1}.

(2) X ∗ stands for dual space of X .

(3) c0 = {(αn) ⊆ K : αn −→ 0 as n −→ ∞} equipped with the norm ∥(αn)∥ = supnN |αn|.

(4) ℓ1 = {(αn) ⊆ K :
∑

n∈N |αn| < ∞ as n −→ ∞} equipped with the norm
∥(αn)∥ =

∑
n∈N |αn|.

(5) For a compact Hausdorff space Ω, C (Ω) = {f : Ω −→ K : f is continuous} equipped with
the norm ∥f ∥ = supt∈Ω |f (t)|.

(6) Let (Ω,Σ, µ) be a measure space.
L1(µ)= {f : Ω −→ K : f is measurable function &

∫
Ω
|f |dµ < ∞}} equipped with the norm

∥f ∥ =
∫
Ω
|f |dµ.
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Preliminaries

State space in unital C ∗-algebra

Let A be a C∗-algebra with unit I . Then state space of A is S(A) = {ρ ∈ SA∗ : ρ(I ) = 1}

State space of a Banach space 1

Let X be a Banach space x ∈ SX . The state space of X at the point x is defined by
Sx = {x∗ ∈ SX∗ : x∗(x) = 1}

A few facts on state spaces in Banach spaces

Sx is non-empty for every x ∈ SX by Hahn-Banach extension theorem.

Sx is a convex subset of BX∗ . In fact, it is a face of BX∗ i.e if any line segment in B∗
X

intersect with Sx , then entire segment should be in Sx .

Sx is singleton ⇐⇒ the norm of X is Gautuax differentiable at x .

1Rao, T. S. S. R. K. Geometry of the state space (preprint, 2025).
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Preliminaries

Canonical topologies on X ∗.

Norm-topology - the topology on X ∗ induced from the norm in dual space.

Weak-topology - the smallest topology on X ∗ such that all x∗∗ ∈ X ∗∗ are continuous.

Weak∗-topology - the smallest topology on X ∗ such that all Jx ∈ X ∗∗ are continuous,
where Jx(f ) = f (x) ∀ f ∈ X ∗.

Compactness of Sx
Sx is norm, weak, weak∗ closed.

Sx is weak∗ compact.

Sx is not weak compact.

Sx is not norm compact.

Smooth Banach space

A Banach space X is said to be smooth if Sx is singleton for every x ∈ SX . In this case, Sx is
compact with respect to above all three topologies.
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Motivations

Motivation 12

Let A be a C∗-algebra with unit I . If the state space of A at the unit I is weakly compact, then
A is a finite-dimensional space.

Strongly subdifferentiable (SSD)

The norm of X is said to be strongly subdifferentiable (SSD) at x ∈ S(X ) if limt→0+
∥x+ty∥−1

t
exists uniformly for y ∈ BX .

Motivation 23

Suppose the norm on X is SSD and all state spaces are norm compact, then strong
subdifferentiability passes through the quotients X/Y for a proximinal subspace Y ⊆ X .

2Rao, T. S. S. R. K. Geometry of the state space (preprint, 2025).
3Franchetti, Carlo; Payá, Rafael. Banach spaces with strongly subdifferentiable norm. Boll. Un. Mat. Ital. B (7) 7 (1993), no.

1, 45-70.
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Examples in sequence spaces

Example 1

Let (αn) ∈ S(c0). Then,

(αn) is smooth in c0 ⇐⇒ (αn) = aeN for some N ∈ N and |a| = 1.

S(αn) is norm compact for all (αn) ∈ S(c0).

S(αn) is weakly compact for all (αn) ∈ S(c0)

Example 2

Let (αn) ∈ S(ℓ1). Then,

(αn) is smooth in ℓ1 ⇐⇒ αn ̸= 0 for all n ∈ N.

S(αn) is norm compact ⇐⇒ Λ = {n ∈ N : αn = 0} is finite.

S(αn) is weakly compact ⇐⇒ Λ = {n ∈ N : αn = 0} is finite.
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Examples in function spaces

Example 3

Let µ be a finite measure & f ∈ S(L1(µ)). Then,

f is smooth in L1(µ) ⇐⇒ f ̸= 0 a. e.

Sf is norm compact ⇐⇒ f is a smooth point in L1(µ).

Sf is weakly compact ⇐⇒ f is a smooth point in L1(µ).

Example 4

Let f ∈ S(C (Ω)) & Γ = {t ∈ Ω : |f (t)| = ∥f ∥}. Then,
f is smooth in C (Ω) ⇐⇒ Γ is singleton.

Sf is norm compact ⇐⇒ Γ is finite.

Sf is weakly compact ⇐⇒ Γ is finite.
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On spaces of sequences of vectors

Notation:

ℓ1(X ) := {(xn)∞1 ⊂ X :
∑

n∈N ∥xn∥ < ∞} equipped with the norm ∥(xn)∞1 ∥ =
∑

n∈N ∥xn∥.

Theorem (D., Dwivedi)

Let (xn)
∞
1 ∈ S(ℓ1(X )), xn ̸= 0 for each n ∈ N. Then

(xn) is a smooth point in ℓ1(X ) ⇐⇒ xn
∥xn∥ is a smooth point in X for each n ∈ N.

S(xn) is norm compact in ℓ∞(X ∗) ⇐⇒ S xn
∥xn∥

is norm compact in X ∗ for each n ∈ N &

diam(S xn
∥xn∥

) → 0 as n → ∞.

S(xn) is weakly compact in ℓ∞(X ∗) ⇐⇒ S xn
∥xn∥

is weakly compact in X ∗ for each n ∈ N &

diam(S xn
∥xn∥

) → 0 as n → ∞.
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On spaces of sequences of vectors

Corollary (D., Dwivedi)

Let (xn)
∞
1 ∈ S(ℓ1(X )). Then, (xn) is a smooth point in ℓ1(X ) ⇐⇒ xn ̸= 0 & xn

∥xn∥ is a smooth

point in X ∀ n ∈ N.

Corollary (D., Dwivedi)

Let X be a finite-dimensional space & let (xn) ∈ ℓ1(X ). Then, S(xn) is norm compact in ℓ∞(X ∗)

⇐⇒ Λ = {n ∈ N : xn = 0} is finite & diam
(
S xn

∥xn∥

)
→ 0 as n → ∞.

Corollary (D., Dwivedi)

Let X be a reflexive space & let (xn) ∈ S(ℓ1(X )). Then, S(xn) is weakly compact in ℓ∞(X ∗) ⇐⇒
Λ = {n ∈ N : xn = 0} is finite & diam

(
S xn

∥xn∥

)
→ 0 as n → ∞.
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X .

S(xn) is norm compact in ℓ1(X ∗) ⇐⇒ Sxn is norm compact in X ∗ for each n ∈ Λ.

S(xn) is weakly compact in ℓ1(X ∗) ⇐⇒ Sxn is weakly compact in X ∗ for each n ∈ Λ.
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On spaces of vector-valued functions

Notation:
Let L1([0, 1],X ) := {f : [0, 1] −→ X , µ-measurable function:

∫
[0,1]

∥f (t)∥dµ(t) < ∞}
equipped with the norm ∥f ∥ =

∫
[0,1]

∥f (t)∥dµ(t). In this case, we consider µ to be the

Lebesgue measure.

Theorem (D., Dwivedi)

Let f ∈ S(L1([0, 1],X )), f ̸= 0 a.e., and let X ∗ be separable. Then,

f is a smooth point ⇐⇒ f (t)
∥f (t)∥ is smooth in X a.e. 4

Sf is norm compact ⇐⇒ f is a smooth point.

Sf is weakly compact ⇐⇒ f is a smooth point.

Remark

The result for smooth point first shown by Deeb and Khalil 5. They mainly used
Kuratowski-Ryll-Nardzewski selection theorem. In this work, we have given an alternative proof
using Von Neumann’s selection theorem.

4,5 Deeb, W.; Khalil, R. Smooth points of vector- valued function spaces. Rocky Mountain J. Math. 24 (1994), no. 2, 505-512.
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On spaces of vector-valued functions

Corollary (D., Dwivedi)

Let f ∈ S(L1([0, 1],X )) and let X ∗ be separable. Then f is a smooth point ⇐⇒ f ̸= 0 a.e. &
f (t)

∥f (t)∥ is smooth in X a.e.

Let f ∈ L1(µ,X ). We define |f | : Ω → R by |f |(ω) = ∥f (ω)∥. It is easy to see that
|f | ∈ L1(µ). One can also check that f ∈ S(L1(µ,X )) ⇐⇒ |f | ∈ S(L1(µ)).

Theorem (D., Dwivedi)

Let X be a Banach space and let µ be the Lebesgue measure on [0, 1]. Suppose
f ∈ S(L1([0, 1],X )), then

f is a smooth point =⇒ |f | is smooth in L1(µ).

Sf is norm compact =⇒ |f | is smooth in L1(µ).

Sf is weakly compact =⇒ |f | is smooth in L1(µ).
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On spaces of vector-valued functions

Notation:

For a compact Hausdorff space Ω, C (Ω,X ) = {f : Ω −→ X : f is continuous} equipped
with the norm ∥f ∥ = supt∈Ω ∥f (t)∥.

Theorem (D., Dwivedi)

Let f ∈ S(C (Ω,X )) and Λ = {ω ∈ Ω : ∥f (ω)∥ = 1}.
If Λ is finite and Sf (w) is norm compact for each w ∈ Λ =⇒ Sf is norm compact.

• The converse is true if ext
w∗

(X ∗
1 ) ⊆ S(X ∗).

If Λ is finite and Sf (w) is weakly compact for each w ∈ Λ =⇒ Sf is weakly compact.

• The converse is true if ext
w∗

(X ∗
1 ) ⊆ S(X ∗).

Lemma (D., Dwivedi)

Let A ⊆ C (Ω) be a closed subspace such that 1 ∈ A. Then every extreme point of A∗
1 is the

restriction to A of an extreme point of C (Ω)∗1 . Moreover, we have ext
w∗

(A∗
1) ⊆ S(A∗).

Soumitra Daptari (Tokyo University of Science) On compactness of state spaces in classical Banach spaces 2 November 2025 14 / 17



On spaces of vector-valued functions

Notation:

For a compact Hausdorff space Ω, C (Ω,X ) = {f : Ω −→ X : f is continuous} equipped
with the norm ∥f ∥ = supt∈Ω ∥f (t)∥.

Theorem (D., Dwivedi)

Let f ∈ S(C (Ω,X )) and Λ = {ω ∈ Ω : ∥f (ω)∥ = 1}.
If Λ is finite and Sf (w) is norm compact for each w ∈ Λ =⇒ Sf is norm compact.

• The converse is true if ext
w∗

(X ∗
1 ) ⊆ S(X ∗).

If Λ is finite and Sf (w) is weakly compact for each w ∈ Λ =⇒ Sf is weakly compact.

• The converse is true if ext
w∗

(X ∗
1 ) ⊆ S(X ∗).

Lemma (D., Dwivedi)

Let A ⊆ C (Ω) be a closed subspace such that 1 ∈ A. Then every extreme point of A∗
1 is the

restriction to A of an extreme point of C (Ω)∗1 . Moreover, we have ext
w∗

(A∗
1) ⊆ S(A∗).

Soumitra Daptari (Tokyo University of Science) On compactness of state spaces in classical Banach spaces 2 November 2025 14 / 17



On spaces of vector-valued functions

Notation:

For a compact Hausdorff space Ω, C (Ω,X ) = {f : Ω −→ X : f is continuous} equipped
with the norm ∥f ∥ = supt∈Ω ∥f (t)∥.

Theorem (D., Dwivedi)

Let f ∈ S(C (Ω,X )) and Λ = {ω ∈ Ω : ∥f (ω)∥ = 1}.
If Λ is finite and Sf (w) is norm compact for each w ∈ Λ =⇒ Sf is norm compact.

• The converse is true if ext
w∗

(X ∗
1 ) ⊆ S(X ∗).

If Λ is finite and Sf (w) is weakly compact for each w ∈ Λ =⇒ Sf is weakly compact.

• The converse is true if ext
w∗

(X ∗
1 ) ⊆ S(X ∗).

Lemma (D., Dwivedi)

Let A ⊆ C (Ω) be a closed subspace such that 1 ∈ A. Then every extreme point of A∗
1 is the

restriction to A of an extreme point of C (Ω)∗1 . Moreover, we have ext
w∗

(A∗
1) ⊆ S(A∗).

Soumitra Daptari (Tokyo University of Science) On compactness of state spaces in classical Banach spaces 2 November 2025 14 / 17



Problems

Notations:

For 1 ≤ p < ∞, ℓp(X ) := {(xn)∞1 ⊂ X :
∑

n∈N ∥xn∥p < ∞} equipped with the norm

∥(xn)∞1 ∥ = (
∑

n∈N ∥xn∥p)
1
p .

Let (Ω,Σ, µ) be a measure space and 1 ≤ p < ∞. We denote
Lp([0, 1],X ) := {f : [0, 1] −→ X , µ-measurable function:

∫
[0,1]

∥f (t)∥pdµ(t) < ∞}
equipped with the norm ∥f ∥ = (

∫
[0,1]

∥f (t)∥pdµ(t))
1
p .

Problem 1

Can we characterize the state spaces of ℓp(X ) that are weak (norm) compact, for 1 < p < ∞?

Problem 2

Let µ be a finite (non-Lebesgue) measure. We ask: what can be said about the weak or norm
compactness of the state space of L1(Ω,X )?

Under what conditions is the state space of Lp(Ω,X ) norm (weak) compact for 1 < p < ∞?

Soumitra Daptari (Tokyo University of Science) On compactness of state spaces in classical Banach spaces 2 November 2025 15 / 17



Problems

Notations:

For 1 ≤ p < ∞, ℓp(X ) := {(xn)∞1 ⊂ X :
∑

n∈N ∥xn∥p < ∞} equipped with the norm

∥(xn)∞1 ∥ = (
∑

n∈N ∥xn∥p)
1
p .

Let (Ω,Σ, µ) be a measure space and 1 ≤ p < ∞. We denote
Lp([0, 1],X ) := {f : [0, 1] −→ X , µ-measurable function:

∫
[0,1]

∥f (t)∥pdµ(t) < ∞}
equipped with the norm ∥f ∥ = (

∫
[0,1]

∥f (t)∥pdµ(t))
1
p .

Problem 1

Can we characterize the state spaces of ℓp(X ) that are weak (norm) compact, for 1 < p < ∞?

Problem 2

Let µ be a finite (non-Lebesgue) measure. We ask: what can be said about the weak or norm
compactness of the state space of L1(Ω,X )?

Under what conditions is the state space of Lp(Ω,X ) norm (weak) compact for 1 < p < ∞?

Soumitra Daptari (Tokyo University of Science) On compactness of state spaces in classical Banach spaces 2 November 2025 15 / 17



Problems

Notations:

For 1 ≤ p < ∞, ℓp(X ) := {(xn)∞1 ⊂ X :
∑

n∈N ∥xn∥p < ∞} equipped with the norm

∥(xn)∞1 ∥ = (
∑

n∈N ∥xn∥p)
1
p .

Let (Ω,Σ, µ) be a measure space and 1 ≤ p < ∞. We denote
Lp([0, 1],X ) := {f : [0, 1] −→ X , µ-measurable function:

∫
[0,1]

∥f (t)∥pdµ(t) < ∞}
equipped with the norm ∥f ∥ = (

∫
[0,1]

∥f (t)∥pdµ(t))
1
p .

Problem 1

Can we characterize the state spaces of ℓp(X ) that are weak (norm) compact, for 1 < p < ∞?

Problem 2

Let µ be a finite (non-Lebesgue) measure. We ask: what can be said about the weak or norm
compactness of the state space of L1(Ω,X )?

Under what conditions is the state space of Lp(Ω,X ) norm (weak) compact for 1 < p < ∞?

Soumitra Daptari (Tokyo University of Science) On compactness of state spaces in classical Banach spaces 2 November 2025 15 / 17



References

S. Daptari, S. Dwivedi, A study on state spaces in classical Banach spaces, Colloq. Math.
179 (1), 87–105 (2025).

Deeb, W.; Khalil, R. Smooth points of vector- valued function spaces. Rocky Mountain J.
Math. 24 (1994), no. 2, 505-512.

Rao, T. S. S. R. K. Geometry of the state space (preprint, 2025).

Soumitra Daptari (Tokyo University of Science) On compactness of state spaces in classical Banach spaces 2 November 2025 16 / 17



Soumitra Daptari (Tokyo University of Science) On compactness of state spaces in classical Banach spaces 2 November 2025 17 / 17


	Notations
	Preliminaries
	On spaces of sequences of vectors
	On spaces of vector-valued functions
	 List of References

